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The time-scale version of Noether symmetry and conservation laws for three Birkhoffian mechanics, namely, nonshifted
Birkhofhian systems, nonshifted generalized Birkhoffian systems, and nonshitfed constrained Birkhoffian systems, are studied.
Firstly, on the basis of the nonshifted Pfaff-Birkhoff principle on time scales, Birkhoff’s equations for nonshifted variables are
deduced; then, Noether’s quasi-symmetry for the nonshifted Birkhoffian system is proved and time-scale conserved quantity is
presented. Secondly, the nonshifted generalized Pfaff-Birkhoft principle on time scales is proposed, the generalized BirkhofF's
equations for nonshifted variables are derived, and Noether’s symmetry for the nonshifted generalized Birkhoffian system is
established. Finally, for the nonshifted constrained Birkhoffian system, Noether’s symmetry and time-scale conserved quantity

are proposed and proved. The validity of the result is proved by examples.

1. Introduction

Birkhoffian mechanics is a new stage in the development of
analytical dynamics. It was first proposed by Birkhoff [1]
and later developed by Santilli [2] and Mei et al. [3]. In litera-
ture [4], Mei proposed and studied in detail the dynamics of
the generalized Birkhoffian systems. Since then, some scholars
[5-10] have carried out a series of studies on this issue.

The dynamics theory on a time scale unifies the dynamics
of continuous systems, discrete systems, and quantum sys-
tems. The theory of time scale analysis can be traced back
to Hilger [11], who first proposed the calculus theory on a
measure chain. Time scale, as a special case of the measure
chain, has strong representative, so it has attracted extensive
attention. Bohner and Peterson [12] systematically studied
time scale calculus and its dynamic equations. Agarwal and
Bohner [13] began to study the time scale linear and nonlin-
ear Hamiltonian systems and unify and extend the symplec-
tic flow properties of continuous and discrete Hamiltonian
system. In 2004, Bohner [14] studied the time scale varia-
tional problem for the first time. In 2008, Bartosiewicz and

Torres [15] first carried out the researches about Noether’s
theorem on time scales. They discovered that Noether’s con-
served quantities can be derived without changing the time
transformations. What is more, Bartosiewicz and his
coworkers [16] also deduced the second Euler-Lagrange equa-
tion for variational problem on time scales. Based on the sec-
ond Euler-Lagrange equations, they proposed another method
to find the Noether conserved quantity. Afterwards, according
to these two methods, many scholars have obtained some
results have been obtained in the study of variational principle,
dynamical equations, and Noether symmetries for the differ-
ent mechanical systems, such as references [17-31].

With the study on time scales, scholars began to study the
time-scale version of the nonshifted variational problem.
Bourdin [32] found that the Euler-Lagrange has greater con-
vergence in the discrete case of the nonshifted variational
problem. Anerot et al. [33] derived the Noether theorem for
the shifted and nonshifted variational problems on time
scales; they pointed out that the methods of deriving Noether
conserved quantities on time scales by references [15, 16]
were not correct. Song and Cheng [34] researched Noether
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symmetry on time scales for the nonshifted Birkhoffian sys-
tems, but the work was limited to free Birkhoffian systems
and to Noether symmetries. Here, we will study the Noether
symmetry for more general nonshifted Birkhoffian systems,
including generalized Birkhoffian systems and constrained
Birkhoffian systems, not only Noether symmetry but
Noether quasi-symmetry. According to the study, it was
found that the shifted variational problem are not suitable
for the structure-preserving algorithm, while the nonshifted
variational problem on time scales is suitable for the
structure-preserving algorithm for discrete systems. There-
fore, the research of the paper is of great significance.

The structures of this article are as follows. In Section 2,
according to nonshifted Birkhoff's equations, the Noether
quasi-symmetry and time-scale conserved quantity are
obtained. An example is given for discussion. In Section 3,
about the nonshifted generalized systems on time scales,
nonshifted generalized Pfaff-Birkhoft principle and equa-
tions are deduced. The Noether symmetries and time-scale
conserved quantities are obtained. Then, an example is given
for analysis. In Section 4, the equations for the nonshifted
constrained Birkhoffian systems are deduced, and symme-
tries and time-scale conserved quantities are given. And an
example is given. In Section 5, the conclusion is given.

2. Nonshifted Birkhoffian Systems on
Time Scales

For the properties of calculus on a time scale, please refer to
reference [12].

2.1. Nonshifted Birkhoff’s Equations. On a time scale, the
nonshifted Pfaff action is

where the endpoint conditions are a,(t,) =a, and a,(t,)
=a,. aﬁ is the delta derivative of a, with respect to t. a, €
Ch(T) for t € T}. The Birkhoffian B: Tx R* — R and
Birkhoff’s functions R, :TxR*-—TR are of C,{(T),

where y,v=1,2, -, 2n.
The nonshifted Birkhoff's equations on time scales
are [34].

OR,(t,a,)
v__V v P A
R, =0 () aa’l K da ‘| ’ @)

where o =0(t) is nabla differentiable on T.

2.2. Quasi-symmetry and Conserved Quantity. Introduce
infinitesimal transformations

t"=t+efy(ta,),a,=a,+e§,(ta,), (3)
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where ¢ is an infinitesimal parameter and &, and &, are
the generators.

Let R} and B' be the other Birkhoffian and Birkhoff’s
functions on time scales. If accurate to a small quantity of
first order, this is true

J; [R,(t,a,)a’ - B(t,a,)] At
1 a(t) (4)

:J {Ri(t*,a;",)a,’jf -B! (t*,a;)}A*t*.
a(t)

Then, the nonshifted Pfaff action (1) is a quasi-invariant,
where « : T— R. Obviously, R!, B! and R,, B will satisfy
the same equation, so we have

G
da

0G
,BlzB—E. (5)

R =R, +

v

Thus, equation (4) can be expressed as

Jtz R, (t,a,)a? ~ B(t,a,)] At

:Jauz) [R,,(t*,a;)aim _B<t*,a;)}A*t* (6)

t, A
+ J EG(t, ap)At,

where G is a small quantity of first order.
Definition 1. If the nonshifted Pfaff action (1) is a quasi-

invariant, in other words, for every infinitesimal transforma-
tions (3), the following relationship

t, A
AS:—J (a6, 7)

always holds; the transformations (3) are referred to as
Noether’s quasi-symmetric for the nonshifted Birkhoffian
system (2).

Criterion 2. If the following equation

<aRva3_ §)Eo+ (%ag_ a—B>§#—B£€+RUEf+GA=0
1 u

ot ot da da
(8)
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is satisfied, the transformations (3) are quasi-symmetric.
Equation (8) is called the Noether identity.

For equation (6),

+Jtz A%G(t, a,)At

- J [, (a), (30 1))z (o))
5{a s )t |

[ oo (5500 )(“°@A”

h )®
—B(a (a °06)(t>

i " (av+85v<t’ap))A

_Jtl [Rv(t+efo(t, ap),ap+5§p(t’ a#))m
B(t

0)] 1+ ¢ (1.a,)) a1

A
AtG(t, aP)At

a( t)At+J AG(t a,)At

+e§y(ta,), a, + €5, (t,

t, A
+J LG(ta,)

t

)
We have

(av +&&,(t, ap))A
AR

(t+e&y(ta,))
)] (t+e (8 %))A + %G(i, a,)

R, (s ap)af - B(t,a,) = |R,(t+e&(ta,), a, +e8,(ta,))

~B(t+e&(t,a,),a,+ed,(t,

(10)

Take the derivative of €, on both sides of equation(10)
and set € = 0, we get equation (8).

Theorem 3. If the transformations (3) satisfy Noether identity
(8), then

! OR 0B
I=R,E + J [(—” al - E) & - BE?} 0"V1 + G° = const.

‘| oT
(11)

is the conserved quantity of this system (2).

3
Proof. From equation (8), we have
aRv aRu AV A AV
<7§0+ a—%fﬂ)avo +R,E)0" - BE o
0B 0B 12
- 80" - aﬂsa +G" =0. (12)

Using equation (2), we get

OR
v EOaAo +&,BY - Eng -

0B
EEOO-V +REY +GY% Y =0.
(13)

By nabla indefinite integral of equation (13), we can get
conserved quantity (11).

Example 4. We can study the Hojman-Urrutia problem on
time scales. This problem can be written to be a non-
shifted Birkhoffian system on time scales. Let T={2":n
eINuU{0}}, it is

B= 2 {(as)? + 20,0, ~ (@),

R,=a,+a;,R,=0,R;=a,,R,=0.

(14)

From equation (8), we get

(alA - a3)52 + (alA —a, - a2)53 + (a? + a4)£4

- BE? + (a5 + az)f? + a4£§ +G*=0.

(15)

It is easy to solve
E=1§=5=8==0G=0, (16)

£=0,8=5=08=1,E=0,G"=-a,. (17)

The generators (16) correspond to Noether symmetry, and
generators (17) correspond to Noether quasi-symmetry.
Based on Theorem 3, we can get

I'=a, +a, = const, (18)
I = (ay +ay)(t+p(t)) + a, — (a, + p(t)a;) = const.
If we take T = R, we have

I'=a, +a,; = const, (20)

I* = (a, +as)t + a, — a, = const. (21)



3. Nonshifted Generalized Birkhoffian Systems
on Time Scales

3.1. Nonshifted Generalized Birkhoff's Equations. The non-
shifted generalized Pfaff-Birkhoff principle on time scales
is [3].

5}
J (8(Rad—B) + A, (t,a,)0a,} At =0,  (22)
t

where additional term A, : TxR* — R, which is of

Cra (T)-
From the principle (22), we have

t
j [8(R, (t,a,)a’ ~ B(t,a,)) + A, (t,a,)da, } At
2}
) aﬁ‘@aﬂ +R, (1 ap)éaf

% (9R,(t.a,
_le da,

aB(t, »)

da, + A, (t,a,)da,)At

)AT +R, (T, ap)

) T_Ja(f) A7, aP)AT] (Sa#)A}At =0

(23)
We get
o) [9R, (T, ap) . 0B(, “p)
B Jil [ oa, o da, +A, (7, a,) | At = const.
(24)
Let h(t) = fﬂ(t [(0R,(7,a,)/0a,)ay — (0B(t, a,)/0a,) +

Ay (1, a,)]AT, we have

R, - Ja(f) oR, (T, ap) e aB(‘r, a,
‘| da, da,

= RY - (k)7 (1) = R} = 0" (1)h (1)

o(t) OR 0B
Y V v _A
=R' -0 (t){J —aU——+A

) + Ay (v a,)

v
AT}

a # U
OR 0B
—nvV_,5V v _A Al=o0
R, -0 (*) [aaﬂ v 8(1[4 u =0
(25)
Therefore, we get
OR 0B
v v _A _pv _
o (t) [aay a, - a_aﬂ +A,| =R, (v=1,2,2n). (26)
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Equation (26) is called nonshifted generalized BirkhofF's
equations. When A, =0, equation (26) becomes nonshifted

Birkhoff’s equation (2).

3.2. Quasi-symmetry and Conserved Quantity

Definition 5. If nonshifted Pfaff action (1) is a generalized
quasi-invariant, that is, for every infinitesimal transforma-
tions (3), the following relationship

AS= —Jtz {AAt (AG) + Avéav] At, (27)

t
always holds, the transformations (3) are referred to as
generalized quasi-symmetric for nonshifted generalized

Birkhoffian system (26).

Criterion 6. If the following Noether identity

(8R a ) £y (PRuga_ B,
ot " o da, i oa, # (28)
- BEY +RE) + G+ A, (E, - a)&,) =0,

is satisfied, then transformations (3) are generalized quasi-
symmetry.
For equation (27), we have

- B(t,a,)]At

[ o raa
g

+Jtz [% G(t, aP) +Av(t, aP)(Sav} At

[ [R (a0 (a3 00) ) 2% (010

f

= B(a(t), (a; o) (1)) la’ ()t
+Jt2 [% G(t,a,) + A, (t ap)(?av} At

] e 5 -0)) g
—B(oc(t), (a; o oc) (t))}aA(t)At
+ r [Aﬁt Gtya,) + Ayt ap)&zv} At

(a, +€&,(t, ap))A
(t+e& (1 ap))A

- B(t+€&y(t, ap), a,+ sfp(t, aH))] (t+e&(t ap))AAt

5]
| [% Glt,a,) + Ayt ap)(?av} Al

R (t+e&y(ta,), a,+€&,(ta,))

(29)
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We have

(% + sEU(t, ap))A
(t+eky(tay))”

—B(t+e§o(t,ag),a, + €&, (ta,)) | (£+& (8 up))A

R,(t.a)ay - B(t.a,) = |R,(t+€&(t,a,),a, + €&, (t,a,))

+ 2G(ba)+ A, (1.a,)0a,

(30)

Take the derivative of € on both sides of equation (30)
and set € = 0, we obtain equation (28).

Theorem 7. If the transformations (3) satisfy Noether identity
(28), then

' OR 0B
I=R o v AT
UEU +J[1 |:< aT av a_[

(31)
is the conserved quantity for the system (26).

Proof. By equation (28), we have

(aR“ “E )a 0¥ +RE%Y —BEoY - I:EOGV

ot
0B VAV A 4
- ﬁfﬂa +Gh0" + A, (8, —ayy)a’ =0.
‘M
(32)
Using equation (26), we have
OR, v OB
EOQAO' + EO (EgB) - EEOGV + RUEZ (33)
+G" + A, (8, - a)é,)a" =0.

By nabla indefinite integral of equation (33), we can get
conserved quantity (31).

Example 8. Let T = {2" : n € NU {0} }, the nonshifted gener-
alized Birkhoffian system on time scales is
1
B= 5 (a5)* +ay,
R, =a5R,=a, R, =0,R, =0, (34)

A=0,A,=0,A,=0,A, =
From equation (28), we get

—&, — a3&; - BEY + a,87 + a,85 — a, (E, - afEy) + G =0.

(35)

-Aya U)E BEO} "V1 + G = const.

5

Equation (35) has the following solution:
£=08=08=1,8=0&=0G"=1, (36)
E2=0,8=1,8=0,6=0,=0,G>=0. (37)

By Theorem 7, the conserved quantities corresponding to
the generators (36) and (37) are

I'=a, +2t = const, (38)

I? = a, = const. (39)

4. Nonshifted Constrained Birkhoffian Systems
on Time Scales

4.1. Nonshifted Constrained Birkhoff's Equations. If the vari-
ables in nonshifted Birkhoffian system are not independent
of each other on time scales, but subject to some constraints,
these constraints are shown as

fp(t:a,) =0(B=1,2,+2n). (40)

To calculate the isochronous variation of equation (40),
we have

=——68a,=0. (41)

From equation (41), we can get

J Ag afﬁ da, At = (42)

By integrating by parts on time scales with equation (42),
we get

f g © g
A‘Ba 6[1 At— 6 #Jtl A’BT%VT

5}

t

t o(t) afﬁ A
- Jtl (Jtl Aﬁ a—gﬂv‘[) (8(1”) At = O,

ie.,



According to nonshifted Pfaff-Birkhoff principle 6S=0
,we get [34].

t o(t) (9R, (T,a )
[T (e

) 9 45)
o(t) 0B(t,a
+ MAT (6a )A At =0.
" aa# ¢
Add equations (44) to (45), we have
t, a(t) [OR ,
J —j Maﬁ AT +R,(1,a,)
31 t aaH
a(t) 9B(t, o(t) 9 ,
+J MAT+J AﬁMAT (8a )A At=0
‘ aaﬂ " aaM #
(46)
We get
- Jo(t) OR, (T, ap) aﬁ‘ ~ 6B(T, ap) ~ /\/3 afﬁ (T, ap) J—
' da, da,, da,,
(47)
Let h°(t) = [{" [(9R, (7, a,)/da,)as ~ (3B(7, a,)/3a,) -

Ag(0f 4(7, a,)/0a,, )| AT, then

v
. _Ja(t) OR, (7, a,) e 0B(t,a,) . ofg(r.a,) Ar
ke oa,, v oa, F~ da

u
(OR(®)

oR, 0B of
_pvV_ Vv b — ﬁ
“Rumo (t){L {a% v a, A/3aa] }

0
:Rv—av(t)[aR“aA aa— A fﬁ} 0.

=R - (h°)"(t) =R} - o"

B oa
(48)

Therefore, we get

d
Ov(t){akw 0B 9y

da," " 3a, "*7a,

} RV =0(4,v=1,2,--:2n;=1,2,--,9).
;4

(49)

Equation (49) is called nonshifted constrained Birkhoff’s
equations. If the system is nonsingular, by using equations
(40) and (49), we can solve Aﬁ=/\ﬁ(t, ap). Equation (51)
can be written as

R 0B
aV(t)[ Y a) ——PM]=RV

aaM v 8a# (50)

where
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We call the system determined by equation (50) as the
corresponding free Birkhoffian system.

4.2. Quasi-symmetry and Conserved Quantity
Definition 9. If nonshifted Pfaff action (1) is a generalized

quasi-invariant, in other words, for every infinitesimal trans-
formations (3), the following relationship

AS = —r [% (AG) + Pu&lv} At (52)

t

always holds, the transformations (3) are referred to as
generalized quasi-symmetric for the corresponding free
Birkhofhian system (50).

Criterion 10. If the Noether identity

OR, 2 f OR, 24
ot 0¥ aa i

+G° —PU(£U -ay&,) =0,

ag)f - BE + &)

(53)

is satisfied, then transformations (3) are generalized quasi-
symmetric for the corresponding free Birkhoffian system
(50). If the restriction equation

of s
aa, (5~

ake) =0(B=1259) (59

is also satisfied, then transformations (3) are generalized
quasi-symmetric for the nonshifted constrained Birkhoffian
system (40) and (49).

Similar to the derivation of equation (29), from equation
(52), we have

| " [Ru(ba,)al - B(ta,)] At

3

_ ° +¢€ a,),a,+¢ a M
-f [R (1 eho(t). 0y (1))
(t

~B(t+e§(ta,),a,+e5,(ta ))](t+s£0(t,ap))AAt
+J { ) +P,(t.a,)0a,| At

(55)
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From equation (55), we have

(a, +€, tap))A
(t+e&(ts ap))A
D)+ ek (ta,))"

R,(t ap)a - B(t,a,) = |R,(t+e&(ta,), a, +8,(ta,))

~B(t+e§y(ta,),a,+e,(ta
¥ %G(t, a,) = P,(t,a,)0a,.
(56)

Take the derivative of € on both sides of equation (56)
and set € = 0, we obtain equation (53).

Theorem 11. If the transformations (3) satisfy the Noether
identity (53) and the restriction equation (54), then

! OR 0B
_ o v A _ T
I—RUEU+J Kar 4= 5o

t

Pu“ﬁ) &o - BE?} "Vt + G° = const.

(57)

is the conserved quantity of the system (40) and (49).

Proof. From equation (53), we have

(aRvg E)a ¥ +R€ Bfoo - I:EOOV

ot
0B
- a—EﬂaV +G%" - P, (EU - aon)av =0.
Ay
(58)
Using equation (50), we have
aRU A sV OB oV
Eo“ o" +&B" ~ (§7B)" - gEOGV +(R,E7) (59)
+G" - P, (§, - a)§)0" =0.

By nabla indefinite integral of equation (59), we can get
conserved quantity (57).

Example 12. Let T={2":neNU{0}}, the nonshifted

constrained Birkhoffian system on time scales is

B= [(al)z + (“3)2 + (“4)2]>R1 =a3 Ry =a, Ry =R, =0.

N —

(60)
The constraint equations are

fi=a1a; - (61)2 =0,

fr=a,+a,—

(61)

¢, =0.

7
According to equation (49), we have
V=2(-Aa; -, —a
a; =2(-Mas - A, - ay),
v
a, =0,
) (62)
at—ay =1,
a3 —a, =M,
From equations (61) and (62), we have
2
a a
A1=——3,A2=—a1+@. (63)
4 4
Hence, we get
2
P =—a,Py=0,P, = —ay Py ——a,+ 2 (64

a;

According to equation (53), we have

(‘HA - ‘13)53 + (aé‘ - ‘14)54 —a;§; - Bfé + ‘135?
+a,8 - P, (& - affo) —P5(&; - a?fo) (65)
- P, (&, - a}&)) +G* =0.

Equation (65) has the following solutions:
§=0.6=05=15=0=0,G"=0, (66)

£=08=1,6=08=08=0,G"=0. (67)

According to Theorem 11, the conserved quantities
corresponding to the generators (66) and (67) are

I'=a, = const, (68)

I* = a; = const. (69)
5. Conclusions

Time scale has been widely used in many fields. At present,
most of the researches on time scales are about the shifted case.
In this article, we studied the time-scale version of the non-
shifted variational problem for three types of Birkhoffian sys-
tems. We proposed the nonshifted generalized Pfaff-Birkhoff
principle, derived nonshifted generalized and constrained
Birkhoffs equation, studied Noether quasi-symmetries for
these nonshifted Birkhoffian systems, and gave the condition
of the symmetry resulting in conserved quantity and obtained
conserved quantities for these nonshifted Birkhoffian systems
on time scales. According to this passage, we also will research
symmetries and time-scale conserved quantities for other non-
shifted dynamical systems, including Lie and Mei symmetries.
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