Hindawi

Advances in Mathematical Physics
Volume 2021, Article ID 5554619, 9 pages
https://doi.org/10.1155/2021/5554619

Research Article

Hindawi

Existence Results for a Nonlocal Coupled System of Sequential
Fractional Differential Equations Involving y-Hilfer Fractional

Derivatives

Athasit Wongcharoen,1 Sotiris K. Ntouyas ,>3 Phollakrit Wongsantisuk,4

and Jessada Tariboon ©°

'Department of Mechanical Engineering Technology, College of Industrial Engineering Technology, King Mongkut’s University of

Technology North Bangkok, Bangkok 10800, Thailand

Department of Mathematics, University of loannina, 45110 Ioannina, Greece

*Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics, Faculty of Science,

King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia

*Department of Electronics Engineering Technology, College of Industrial Engineering Technology, King Mongkut’s University of

Technology North Bangkok, Bangkok 10800, Thailand

*Intelligent and Nonlinear Dynamic Innovations, Department of Mathematics, Faculty of Applied Science, King Mongkut’s University

of Technology North Bangkok, Bangkok 10800, Thailand

Correspondence should be addressed to Jessada Tariboon; jessada.t@sci.kmutnb.ac.th

Received 19 January 2021; Revised 14 April 2021; Accepted 16 April 2021; Published 23 April 2021

Academic Editor: Sergey Shmarev

Copyright © 2021 Athasit Wongcharoen et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In this article, we discuss the existence and uniqueness of solutions for a new class of coupled system of sequential fractional
differential equations involving w-Hilfer fractional derivatives, supplemented with multipoint boundary conditions. We make
use of Banach’s fixed point theorem to obtain the uniqueness result and the Leray-Schauder alternative to obtain the existence
result. Examples illustrating the main results are also constructed.

1. Introduction

Fractional calculus is an emerging field in applied mathemat-
ics that deals with derivatives and integrals of arbitrary
orders. One of the most important advantages of fractional
order models in comparison with integer order ones is that
fractional integrals and derivatives are a powerful tool for
the description of memory and hereditary properties of some
materials. For details and applications, we refer the reader to
the texts [1-6]. There are some different definitions of frac-
tional derivatives, from the most popular of Riemann-
Liouville and Caputo type fractional derivatives, to the other
ones such as Hadamard fractional derivative and the Erdeyl-
Kober fractional derivative. A generalization of both
Riemann-Liouville and Caputo derivatives was given by Hil-

fer in [7], which is known as the Hilfer fractional derivative
D*Px(t) of order a and a type B €[0,1]. Some properties
and applications of the Hilfer derivative can be found in [8,
9] and references cited therein.

Initial value problems involving Hilfer fractional deriva-
tives were studied by several authors (see, for example, [10-
12]). Nonlocal boundary value problems for Hilfer fractional
differential equation have been discussed in [13, 14]. Coupled
systems for Hilfer fractional differential equations with non-
local integral boundary conditions were studied in [15].

The fractional derivative with another function, in the
Hilfer sense, called w-Hilfer fractional derivative, has been
introduced in [16], which unifies several different fractional
operators. For some recent results on existence and unique-
ness of initial value problems and results on Ulam-Hyers-
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Rassias stability, see [17-19] and references therein. Recently,
in [20], the authors extended the results in [13] to y-Hilfer
nonlocal implicit fractional boundary value problems. For
recent results in y-Hilfer fractional derivative, we refer to
[21-23] and references cited therein.

In [24], the authors initiated the study of existence and
uniqueness of solutions for a new class of boundary value
problems of sequential y-Hilfer-type fractional differential
equations with multipoint boundary conditions of the form

(HDa,,B;lll " kHDa—lsﬁ;w)x(t) =f(t,x(t)), t € [a, b],

) 1)
x(a) =0,x(b) = ;Aix(ei)’

where D¥AV is the y-Hilfer fractional derivative of order a,
1 <a<2and parameter 3,0<f<1,f:[a,b)x R— Risa
continuous function, 0<a<bk, A, €R,i=1,2,---,m and a
<0,<0,<---<0,, <b. Existence and uniqueness results
were proved by using classical fixed point theorems. The
Banach’s fixed point theorem was used to obtain the unique-
ness result, while nonlinear alternative of Leray-Schauder
type and Krasnoselskii’s fixed point theorem are applied to
obtain the existence results for the problem (1).

In this paper, we investigate the existence and uniqueness
criteria for the solutions of the following nonlocal coupled
system of sequential y-Hilfer fractional derivative of the
form

(HDoc,ﬁsw + kHD“‘l’ﬁ;‘V)x(t) =f(t:x(t), y(t)), t € [a, b],

(MDPY 1+ DPTLEY Y (1) = g(t, x(t), y(t)), t € [a, B,

m—2

x(a)=0,x(b)= Y A¥(6),

i=1

Y@ =0y(b)= Y wx(t,)
j=1
@

where HD*Fv, HDP4Y are the y-Hilfer fractional derivatives
of orders « and p, 1 < a, p <2, and two parameters f3, ¢, 0 <
B, g <1, given constants k, v, A, u;€R, a0, and the points
a<0,<0,<-<0,, ,<ba<{, <{,<<l,,<b and f,g
: [a, b] x R x R — R are continuous functions.

In order to study the problem (2), we convert it into an
equivalent fixed point problem and then we use Banach’s
fixed point theorem to prove the uniqueness of its solutions,
while by applying the Leray-Schauder alternative [25], we
obtain the existence result.

The remaining part of the article is structured as follows:
Section 3 contains the main results for the problem (2).
Examples illustrating the existence and uniqueness results
are also included. We recall the related background material
in Section 2, in which also we establish a lemma regarding a
linear variant of the problem (2).
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2. Preliminaries

Here, some notations and definitions of fractional calculus
are reminded [1].

Definition 1. The Riemann-Liouville fractional integral of
order ¢ > 0 for a continuous function is defined by

1 1
mL(t—s) u(s)ds, (3)

Fu(t) =

provided the right-hand side exists on (a, 00).

Definition 2. The Riemann-Liouville fractional derivative of
order ¢ > 0 of a continuous function is defined by

RLDCu(t) = DnI”*Cu(t)
a\"r
T T(n=9) <$> J (t=9)"lu(s)ds,n-1<c<n,
(4)
where n=[¢] + 1 denotes the integer part of real number ¢

and D=d/dt, provided the right-hand side is point-wise
defined on (a, 00).

Definition 3. The Caputo fractional derivative of order ¢> 0
of a continuous function is defined by

CDiu(t) = I"*D"u(t)
! t wsr (4 nus s, 1 — n
=F(n—C)J(t_S) (ds> (s)ds, 1<¢<mn,
(5)

where the right-hand side is point-wise defined on (a, c0).

Definition 4 (Hilfer fractional derivative [7, 8]). The Hilfer
fractional derivative of order « and parameter f3 of a function
(also known as the generalized Riemann-Liouville and
Caputo fractional derivatives) is defined by

HD“’ﬁu(t) = Iﬁ(”_“)D”I(l_ﬁ)(”_“)u(t), (6)
wheren—1<a<n 0<f<1,and t>a.

Remark 5. When f3 = 0, the Hilfer fractional derivative corre-
sponds to the Riemann-Liouville fractional derivative

D™y (t) = D" 1" “u(t), (7)

while when S = 1, the Hilfer fractional derivative corresponds
to the Caputo fractional derivative

Hp®ly(t) = I"*D"u(t). (8)

Let v € C'([a, b], R) be an increasing function with v (¢
)#0 for all ¢ € [a, b].
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Definition 6 ([1]). Let a>0 and g€ L'([a, b],R). The w
-Riemann-Liouville fractional integral of order « to a func-
tion g with respect to y is defined by

t

1
(1) = WLVJ'(S) (W) -y(s))" g(s)ds.  (9)
Definition 7 ([16]). Let n—1<a<n, n€N, and g,y € C"(]
a,b], R) such that v is increasing with ' () #0 for all £ € |
a, b]. The y-Hilfer fractional derivative #D*¥(.) of order
« to a function g and type 0 < <1 is defined by

1 d
y'(r)dt

n
HD“’ﬁ;Wg(t):Iﬁ(““);‘l/< ) [P g(r). (10)

Remark 8 ([1]). If =0, then we have y-Riemann-Liouville
fractional derivative as

1 d

HD""O“”g(t): :RLDa;V/g(t) - (W’(t)dt) I(n—oc);wg(t), (11)

and if 8= 1, we obtain y-Caputo fractional derivative by

T %) o). (12

"D*Wg(t): =D g(t) = 1"V <

Lemma 9 ([16]). Let a, y > 0 and & > 0 be constants and vy
€ C!([a, b], R) be an increasing function with v'(t) # 0 for
all t € [a, b]. Then, we have

IV POV R() = V(1)
¥y (0) - (@)™ = o s w0 - (@)

(13)

The following lemma contains the compositional prop-
erty of Riemann-Liouville fractional integral operator with
the y-Hilfer fractional derivative operator.

Lemma 10 ([16]). Let feL(a,b), n—-I1<a<n, neN,
0<p<ly*=a+nB-af, and (I"U0Pf)eACa b

Then,
(Iaq/HDaﬂwf> i 1/’ * ) f[n k] ( (I—ﬁ)(nfu);q/f) (u)’
k=1
(14)
wherefg’f’k] = (llq/'(t)d/dt)n_k.

The following lemma deals with a linear variant of the
system (2).

Lemma 11. Let y=a+2B—-afy, §=p+2q—pq, and h,z €
C([a, b], R) be given functions. Then, the unique solution of

3
y-Hilfer the fractional differential linear system
(HDtx,ﬁ;u/ N kHDa—l,,B;u/> x(t)=h(t), t € [a, b],
(HDp,q;l,, + VHDp—I,q;ll/)y(t) =z(t),t €[a, b],
x(a)=0,x(b) = WZA 15)
=U - Iy(ei)’
i=1
n-2
y(@)=0.y(b)= Y ux(3)),
=1
is given by

x(t) — I“;wh(t) _ kI“V’x(t) + (Vl(t) - V/(a))WI

AL(y)
{ {v Z ATy

+B {—k > wI ™ x () +
=1

Z ALIPY2(0,) + kI x(b) - I““”h(b)}
i=1

n-2

u V() +vI¥y(b) —I‘”‘”z(b)} }
(16)

j=1

y(t) :Ip;lllz(t) vaI“”y(t) + ( ( ) W(a))

AF( )
{ -k Z wI™x(¢ Z wIVh(G;) + vy (b) - IP“"z(b)}
=1
+0 |:—v NI y( Z ALIPV2(8)) + k™ x(b) —I““Vh(b)] }
(17)
where
ROR0)i
I'(y)
m-2 5-1
(v(6) —y(a))
B= Y A, ,
Z] I'(9)
2 (y() ~y(a) 1
Q=Y W) V)
,z BT
4 W) -y(@)™
I'(9) ’
and it is assumed that
A=AA-BQ+0. (19)

Proof. Assume that x is a solution of the nonlocal boundary
value problem (15) on [a, b]. Operating fractional integral
IV on both sides of the first equation in (15) and using



Lemma 10, we obtain for t € [a, b],

MN

yfk
"’ y k+1) f‘[,/’k]<l(1‘5)(2"")3"’x>(a)+k11“”x(t):I““"h(t).
k=1

(20)

Hence, using the fact that (1 - §)(2 —«) =

()= WO - v(@)” (w’l | d wa> @

2 -y, we have

I'(y) (t
+ (W(?(;/Vi(f)))y_z IZ—V;V’x(a) - k[l;‘Vx(t) + [“;‘l/h(t)
() -y@) ™M (w(t) - y(a)
Ty DTTer T Ty
— K% x(t) + I%Vh(t) = (v() ;g}ga))yf

(y(t)-y(a)?

kI'*x(t) +IVh
%) 1—-(,),_1) x()+ ()
(21)
where ¢,=HD" AV x(t)| _, and ¢, = P"Vx(t)|,_,.
From the first boundary condition x(a)=0, we can

obtain ¢, =0, since lim, _(t — )" = co. Then, we get

x(t)=c, W — kI x(t) + IV h(t), t € [a, b].

(22)

By a similar way, we obtain

-1
# — VI y(t) + V(8 t € [a, b,
(23)
where d, is an arbitrary constant.
From the second boundary conditions x(b) = ¥ *A.y(
0,) and y(b) = ZJ 1 4;x(C;), we get the system
~Bd, =P,

(24)
~Qc, +Ad, = Q,

where

m=2 -2

P=—v z MIWy(60,) +

3

g

MIPYZ(6,) + KI¥x(b) — I*Vh(b),

i=1 i=1
n-2 n-2

Q=—k ) wI™x(()) + D wI™h((;) +vI™¥y(b) - V2 (b).
j=1 j=1

(25)
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Solving the system (24), we find that
1 1
6= (AP+BQ),dy = — (AQ+QP). (26)

Substituting the value of ¢, d, in (22) and (23) yields the
solution (16) and (17). The converse follows by direct com-
putation. This completes the proof.

3. Main Results

Let us introduce the space % = {x(t)|x(t) € C([a, b],R)}
endowed with the norm |lx|| = sup {|x(¢)|.t € [a, b]}. Obvi-
ously, (7, -||) is a Banach space. Then, the product space
(W x W ,|(x,y)|) is also a Banach space equipped with norm

1Ge )l = llxl+ iyl
In view of Lemma 11, we define an operator & : %" x
W — W x W by

(27)

Sy(x,
§(x,y)(t):< ( )’)(f)>,

(% p)(1)

where

- 8 (w(t) - w(a)""
Si(xp)(t) =If, (t) — kI V’x([)+T(y>

{ { v Z LI¥y(6)) + mzz/\,z ‘Vgxy(e)+kI““’x(b)—I“;\"fxy(b)}

+B{ ka "x(g) + Zﬂ]l iy (¢ )+v11“’y(b)71"“”gxy(b)} },

P yge) » W0 - W(@)

$2(69)(1) =1V g,y (1) - v Ar<y>

{

kzy IIWX + Zﬂjltxwfxy ) +VI1;Wy(b>_IP;Vgxy(b):|

m[ v;u vy Z MIPYg. (8)) + kI'™Vx(b )71“?foy(b)} }
(28)

where
Fo () =f(tx(t), y(1)), (29)

Gy (1) = g(t:x(1), (1)) £ € [a b].

For the sake of computational convenience, we put

= |kl(b - a)+—|A||k|(b— a) + |||B||k|_2|ﬂ,-|(%—a)’
j=1

(30)

i Z M@, -a)+ (5 BIVI(=a) (31)

b) —w(a))® [A | [A]
F%(l i )
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G =arl A F(p+1) YAl (p+1) ’
(33)
A]

o= WIS i)+ {3060 (0

¥y blo-0)+ o lbl b=+ L1l S e
(35)
Al () @) 1AL () - y(@)®
Fz—mm%w,-l  CES VR Vi st
(36)
b) -v(a))? 1Al Al i
- WIZYOF (14 20 141}« fahior Y w (Gt
(37)

Our first result is based on Leray-Schauder alternative
([25] p. 4.).

Lemma 12 (Leray-Schauder alternative). Let F : E— E bea
completely continuous operator (i.e., a map that restricted to
any bounded set in E is compact). Let

&(F)={x€E: x=AF(x) for some0 <A< 1}. (38)

Then, either the set &(F) is unbounded, or F has at least
one fixed point.

Theorem 13. Assume that f,g:[a, b)) x RxR— R are

continuous functions, and there exist real constants p;,q,> 0
,(i=1,2) and p,, q, > 0 such that Vx;, y, € R, (i=1, 2),

[f(txp y )l < po+ Pl + polyi s 1g(8 X2 7)1 < g + 451251 + g5y

(39)
If
My=[F +Fp, +[G+Gylq, + [X; + X5 < L, (40)
My=[F +Fp,+[G +Gyq, +[Y, + Y] <,

where X;, Y, F;, G;,i=1,2 are given by (30)-(37); then, the
system (2) has at least one sohution on [a, b].

Proof. The operator & is continuous, by the continuity of
functions f and g. We will show that the operator & : 7" x
W — W xW is completely continuous. Let Z, = {(x, y)
€W XW : |(x, y)ll<r} be bounded set. Then, there exist
positive constants &,i=1,2 such that [f(f,x(f),y(t)) | <
Z gt x(t), y(1)| < £, ¥(x,y) € Z,. Then, for any (x,y)

€ Z,, we have

(w(t) - ()"

11 (6 ) (O] < IVIf o ()] + [KITY | ()] + IATT(G)

: {IAI {IV\ ZZ [ 11%y(6)

-2

Y I g, (0 >|+|k|1“‘V\x(b)l+l““|fxy(b>l}

i=1

§

n-2
+IB] {|k| > 1 1x(E))
j=1

oS T I 1 QI LT ()Y | g, (b) I] }
Jj=1

< WO V@) o e AL

T(a+1) |A|

m=2
~{|A| {M IMICETES WEAE

stkl o=t CD YO 7 Lo [|k| > 11 -l

+Z ] 7+ f)“ N Y N U R Z0)4 zp+f)>y3’z”
<F 2 + G2, + X, I+ Yl
(41)
which implies that
18, < FiZ + G Zs + X, Ix1+Y Iyl (42)
Similarly, it can be shown that

18, < FoZ) + G, 25 + X, Ix+ Y, Iyl (43)

From the above inequalities, it follows that the operator &
is uniformly bounded, since

[SE P < [Fr+ B2, + [Fy+ G L, + (X, + Xp]r + [V, + Ys]r.

(44)

Next, we show that & is equicontinuous. Let ¢, t, € [a, b]
with t, <t,. Then, we have

|81 (x(82), ¥(£5)) = Sy (x(£1)> y(t1))]

31

. ' a-1 a-1
Sp(a)lja"’(s)[("’(tz)_"’(s)) — (w(ty) - y(s)* ]S

5}

X (5, (5), y(s))ds + j ¥ (5 (w(ts) —w(s)f

t

X (s, x(s), y(s))ds| + IkIJtZIx(s)Ids

31

() = v(@)™ = i) ~v@)™ o

' [ATT()
Sgl2(w(t2)—1//(tllz)(oc++|y/1()t2) —y(t)" il — 1]
|(y(t2) (@) = (w(t) —y(a)""|
+ AT |AP + BQ)|.
(45)



6
Analogously, we can obtain
|15 (x(£2), ¥(t2)) = S2(x(81), (1))
< 32 Z(W(tZ) - W(tl))p+|W(t2)p B W(tl)P | + |V|T’|t2 _ t1|
I'(p+1)
(¥ (1) ~ (@) - (w(t) —w(@)" |
+ ATT() |AQ+I'P|.
(46)

Therefore, the operator &(x,y) is equicontinuous, and
thus, the operator §(x, y) is completely continuous.

Finally, it will be verified that the set &= {(x,y) € #" x
V| (x,y)=AS(x,y),0<A<1} is bounded. Let (x,y) €&
with (x,y) = A8(x, y). For any ¢ € [a, b], we have

x(t) = A8, (%, y) (1), (1) = AS, (%, y)(1). (47)
Then,

W(p(ﬁ-pl x4, Ly 1)+ k(b - )l 21

[A]
-{IAI {Ivl mz A1 0 alyte 3 12,1 WO —v@)

lx(£)| <

= Ip+1)

(¥(b) ~y(a)”

(g +ay ey Ly IR (-l Y

“(po + P11 xl+p, 1y 1)]+IB|

: [Ikl S 1 G- a3 1| (‘”(?()a;fl(”))
Jj=1 j=1

b) —
(o +py x4, Ly 1) +Iv] (la—a)||y||+W

~(qo+q1|xl+qzlyl)”

SE(py+py [xl4p, 1y 1) + Gi(qe +q, | xl+q, |y 1) + X, lIxll+ Y Iyl
= (Fipo + Giqy) + (P, Fy + ¢, Gy + X)) Ixl+(p, Fy + 4,Gy + Y)lyll,

(O < Fy(po+py I xl4py 1y 1) + Go(go + gy [ xl+q, [y ) + X, lxl+ Y Iyl
= (Fopg + Goqy) + (1 F> + 9, G, + X,)lIxll+(p, F, + 4,6, + Yo)lyll.
(48)

Hence, we have

llxll < (Fipy + Gigp) + (p1 F1 + 4, Gy + X)) Ixl+(po Fy + 4,Gy + Y )yl

Iyl < (Fapy + Gyq0) + (01 Fy + ¢, Gy + X,)lIxll+(p, Fy + 4,Gy + Y5 Iyl
(49)

which imply that
Ixll+yll < [y + Ealpo +[Gy + Golgo + {[Fy + Folp, +[Gy + GoJg,

+[X) + ] HIxI+H{[F) + Fy]p, + (G, + Gy]q, + [Y) + Y]}yl
(50)
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Consequently,

[F1 + F,]py + (G, + G,q,

S 51
min {1-#,,1-M,} (51)

I )1l <

which proves that & is bounded. Thus, the operator &, by
Lemma 12, has at least one fixed point. Hence, the boundary
value problem (2) has at least one solution. The proof is
complete.

The uniqueness of solutions of the system (2) is proved in
the next theorem, via Banach’s contraction mapping
principle.

Theorem 14. Assume that f,g:[a,b] x RxR — R are
continuous functions, and there exist positive constants P, Q
such that for all t € [a, b] and u;,v; € R,i=1, 2, we have

(1w ) = £ (60, v,)| < Plluty =, 41ty = v, 1),

lg(t, up, uz) = g(t, v vo)l < Qluy = vil+u, — v, |).
(52)

Then, the system (2) has a unique solution on [a, b], pro-
vided that

[F1+F,]2+ (G +G,]Q+ X, +X,]+[Y;+Y,] <1, (53)

where X;, Y, F;, G;,i= 1,2 are given by (30)-(37).

Proof. Define Supyefqp.f (£, 0,0) = A <00,
SUP; (o4 9(t, 0,0) = #, <o and r > 0 such that

[Fi + F)) ¥ + (G, + G, A,
1-{[F,+F]2+[G +G,)0+[X, + X,] +[Y, + Y,]}
(54)

r>

In the first step, we show that §B, ¢ B,, where B, = {(x,
V)W XW : |l(x,y)ll <r}. By the assumption (H,), for (x,
y) € B,, t € [a, b], we have

(6 x(5), () < [F (8 x(8), 7(8)) = (8,0, 0)  + £ (5,0,0)
< P(x(t)+ly(1) 1) + A,

<P(llxl+lyll) + Ay < Pr+ N,

lg(t, x(t), y())| < Q@r + N,. (55)
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Using the above estimates, we obtain

(y(1) - y(a)"
AT (y)

m=2

Z [A; 117 | 9, (0

|8 (%) (1)) < I"‘;‘”[fx (O] + kT ()] +

{IAI [IVI Z |4 1 1%y(6;) +

+k | % | x(b |+I“"’|f b)| |+IBI

[

{"" S 1 TRE) + 3 1 1 17, €)

j=1 J=
+HV [T y(b) [+ | g (b, x(b), y(b)) I} }

< M(g’r+/ﬂ) + |k|(b—a)||x||+%

I'(a+1)
-%Aqwf§|hua—@mu
(y(6) -y(a))
+Z BN F(p+1) (Gr + )+l (b—a)l
+("’7(th“+ 1())) (F/:‘r+./V1)}+|B|

n-2 n-2 w
~®M Lo | (G = a)llell+ D Ty | 2
1 j=1

j=
(Pr+ N+ (b—a)llyll+W(@’+ /Vz)] }

<[Fi2+G O+ X+ Y ||Jr+ F NV + G A,
(56)

Hence,

IS (oIS [FP+GQ+X + Y |r+ FN +G AN,
(57)

In the same way, we can obtain that

IS5 IS [Fy P+ GQ+ X, + Y, |r + Fy i + Gy,
(58)

In consequence, it follows that

I8y S {[F) + F5] P+ [G, + Gy]Q + [X; + X,] + [V + Y, ]}r
+[Fy + By W +[G + Gy N, <,
(59)

which shows that §B, C B,.

We prove that the operator & is a contraction. For (x,,
¥,), (x1,9,) €W x W and for any t € [a, b], we get

11 (%2, 72) (£) = S1 (%15 1) ()]
(y(b) - y(a)"
I'(a+1)

A
ﬂw{A{M|®|Z|A| a)ly,

0;)
. Z 11 W via)f ) -v(erf
(¥(b) ~y(a)"
I'(a+1)

n-2
+m|W|Z|mug—mm
j=1
+Z|m

<

P(llxy = x, 1 +ly, =3, 1) + 1kl(b - a)llx,

Q(llx, = x,I1+lly, = 1)

+k | (b= a)llx, — x|+ P(llxy = x,1+1ly, —ylll)]

) -v(@)*
I'(a+1)

(y(b) —y(a))
W@(lez —xl1+lly, =y, ||)} }

S[FiP+G A+ X, + Y ](lxy = xi 1y, =y, ),

Plloey =21 I +lly, =y, 1)

+vl(b=a)ly, —ylI+

(60)

and consequently, we obtain

I81(x35,) = S (xpy I S [F1 P+ G @ + X + Y] (lxy — x4y, =yl
(61)

Similarly, we have
I8, (%20 ¥2) (£) = S5 (%15 1) (62)

<[F,2+ G0 + X, + Y] (Ix, — % l1+lly, =41
It follows from above two equations (61) and (62) that

18(x27,) = S(xpy ) < {[Fy + FR] P+ [G) + G,]@ + [X + X)) +
* (e, = x g+ ly, = 34 1)s

[Y) + Y]}

(63)

which implies that the operator & is a contraction, by
assumption (53). Consequently, the operator & has a unique
fixed point, by Banach’s fixed point theorem, which is the
unique solution of problem (2). This completes the proof.

Example 15. Consider the following system

(HD%%;(IZH) + LHD%%;(f”l))x(t) = f(tx(t), y(t)) t € E g} ,

)oY ) o
§-r- 300 30) )

(64)
y(t)=+1,a=3/2,8=1/3p=4/3,q=1/2,

Here,



k=1/55, v=1/58,y="5/30=5/3,1, = 1/3,), = 1/6,), = 1/9,
py = 15,0y = 207, = 318, = 4/11,0, = 3/4,0, = 3/2,6, =2,
(,=1/20,=5/40; =714, =9/4,a=1/4,b=5/2,m =5, and
n==6.

From the given data, we can calculate A = 3.733460626,
B =0.8506267338, 2=2.529197097, A = 3.733460626, A =
11.78732558, X, = 0.09724746240, X, = 0.06772019882, Y,
= 0.02206174386, Y, =~0.09253172371, F, =26.59796061,
F, =15.10628827, G, = 3.858014303, and G, =21.69467361.

(i) Let the nonlinear functions f and g be defined on [1
/4,5/2] by

1 4 x2 1
t, 8 — ~lxyl + 6
Jbxy)= e 339 + 4t <1+|x|> 3207 S

(65)

2, 4 _ 1 ¥
t, - —xe + —— .
glhxy) =3 cosbol+ 55 2% Se0r (1+y4

(66)

It is obvious to check that the above functions satisty

[f(tx )| < | I+ 30 iyl

(67)

wll\) [\.)I»—l

962 2 + 2 ¥l + oo )

which can be set p, =1/2, p, = 1/85, p, = 1/80, q, =2/3, q,
=1/75, and g, = 1/90 as in the hypothesis (H,) of Theorem
13. Then, we can find that

M, = 0.9963083888 < 1,
(68)
My~ 0.9198153332 < 1.

Thus, all assumptions of Theorem 13 satisfy. The conclu-
sion of Theorem 13 implies that problem (64) with (65) and
(66) has at least one solution on [1/4, 5/2].

(ii) Consider now the functions f and g given by

4

1
t, x, — —3t
fbxy)=g+e +767+4t<

2 +2| x|
1+|x |

Ll
3927 S0 /b
(69)

1 1 _ 4 Y20yl
%)) == 1 i p— ! .
g(txy) =3 +n(logt) + 7o tan er719+4t< 1+

(70)
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Checking the Lipschitz condition for f and g, we obtain

1 1
If(txpyl)—f(t,xzwz)lﬁ%Ix — x|+ g =2l

1 1
lg(t, x15 1) = g(t %5, 3,) | < —|x1 — x|+ o5 90 1=l
(1)

Then, by setting % = 1/96 and @ = 1/90, the condition (
H,) of Theorem 14 is fulfilled. In addition, we find that

[F, + F)P+[G, + G,)@+ [X, + X, + [V, + Y,] ~0.9978991426 < 1.

(72)

Therefore, the system (64) with (69) and (70) has a
unique solution on [1/4, 5/2], by the benefit of Theorem 14.

4. Conclusion

We investigated the existence and uniqueness of solutions for
a coupled system of nonlinear fractional differential equa-
tions involving Hilfer fractional derivative with coupled non-
local multipoint boundary conditions by applying the
framework of fixed point theorems. The existence of a unique
solution is obtained via Banach’s fixed point theorem, while
the existence result is proved by using Leray-Schauder alter-
native. The results obtained in the present paper are new and
significantly contribute to the existing literature on the topic.
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