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Abstract

Euler function @(N) and generalized Euler function (Pe(n) are two important functions in number theory.
Using the idea of classified discussion and determination of prime types, we study the solutions of odd

number of generalized Euler function equations %e (n) = %(n"'l) and obtain all the values satisfying the
corresponding conditions, where €=2,3,4,6.

Keywords: Euler function; generalized Euler function; odd.
1 Introduction

Euler function ¢(n) is a relatively important in number theory, and it is also studied by the majority of
researchers. Euler function ¢(n) is defined as the number of positive integers not greater than N and relatively

prime to N. If N>1, let standard factorization of N be N= P’ PZ..p* . where P, P,,..., P, are
different primes, I, >1 (1<i<Kk), then
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p(n) =n(l-)A-) (1),
Py P,

k

Generalized Euler function ¢, (n) is defined as

H
@.(n) = Z 1.

i=1
(i,n)=1

where [x] is the greatest integer not greater than x, and (i, n) denotes the greatest common divisor of | and n.
If e=1, the generalized Euler function is just Euler function.

Cai [1,2] studied the parity of ¢,(n) when e=2,3,4,6, and gives the conditions that both ¢, (n) and
goe(n +1) are odd numbers, Liang [3], Cao [4] studied the solutions to the equations involving Euler function,
Zhang [5-7] investigated the solutions to two equations involving Euler function ¢(Nn) and generalized Euler

function @, (n), Jiang [8] investigated the solutions of generalized Euler function ¢3(n).

On page 138 of [9], proposing whether there are infinitely many pairs of consecutive integer pairs n and N+1
such that @(n) = @(N+1) . Jud McGranie found 1267 values of @(n) =@(n+1) with N <10", and the

largest of which is N =9985705185, ¢(n)=@(n+1) =2"3°7-11. We find the following theorems on
the basics of the fact that the articles [1] and [2] and obtain the solutions of the equation ¢,(n) =@, (N+1)
under the condition that both @, (n) and ¢, (N+1) are odd numbers.

Theorem 1.1 Both ¢,(n) and ¢, (N+1) are odd and equal if and only if N =2 or 3.

Theorem 1.2 Both ¢,(n) and ¢,(N+1) are odd and equal if and only if N =23 or 4 or 5 or 15.
Theorem 1.3 Both ¢,(Nn) and @,(N+1) are odd and equal if and only if N =4 or5or 6 or 7.
2 Preliminaries

Lemma 2.1 Except for n=2,3,242, both ¢,(n) and ¢,(N+1) are odd if and only if n=2p”,
where #>1, p=3(mod4), both 2p” +1 and P are primes.

Lemma 2.2 ¢,(1)=0, ¢,(2)=1; when n>3, ¢,(n) :%(p(n) :

Lemma 2.3" Except for n=3,15,24, both ¢,(n) and ¢,(N+1) are odd if and only if

n+1=2% +1(m=>1)

1) is prime; or

and are primes, where

q
2 N=2.9=5mod6), . g 2 3+1 n=2%,q=5mod6),
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5 N=32"-1p>1

is prime.
0] CoaTTX a B .
Lemma 2.4 1fn>3, n=3 Hi:1 P, (p,3)=L1<i<k, then

_1\2(n) yae(n)-a-1
%(p(n)+( ) 32 ,a=00rl p, =2(mod3),1<i<k,

@;(n) =
égp(n), otherwise,

where Q(n) is the number of prime factors of N (counting repetitions) and @(n) is the number of distinct
prime factors of N.

Lemma 2.5 For any positive integer m,n , we have

~ (mn)pme(n)
D )

where (M, N) represents the greatest common divisor of M and N. In particular, when (M,n) =1, we have
@(mn) = p(m)e(n).

Lemma 2.6 The value of N such that both ¢, (N) and @,(N+1) are odd are listed in Table 1 [2].

Table 1. The value of N such that both @,(n) and ¢,(N+1) are odd

n n+1 conditions

4 5

7 8

57121 57122

p? 207 p =7(mod8),q =5(mod8) are primes

2q” -1 2q” 209” —~1=5(mod8),q = 3(mod8) are primes, and 3 is prime

2q” 2q” +1 20” +1=7(mod8),q =3(mod8) are primes, and S is prime
2 2 2

p p*+1 p =5(mod8), P 2+l =5(mod8) are primes

5 -1 5¢ 5% _1

aq” 4’ +1 = 3(mod 4) is a prime

4q” +1,q=3(mod4) are primes, S>1

Lemma 2.7 If n>4, n=23Hik:1p?,(pi,Z):l,azO,lSigk, then [2]

_1\Q(n) no(n)-a
%¢(n)+(1)+,a=00r1, p, =3(mod4),1<i<k,
@, (n) =

2 ¢(n), otherwise.
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3 Proof of the Theorems

3.1 Proof of Theorem 1.1

We have @,(2)=@,(3)=¢@,(4)=1 by definition of the generalized Euler function ¢,(n) , and
®,(242) =55, ¢,(243) =81 by Lemma 2.2.

By Lemma 2.1, except for N=2,3,242, both ¢,(n) and ¢,(n+1) are odd if and only if n=2p”,

where S>1,p=3(mod4) ., both 2p”+1 and p are primes. By Lemma 2.2, when

n>3,¢,(n) =%gp(n) , and @,(n+1) =%gp(n+l). Then for the equation ¢,(N)=¢,(N+1), we just

need to solve the equation
p(n) =p(n+1). 1)

Put n=2p”, n+1=2p” +1in(1), since N+1=2p” +1isprime, then @(N+1)=n. We just need
to solve the equation

p(n)=n,

and it has only a solution N =1, but the solution is not satisfied with the form N = Zpﬁ , SO there is no
solution.

Hence both ¢, (n) and ¢,(n+1) are odd and equal if and only if N=2 or 3.
3.2 Proof of Theorem 1.2
By the definition of ¢,(Nn), We have

?,(3) =1 ¢,(4) =1, ¢,(15) =3,,(16) =3, ¢,(24) =3, ,(25) = 7,

hence ¢;(3) = ¢,(4), ;(15) = ,(16) . Except n=3,15,24 , we discuss the solutions in 3 cases by
Lemma 2.3.

Case 1 When n=2% , n+1=2%"+1(m=>1), and n+1=22 +1(m=>1) is prime. For n , in
Lemma2.4, wehave a=0, p=2(mod3), Q(n)=2", w(n)=1, thenby Lemma 2.4, we have

1 1
n)=—epn)+—.
23(N) =5 o)+

Since N+1=2%" +1 isprime and N+1=2(mod3), we have

1 1
n+1)=—e(nh+1)—-—.
@;(n+1) 3co( ) 3
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If ;(n) =@,(N+1), then
1 1 1 1
—p(nN)+===@p(n+1)—=.
3¢( ) 3 3co( ) 3
Simplify it, we obtain 2" 41=2% _1,thuswe have m=1, n=4.

q
Case 2 When n=2% n=2%+1, andboth g=5 (mod 6), 2 +1

(ps(n):%co(n)—%-

o 2%+1
Since is prime , =5 (mod 6) and @(9) =6, we have
29 +1=2°+1=33(mod 9),
q q
thus 2 +1 =11=2(mod 3). n+1=3x 2+ , then by Lemma 2.4, we obtain

p(n+1) 1
n+l)="—"24+2,
(03( ) 3 3

If @;(N) =@,(n+1), then @(N)=@(N+1)+2, namely

29+1
3

2‘*-(1—%):2><( ~1)+2,

simplified to 29 =—4, we have no solutions in this case.

are primes, by Lemma 2.4, we have

Case 3When N=3-2 -1, n+1=3-2?, and n=3-27 —1(B >1) is prime, by Lemma 2.4, we have

1 1

n)=—p(n)——,

@5(N) 3co() 3
meanwhile,

(_1)1+ﬁ 2a)(n)—a—l
3

_ 5(p(n +1)+ (_1?21+ﬂ .

p;(n+1) = %q)(n +1)+

If f=2k,k>0

1 1 1 1
=p(n)—===p(h+)—-=,
3co() 3 340( ) 3
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simplified to @(n)=@(n+1) . Since N=3-2” —1(3 >1) is prime, then
1 1
3.2/ -2=3.2.(1-2)-(1-3),
( 2) ( 3)
We get £# =0, this is contradicted with the condition #>1.1f f=2k+1,k >0,
1 11 1
—p(N)—=—==—p(n+1)+—,
g PN -z =Zp+D+3

simplified to @(N)=@(n+1)+2, then
3.2/ -2=3.2/ -(1—%)-(1—%)+2 ;

We have =1, then N=3x2-1=5.

Hence, both ¢,(n) and @;(N+1) are odd and equal if and only if N=23 or 4 or
5orl1b5.

3.3 Proof of Theorem 1.3

By Lemma 2.7, we have ¢,(4) =1, ¢,(5)=1, ¢,(7)=1 ¢,(8) =1and
@,(57121) =14221, ¢,(57122) =6591,
hence ¢,(4) =@,(5), @,(7) = ¢,(8). Then we discuss the solutions in 6 cases by Lemma 2.6.

Case 1 Whenn = p*,n+1=2g", and both p=7(mod8), q=>5(mod8) are primes. By Lemma 2.7, we

have ¢, (n) :%q)(n)+% .Since g =1(mod4), then ¢,(n+1) :%qo(n +1),

namely
1 1 1
—p(n)+—=—p(n+1).
4(p() 5 4(p( +1)
Simplified to @(Nn)+ 2=¢p(N+1), namely
P (- )r2=207-(1-2)- (- ).
p 2 q

Then - (q—1)— p-(p—1) =2, by p°+1=29° wehave p=0°+g+1.Then
p*=(9°+q+1)°*>(q°+q)* > 36" > 297,

which is contradicted with the condition p*+1= 2>, no solution.
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Case 2 When Nn=2q” —~1,n+1=2g”, and both 29" —~1=5(mod8), q=3(mod8) are primes, where
1 1
[ isanodd. By Lemma 2.7, we have ¢,(N+1) = qu(n +1)+E.

since 297 —1=1(mod4) , we have ¢, (n) :%go(n), namely

1 1 1

—p(n)==p(h+1)+—.

2P =700+D)+2
Simplified to @(n)=@(n+1)+2, namely

20° ~1)-1=2¢" - (1-3). - L)+ 2.
2 q

Then (q+1)-q” ™" =4, since both q and q+1 are positive integers, and q=3(mod8), so q+1>4,
then q=3, =1, wehave N=2x3—-1=5 suchthat ¢,(n) =¢@,(nN+1) only in this case.

Case 3 When N =20”,n+1=2q”+1, and both 2¢” +1=7(mod8), q=3(mod8) are primes, where

p isanodd. By Lemma 2.7, we have ¢,(Nn) = %gp(n)+% and
1 1
n+1)=—pnh+1)—-—,
e+ =7 o(n+1) -7
Then
1 1 1 1
—p(n)+==—p(n+1)——
2o = o+l =2
Simplified to @(Nn) +4=@(n+1), namely

2qﬂ-(1—1)~(1—1)+4=2qﬂ.
2 q

Then (q+1)-q” " =4, since q and q+1 both are positive integers, and q=3(mod8), so q+1>4,
then 4 =3, 8 =1, we have N=2x3=6 such that @,(n) = @,(N+1) only in this case.

p®+1
Case 4 When N= p°,n+1= p*+1, and both p =5(mod8),

=5(mod8) are primes. By Lemma

2.7, we have @,(n) = %(o(n) and
1
o,(n+1) = Zq)(n +1).

47



Linfeng and Zhongyan; JAMCS, 37(2): 41-49, 2022; Article no.JAMCS.85482

When ¢, (n) =@, (N+1), we have

1 1

—o(n) ==@p(n+1).

440() 4¢>( )
Simplified to

1, p°+1
2_1__ —
)=

_11

then p =1. Which contradicts p =5(mod8).

51 5 —1_,, 5 -1

Case 5 When n=5-1,n+1=5", and =3(mod 4) is aprime, then N=4- 2 1

1
By Lemma 2.7, we have ¢, (n) = Z(p(n) and

PN+ = p(n+1),

5 —1_1)=5a.ﬂ’
5}

namely %(p(n) = %qp(n +1), simplified to @(N)=@(n+1),i.e.,2-(

Then 52 = —%, which is impossible.
Case 6 When N=40”,n+1=4q”+1, and both 49” +1,q=3(mod 4) are primes, where £>1.
1 1
By Lemma 2.7, we have ¢,(n) = Z(p(n) and @,(n+1) = qu(n +1), namely
1 1
—o(n) ==p(n+1).
2 7(M=700n+1)
Simplified to @(n)=@(n+1), namely
47 (1)) = 40",
2 q

Then g =—1.Which contradicts the condition that ¢ = 3(mod 4) is prime.

Hence, both ¢,(n) and ¢, (N+1) are odd and equal if and only if N=4 or5or6or7.
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4 Conclusion

Euler function ¢(n) and generalized Euler function ¢,(Nn) are two important functions in number theory.
which this article has studied is the odd wvalues of generalized Euler function equation
@.(N) =@, (n+1) where e =2,3,4. Similarly, for € =6, we obtain that both ¢,(n) and ¢, (N+1) are

odd and equal if and only if N =6 or 7 or 8 or 9 or 10 or 11.
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