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Abstract

p-adic analysis and their applications is used p-adic distributions, p-adic measure, p-adic
integrals, p-adic L-function and other generalized functions. In addition, among the many ways
to investigate and construct generating functions for special polynomials and numbers, one
of the most important techniques is the p-adic Fermionic integral over Z,. In this paper, we
introduce new numbers and polynomials arising from the Fermionic p-adic integral on Z,. First,
we introduce new numbers and polynomials as one of generalizations of Changhee numbers
and polynomials of order r (r € N), which are called the generalized Changhee numbers and
polynomials. We explore some interesting identities and explicit formulas of these numbers
and polynomials. Second, we define new numbers and polynomials as one of generalizations of
Catalan numbers and polynomials of order r (r € N), which are called the generalized Catalan
numbers and polynomials. We also study some combinatorial identities and explicit formulas of
these numbers and polynomials.
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1 Introduction

Initiated by Kurt Hensel (1861-1941) at the end of the 19th century, the p-adic numbers have
recently been applied in physics, mathematics, and engineering in other parts of the natural sciences.
In particular, the p-adic analysis and their applications utilize p-adic distributions and p-adic
measure, p-adic integrals, p-adic L-function, and other generalized functions. Among these, the
p-adic integral and its applications are very important in finding solutions to special (differential)
equations, real problems in both physics and engineering ([1-20]). In addition, There are many
methods and techniques for investigating and constructing generating functions for special polynomials
and numbers ([1-3, 5, 11-13, 17, 21-30]). One of the most important techniques is the p-adic
Fermionic integral on Z,. In [9], Kim constructed the p-adic g-Volkenborn integration. When
g = —1, it is called the p-adic Fermionic integral on Z, ([10]). In this paper, we introduce
two new numbers and polynomials which derived from the Fermionic p-adic integral on Z,. For
p = 1(mod 2), t € C, with [t|, < p 77, a € Q*, b € Q — {0} with (a,p) = (b,p) = 1, we
first introduce new numbers A{ (a,b) and polynomials A (a,blz) of a generalization of Changhee
numbers and polynomials of order r (r € N), respectively. We explore some interesting identities
and explicit formulas of these numbers and polynomials. Second, we define new numbers Wi (a,b)
and polynomials W£T>(a,b|x), respectively, for one of generalizations of Catalan numbers and
polynomials of order r (r € N). We also invesgete some interesting properties and explicit formulas
of these numbers and polynomials.

Let p be a prime number with p = 1 (mod 2). Throughout this paper, Z,, Q, and C,, will denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure
of Qp. Let| - |, be the p-adic norm with |p|, = %.

For a Cp-valued continuous function f on Z,, Kim [9, 10] introduced the p-adic fermionic integral

on Zj, as follows:

La(f)= [ f@)du(x) = Jim > f(x)pa(e+p"Zp)
Zp e =0
- (1.1)
= lim 2 f(@)(=1)*, (see [4, 10, 11, 18]).
Let fn(z) = f(x +n) for n € N. From (1.5), we observe that
Ia(fn) + (1" (f) = 22(—1)’1_14]"(0, (see [4, 10, 11, 18]). (1.2)
1=0
In (1.2), when n = 1, we have
La(f) + T1(f) = 2£(0). (1.3)

From (1.3), for r € N, Kim-Kim introduced the Changhee numbers Ch{’ and polynomials ChY” (z)
of the first kind of order r, respectively, as follows:

/Z @14+ 2 ndpps (@1) - dyr (20) = CBD, (see [7]), (1.4)

P ZP
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/Z /Z A4ty T Tty (@) - dp ()

~(53) a+or zcmf s (see [7]).

When z = 0, ChYy? = Ch,(0), which are called the Changhee numbers of order r.

(1.5)

When r = 1, Ch,, = Ch;l) and Chy(z) = Ch;l)(ac), which are called the Changhee numbers and
Changhee polynomials, respectively.

1
For ¢t € C, with |¢|, < p~ P—1, from (1.3), we have the Catalan numbers C,, given by the generating
function

/ (1 —40) ¥ dpu_y ()
Z

= ﬁ = ZCnt", (see [11]), (1.6)

and the Catalan number C$” of order r (r € N) given by the generating function

/ / (1 — a3t ten gy (@) duy (22) - - dpi (a0)
Zp Zp

L e (1.7)
=(——) =)
(\/1 — it + 1) Z:O
The p-adic logarithm and exponential function are given by the following infinite series:
log(1 +t) . (seCyp, [t <1),
n=1
and
> _p_
=2 (€Ch il <pr).
= n!
From (1.3), the Euler polynomials are given by
t(y+z) _
/Zp O ) = o 2 e Z )0 (see 5,8, 10). (1.8)
When z =0, E, = E,(0), which are called the Euler numbers.
From (1.3), we get
/ z" dy-1(y) = E,, and (y+2)" du—1(y) = En(z), (see [5, 8, 10]). (1.9)

Lp Zp

Let T}, be the p-adic locally constant space defined by T, = UJ,5; = limnooo Cpn,  (n € N),

where Cypn = {p | u?" = 1}. For p € T, and t € C,, the Apostol-Euler polynomials &, (z; u) were
introduced by

2¢" = "
el 1 D Enlwsp) . (see [3, 15, 18]), (1.10)
n=0 :
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when z =0, €,(p) = 2”&, (5; 1), which are called the Apostrol-Euler numbers.
Obviously, when u =1, &,(z;1) = En(z).

The Euler polynomials of order r (r € N) are given by the generating function

<6t+1> ZE“ (1.11)

when z = 0, B = E (0), which are called the Euler numbers of order r.

For n > 0, the Stirling numbers of second kind are defined by

a‘:)n = Z 51(71, l)l’l, and %(log(l =+ t))k = Z Sl (TL, k)%:: (See [17 2}) (1'12)
and
— Sa(n,l)(x);, and %(et —1)k = Z Sa(n, k)%n', (see [1, 2]), (1.13)
1=0 n=k

where (z), =z(z —1)(x —2)---(x —n+1) and (z)o = 1.

2 The Generalized Changhee Numbers and Polynomials
Arising from the Fermionic p-adic Integral on Z,

In this section, we study new numbers of polynomials as one generalization of Changhee numbers
and polynomials which derived from the Fermionic p-adic integral on Z,, called the generalized
Changhee numbers and polynomials. We derive many properties of them.

Throughout this paper, assume that p = 1(mod 2), ¢t € C, with [t|, < p_ﬁ, a€Qt, be Q- {0}
with (a,p) =1 = (b,p) and (b,t) = 1, where (m,n) is the greatest common divisor of m and n.

Let f(z) = a + bt. From (1.3), we observe that
bt)*du— An(a,b)t .
/Zp(“ e ST Z (a, (2.1)

In particular, when a = 1, b = 1, the generating function of Changhee numbers of the first kind are
given by

2
* = | =
/ZP (1+t)"du—1(z) 711 and nlA,(1,1) = Chp. (2.2)
When a =1, b= —1, we get
/ (1—t)dp—1(z) = 3 2 ; and nlA,(1,-1) = (=1)"Ch. (2.3)
, —

P
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Theorem 1. For a € Qt, b € Q — {0} with (a,p) = 1 = (b, p) and (b,t) = 1, we have

n

An(a,b) =

nlan

/Zp(x)nax dp—1(z) and,

and

[ @ s = 2

P

Proof. From (1.3), we observe that

/Z (a+bt)"du—1(z) = Z/Z <Z> a® """ du—q (z)t"
v (2.4)

P n=0
= i L / (2)na”b" du—1(z)t"
nla™ J,
n=0 P
On the other hand, we get
2 2 2 = ( b >" "
- = - )t (2.5)
(@+1)+bt  (a+1)(1+ ft) a+1n§ atl
By comparing the coefficients of (2.4) and (2.5), we get the desired result.
O
Remark. By (1.1), we observe that
/ (—1)"z"dp_1(z) = lim N (=1)"z" du_1(z)
Zp Nzeo Jup s e zp)
DN N1 (2.6)
= lim (~1)%2" (x4 p"7Z,) = lim z* =0.
N — oo o N— oo —o

When a = —1, combining (1.1) with (2.6), we have

[ e = [ e 0 ) )

P

Theorem 2. For a=1,b € Q — {0} with (b,p) =1 and (b,t) = 1, we have
RN
An(1,b) = — > Si(n, B,
=0

where E,, are the Euler numbers.
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Proof. From (1.12) and (2.1), we observe that

> A1)t :/Z (1 +bt) dp— (x)

i log(1 4 bt)) du—1(x)

(log(
Z nl—td,u1()

> [
L

l

\\MS"M8‘M

z”: /Z aldp_y (x)t".

P

By comparing the coefficients of both sides of (2.7), we get the desired result.

Theorem 3. For b € Q1 with (b,p) = 1 and (b,t) = 1, we have,

n

> " ml Ay (b, b)S2(n,m) = €,(b),

m=0

where &,(b) are the Apostrol-Euler numbers.

Proof. Let

iAn(b,b)t”:/ (b+ bt) du—1(z).
n=0 Z

P

Replacing ¢t by e’ — 1 in (2.8), from (1.3) and (1.10), the left-hand side of (2.8) is

[e')

bet +1

P P

/z (b+b(e" — 1)) du_1(z) = /Z (be")*dp—1(z) = _2 Z &n(b)

By (1.13), the right-hand side of (2.8) is

iAm(b, (ef —1)™ Zm'A bb )

m=0 m=0
= mlAn(b,0) Y Sa(n,m)—
m=0 n=m
[e's} n tn
=Y > mlAn(b,b)Sa(n, m)—'

By comparing the coefficients of (2.9) and (2.10), we get the desired identity.

(2.8)

(2.9)

(2.10)

O

For a € Q*, b € Q — {0} with (a,p) = 1 = (b, p) and (b,t) = 1, we consider the generating function

of A, (a,blz) which are derived from the Fermionic p-adic integral on Z, as follows:

o5}

[ @ ) = 3 Aa bl

P n=0

(2.11)
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When z =0, A,(a,b) =

n(a,bl0). From (1.3), we have

oo 9 .

(2.12)
We note that n!A, (1, 1|z)

= Chp(z) and A, (1, —1|z) = (_;?n

Chn(z).

T

Theorem 4. For a € Qt, b € Q — {0} with (a,p) =1 = (b,p) and (b,t) = 1, we have

bt .
Aulable) = oo’ [ @+ a)e? duaa(o).

P
In addition, we have

Proof. We observe that

[ (a0 i) = > / (y2m>a”“b" dia ()"

—Z/L y+acna du 1(y)t".

By comparing the coefficients of (2.11) and (2.13), we have the first identity.

In particular, when b = 1, we observe that

(2.13)

/Z (140" "a” du—1(y) = Z/Z <y : x) a’t" dp—1(y)

(2.14)
t"
zz/ (y + 2)na” dppr(y) .
Zp
On the other hand, from (1.3), we get
x 2 x - m -
/ 1+ 1) "a? dp_1(y) = m(l +0)T = Amla, D)"Y (-
Z — _
P N ) m=0 =0 (215)
’VL m tn
Z Am(a,1) .

By comparing the coefficients of (2.14) and (2.15), we have the second identity.

. O
In the same way as Theorem 2 and 3, we have the following theorem

Theorem 5. For b € Q — {0} with (b,p) =1 and (b,t) = 1, we have

n(1,blz) = ZslnlEz
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and

> mlAp(b,blx)Sa(n,m) = E,(b|z),
m=0

where E,(z) and &, (b|z) are the Euler polynomials and the Apostrol-Euler polynomials.

Theorem 6. For b € Q — {0}, we have

n(1,blz) = Z l'2" T Py x’.

Proof. From (1.12), we observe that

(1+0bt)" = ixj%(log(l +0t))’

(2.16)
[eS) [eS) bltl ) l bl ; .
=Py s =3 (s )
J=0 l=j =0 J=0
On the other hand, we have
oo i oo l 1
2 T b i b J l
g (14 ) _Z( 2) 6y (Z i~ )t
i=0 1=0 \j=0
. l (2.17)
el n (_1)n7 b n
- (xS
n=0 =0 j=0 '
By comparing the coefficients of (2.16) and (2.17), we get the desired result.
O

Forr € N,a € Q",and b € Q—{0} with (a,p) = 1 = (b,p) and (b,t) = 1, we consider the generating
functions of Al (a,b) and Al (a,b|x) of order r, which are derived from the multivariate Fermionic
p-adic integral on Z,, respectively as follows:

/ / (a+ bty rHezttor gy (@1)dp_1(z2) - - - dp_1 ()
Zp Zp

) N o (2.18)
= (m) = ;Ay)(a, b)tn
and
/ B / (a + bt)x1+x2+...+xr+$ d,u71($1)d,u—1(x2) . dﬂ—l(xr)
(2.19)

- (m) (a+b0)* =" AP (a,bla)t"

n=0

It easy to see that n!AY)(1,1) = ChYY and nlA)(1,1]z) = CAY (2).
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Theorem 7. For a € Q1 and b € Q — {0} with (a,p) = (b,p) = 1 and (b,t) = 1, we have
AL (a,blz) ( ) / / 14w+ )™ T Ay () - dpea ().
Zp Zp
In particular, when = = 0, we have

Agf)(a b) ( ) / / r)naIﬁ“‘JrzT dp—1(21) - dp—1(zr).
Zp Zp

Proof. We observe that

Zp Zy

_ Z/Z /Z < +ZET+ZC> a11+u.+zr—n d/i_l(l‘l)"'dﬂ_l(ir)bntn (220)

Z/ / (14 @+ @)™ T dpg (21) - dpea (20)t"
Zp

Combining (2.19) with (2.20), we get the desired result.

Theorem 8. Forr €N, a € QT, and b € Q — {0} with (a,p) =1 = (b,p) and (b,t) = 1, we have
A (a,b) = - 3 | (jlj;f' ]> Aj,(a,b)Aj,(a,b) -~ Aj, (a,b).
Jitizttir=n
Proof. We observe that
(#) = i ( > < e )Ajl (a,b)Aj, (a,b) - - Aj, (a, b)) T (2o
(a+1) +bt n=0 \jy+jottgr=n \J1I27 7 IT &

From (2.21), we ge the desired identity.

O
Theorem 9. For r € N, b € Q — {0} with (b,p) =1 and (b,t) = 1, we have
A1, b)z) = Zzllsll] ),(1,0)2
=0 j=0
In addition, when x = 0, we have
A (1) zn: Y40 (1, by,
I
1=0
Proof. From (1.12) and (2.19), we observe that
2\ =
(r) z (r) m
S AD (L, bl (zm) Ab" =3 AQ (1 by Z(Zslz] o )
n=0 m=0 =0 7=0
(2.22)
-3 (TR st wne )
=0 j=0
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By comparing the coefficients of both sides of (2.22), we get the desired result.

3 The Generalized Catalan Numbers and Polynomials
Arising from the Fermionic p-adic Integral on Z,

In this section, we study new numbers of polynomials as one generalization of Catalan numbers and
polynomials which derived from the Fermionic p-adic integral on Z,, called the generalized Catalan
numbers and polynomials. We also explore interesting properties.

For t € C, with [t], < p_ﬁ, a€Qt, and b € Q — {0} with (a,p) =1 = (b,p) and (b,t) = 1, let
f(z) =a+bt.

From (1.3), we observe that

a+bt)2dp_ Wi (a,b)t 3.1
L >u1<>m+12 (31)
In particular, when a = 1, b = —4, we get the generating function of Catalan numbers as follows:
1—4t)24 T and W,(1,—4) = C,. 3.2
[0t = =y (1,-4) (32

When a =1, b =4, we get

z 2

1+4t)2du—1(x) = ————— and W,(1,4) = (-1)"C,. .
[ o antanw = (1.4) = (-1) (33)

To proof of next theorem, we observe that

n=0
~ (—1)""'1-3-5---(2n—3) ,,

=2 o b (3.4)
n=0

= (-D)"'1-2-3-4- (20— 2)(2n — 3)(2n — 1)(2n) 10 0
_Z nl2n2-4-6---(2n —2)(2n — 1)(2n) bt

= (=D (2n)! ot fon
_Z 4n(2n—1 24”271—1 b
Theorem 10. For b € Q — {0} with (b,p) =1 and (b,t) = 1, we have

nW(1,b) = b" /Zp (g)n dp—1(z),

and
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T

2

/,(

P

Proof. First, we observe that

)n Ay () =

2(_1)n+1
471 (20 + 1)

(n+1)
n+1

()

/(1—|—bt2d,u1 Z/ Ebd,u1
Zp n=0 Zp n
- (3.5)
b'ﬂ
=30 (5) e
Combining (3.1) and (3.5), we get the first identity.
From (3.4), we get
2 _ 2(1 1 =+ b Z 2n tn
1+v140t bt T bt 4n( 2n—l
. (3.6)
_QZ (=1 2(n+ 1)
4 +t12n+ 1)\ n+1
By comparing the coefficients of (3.5) and (3.6), we get the second identity.
O
Theorem 11. For b € Q — {0} with (b,p) =1 and (b,t) = 1, we have
n bn
Wa(1,0) = ;O S S D,
where F,, are the Euler numbers.
Proof. From (1.9) and (1.12), we observe that
S Wa(1,b)t" :/ (14505 du_r(2)
n=0 Zp
_ / eF 18000 gy ()
ZP
e’ T l
=3[ (5) 0ot + 0)! duoao) (3.7)
1=0 VZp
o — b z\'
= Zzsl(n,l)—' =) dp—1(x)t
n! J, \ 2
=0 n=l P
=> —i S1(n D Eit
n=0 [=0
By comparing the coefficients of both sides of (3.7), we get the desired result.
O

The next theorem is the inverse formula of Theorem 11.
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Theorem 12. For b € Q — {0} with (b,p) =1 and (b,t) = 1, we have

n

3 ”Z' " Sa(ny m) Wi (1,0) =

m=0

where F,, are the ordinary Euler numbers.

Proof. Let
Wi (1,b)t 3.8
e T ipY )
By replacing ¢ by +(e* — 1) in (3.8), by (1.9), the left-hand side of (3.8) is
2 — . "
1T nz:% En (3.9)
On the other hand, from (1.13), the right-hand side of (3.8) is
> a6 - 1) " = 3 P10 S sa0nm) 2
m=0 7 b m=0 bm ’ n=m ’ n!
- o s m (3.10)
ml2" "
=> ( > n Sa(n, m)Wi (1, b)) =
n=0 “m=0
By comparing the coefficients of (3.9) and (3.10), we have the desired result. O

For a € Q" and b € Q = {0}, we consider the generating function of W, (a, b|x) which are derived
from the multivariate Fermionic p-adic integral on Z, as follows:

oo

/Z(a—i—bt) dp—1(y) =Y Wa(a,bla)t". (3.11)

P n=0

When z = 0, Wy(a,b) = Wy(a, b|0). From (1.3), we have

> 2 z
Wa(a,blz)t™ = a+bt)? 3.12
nzzo (a,b|z) \/mﬂ( )2 (3.12)

We note that W, (1, —4|z) = Cn(z) and W, (1,4|z) = (—=1)"Ch(x).
Theorem 13. For a € Q1, and b € Q — {0} with (a,p) = 1 = (b,p) and (b,t) = 1

I') a%/ (M) a® du_1(y),
nla™ Zp 2 n

Wh(a,blz) =

and

Wa(a,ble) = > ——r LA, .51 (n, k)Ex(z5a%),
k

nlan2k
=0

where € (x; u) are the Apostrol-Euler polynomials.
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Proof. From (1.10) and (1.12), we observe that

> YET\ oy
[ @rn™ duaw =3 [ (77 )a e duat)
ZP n=0 ZP n
Sy K y "
- Z n!a”a2 / (“Tx)nag an-1v)t
= (3.13)

Combining (3.11) with (3.13), we attain the desired result
O

For r € N, we consider the generating functions of W(a,b) and W(a,b|z) of order r, which are

’
derived from the multivariate Fermionic p-adic integral on Z,, respectively as follows

/ / a+b) " (@) dpa (v) - dpea ()
(3.14)

W, (a, b)t
(\/a+b+1> Z (@

and

11+12+ tzrtax
[ [ @rn Ayt (1) dpis (2) -+ d—a ()
Zp Zp
(3.15)

2 " 2
=——) (a+bt)2 = W (a, blz)t"
(m+ 1) Z v

1,-4) = ¢’ and WT(LT>(1, —4) = CSL”(‘T)-

From (1.7), we note that W," (

The following theorem can be obtained in the same way as in Theorem 7
Theorem 14. For a € Q" and b € Q — {0} with (a,p) = (b,p) = 1 and (b,t) = 1, we have

Wi (a, blz) ( ) / / (171+ +xr+x) a11+~-~;~1’7~+‘1. dp—1(w1) -+~ dp—1(zy)
Zyp Zp n

In particular, when = = 0, we have
zy+tay
W (a,b) ( ) / / (x1+ +$T+m) a =z dp—1(z1) - dp—1(zr)
Zp Zp n

Theorem 15. For r €N, a € QT, and b € Q — {0} with (a,p) = 1 = (b,p) and (b,t) = 1, we have

Wrir)(av b) = Z <J’1j2n . >le ((J,, b)sz (a’v b) o 'er(a7 b)

Jitiz+--+ir=n
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Proof. We observe that

2 ) ( < n ) n
—] = Wi, (a,b)Wj,(a,b) - - - Wj,(a,b) |t
<Va+bt+1 n= J1+J2+ Y jemn \J1J2° 1 Ur

Combining (3.14) with (3.16), we ge the desired identity.

Theorem 16. For r € N, b € Q — {0} with (b,p) =1 and (b,t) = 1, we have
n ]bn 7+l

n l
Wi (1, blz) ZZ l|22n 7 CnsSill5)2”

1=0 j=0

where C), are the Catalan numbers.

Proof. From (1.12), we observe that

(1+ bt)% _ Z (g)J%(log(l +bt))’

=0
< e\ plet ©© l ! .
— — J
j=0 [ 1=0 \j
By (1.6) and (3.17), we have
<#>r(1+bt)5 < 2 )T(l-i-bt)%
1+v1+0bt 11 /1-4(-ty)
:icm _b mt’”i S Si(l g
m=0 4 =0 7 e

0
By comparing the coefficients of (3.15) and (3.18), we get the desired result.

Theorem 17. For r € N, b € Q — {0} with (b,p) =1 and (b,t) = 1, we have
n 1 1
. b N
Wi (L) = 30D s Sl )W (L, b)a?
1=0 j=0
Proof. From (1.12) and (3.15), we observe that

oo l 1 ]
Z W (1, blz)t" Z Wi (L,b)t™ > (Zsl(m)%xa)ﬂ
- Z (ZZ 112] Wy(:)z(l b)m )

=0 j=0

By comparing the coefficients of both sides of (3.19), we get the desired result.

3 L (1) v
S (SR EE G s )

(3.16)

(3.17)

(3.18)

(3.19)
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4 Conclusion

In this paper, we introduced two new numbers and polynomials derived from the (multivariate)
Fermionic p-adic integral on Z,. One is the generalized Changhee numbers and polynomials
Agf)(a, blx) of order r (r € N) and the other is the generalized Catalan numbers and polynomials
W,(f)(a, blz) of order r (r € N). In particular, we found that we could not generalize to two new
numbers and polynomials derived from the Fermionic p-adic integral on Z, (Section 2: Remark)
when a € Q7 (Section 2: Remark). From our definitions, we observed that nlA{) (1,1x) = chi (z)
and W (1, —4|z) = CY”(x), where Ch\(z) and C{” are the Changhee polynomials of order r
and the Catalan polynomials of order r, respectively. In Section 2, we obtained relations of between
the generalized Changhee polynomials (numbers) of order r and the Euler polynomials (numbers)
of order r in Theorem 2 and 5. In particular, the Apostrol-Euler polynomials was expressed by the
finite some of the Stirling numbers of the second kind and A, (b, b|z) in Theorem 5. In Section 3, we
showed relations of between the generalized Catalan numbers and the Euler numbers in Theorem
11 and 12. In Theorem 13, the generalized Catalan polynomials was expressed by the finite sum of
the Stirling numbers of the first kind and the Apostrol-Euler polynomials. In addition, we obtained
various different explicit formulas. As is well known, the catalan numbers have many combinatorial
applications. As a follow-up to this paper, some symmetric identities for these new numbers and
polynomials are an example of good applications of these new numbers. We expect that there will
be many applications by appropriately adjusting the variables a, b of these generalized new numbers.
As a result, for future projects, we would like to conduct research into some potential applications
of the numbers and polynomials derived in this paper.
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