Journal of Advances in Mathematics and Computer Science

36(6): 24-29, 2021; Article no.JAMCS.70465
ISSN: 2456-9968
(Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

Stability Analysis of Perturbed Linear Non-integer Differential
Systems

Ubong D. Akpanl*

'Department of Mathematics, Akwa Ibom State University, Mkpat Enin, Nigeria.
Author’s contribution
The sole author designed, analyzed, interpreted and prepared the manuscript.

Article Information

DOI: 10.9734/JAMCS/2021/v36i630370

Editor(s):

(1) Dr. Doina Bein, California State University, USA.

Reviewers:

(1) Duarte Valério, Universidade de Lisboa, Portugal.

(2) Samir H. Saker, Egypt.

(3) Mohammed Zakarya, Al-Azhar University, Egypt.

Complete Peer review History: https://www.sdiarticle4.com/review-history/70465

Received 02 May 2021
Accepted 07 July 2021
Published 24 July 2021

| Original Research Article

Abstract

In this work, the effect of perturbation on linear fractional differential system is studied. The analysis is done
using Riemann-Liouville derivative and the conclusion extended to using Caputo derivative since the result is
similar. Conditions for determining the stability and asymptotic stability of perturbed linear fractional
differential system are given.

Keywords: Asymptotic stability; riemann-liouville derivative;, caputo derivative; perturbed fractional
differential systems.

1 Introduction

Fractional calculus has attracted increasing interest in the last three decades due to the fact that many
mathematical problems in sciences and engineering can be modeled as fractional differential equations.
Fractional differential equations have found many applications in physics, control engineering and signal
processing. In interdisciplinary fields, many systems can be elegantly described with the help of the fractional
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derivatives. Stability analysis is basic in the study of fractional differential systems due to its importance. This
analysis helps to overcome unnecessary destruction or destabilization in dealing with an unstabilized systems.

Many studies have been made on the stability of linear fractional differential systems[1-11]. The need to extend
the study of linear fractional differential systems to perturbed fractional differential systems has attracted the
interest of researchers in recent times. [12-15] studied perturbed fractional differential systems and gave stability
conditions for the stability and asymptotic stability of fractional differential systems. This work seeks to add to
knowledge in the study of perturbed differential systems. Some results have been established which are used in
determining the stability or otherwise of the systems. Section 2 of this work gives the preliminaries and
definitions while the stability analysis is given in section 3. Conclusion is given in section 4.

2 Preliminaries and Definitions

In this section, the basic definitions and concepts are given. These results and definitions will be used in the
analysis that follows.

Definition 2.1 (Gamma Function): Gamma function is the generalization of the factorial function to non-
integral values, introduced by the Swiss mathematician Leonhard Euler in the 18" century. The gamma function
represented by I' (the capital letter gamma from the Greek alphabet) is one commonly used extension of the
fractional function to complex numbers. The gamma function is defined for all complex numbers except the
non-positive integer. For any positive integer n, I'(n) = (n — 1)!. But this formula is meaningless if n is not an
integer. To extend the factorial to any real number x > 0 (whether or not x is a whole number), the gamma
function is defined as

0

r(x) = f t*te~tdt (x> 0)
0

Definition 2.2: The Riemann-Liouville derivative and the Caputo derivative will be used in the analysis.

The Riemann-Liouville derivative is defined as

D&, x(t) = ;<i)n fw(t — )" Ix(1)dr n—-1<a<n)
L7t r(n—a)\dt) J, ’ =

And the Caputo derivative is defined as
a 1 ” n—-a-1.,.(n)
CDa’tx(t) = m (t—1) x™(1)dr, m—-1<a<n)
0

where I'(.) i sthe Euler’s i ntegralgamma functi on).

The Laplace transform of the Riemann-Liouville fractional derivative g, Dg.x(t) is given as
n-1

f e St DEx(t)dt = S*X(s) — Z SE D% 1x(t)]t2a n—1<a<n)
0 k=0

Similarly, the Laplace transform of the Caputo fractional differential derivative Dg,x(t) is given as

n-1
f e St :DEx(t)dt = SUX(s) — ZS"‘_’“1 x®(a) , n—-1<a<n)
0 k=0

Definition 2.3: The Mittag-Leffler function is defined by

d k
z
E,(z) = kzom , where Re(a) > 0, zeC
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The two parameter Mittag-Leffler function is defined as

Ea,l;(Z)=kZ=0r(T+ﬁ) , (a>0, p>0)

The Laplace transform of the Mittag-Leffler function is given as

k1 §*-F

’ 1
(ST a)k+t ; (R(s) > laln)

0
f e~sttak-F-1g®) (+at®)dt =
0

Proposition 2.1: If A€ C™ " and 0 < a < 2,B i san arbi trarycomplex number and o sati sfi es? <
o < min(r, ar), then for an arbi traryi ntegerp = 1,the followi ngexpansi onshold:

14
1 7k
Eqp(2) = —2' 7/ exp(21/7) - Zm +0(lal™™)
k=1

with |z| - oo, |arg (z)| < o
and

Z—k

p
Fap(2) = —;m +0(al ™)

with |z] > wand o < |arg (z)| <=
Proposition 2.2: Suppose @ > 0,a(t) is a nonnegative locally integrable function on 0 <t < T(some T <

wand gtis a nonnegative and nondecreasing continuous function defined on 0<¢<7" , gt<Mconstant, and
suppose u(t)i snonnegati veand locally i ntegrableon 0 <t <T wi &

t
u() < a(t) +g@) f (t —s)* tu(s)ds
0
on this interval, then

t & k
u(t)Sa(t)+f[ (g (a))

_ na-1
, 2, T (i) (t—ys) a(s)]ds

Also, if a(?) is a nondecreasing function on [0,T), then
u(t) < a(E,(g(OI (@)t?).
3 Stability Analysis
Consider the perturbed system given by
rDEx(@®) =Ax@®) + f(t,x(t)), t>a 3.1
with the initial condition

rDEEx(E) = x4 (3.2)
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DEex(t) = Ax(®) + f(£,x(8)), t>a (3.3)
with the initial condition

D& x(®) = X1 (34
where x € R™ ,matri xP € R™" and 1<a<2.

f(t,x):[t,©) X R"* - R" is a continuous function and f (¢, x) satisfies the Lipschitz condition with respect
to x.

It is pertinent to mention that the solutions analysis gives the same result. In this work, (3.1) with (3.2) is used
for the analysis and the conclusion is extended to (3.3) with (3.4).

The solution of(3.1) with (3.2) is given by
x(t) = (t — ) Egq(P(t —A)F)xo + (¢ = ¥ 2Egq1(P(t — )

T f (t = D% By o (P(t — DO (1, x(D))x(D)dx

Applying the norm, we have

@Il < [|(t = ) Eg o (Pt = )| llxo]l + [| (€ = @) ?Eg g1 (P(t = )|l
t
+f (t =D |Eq,a (P = D)D) X IIf (z, x(@)lllx (D)l dT

We estimate as follows:
[(t = )* Eqo(P(t = a))|| < My , ||(t = @) ?Eqq1(P(t — @) < M,
|EeaPE-D| <L, lf@x@)I<M
Using the above estimates, we have
t
lIx(OIl < Mollxoll + My llx, |l + LMf (t =D Ix(@lldr
a
From Proposition 2.1 and Proposition 2.2 , we have the following
Ix(ON < (Mollxoll + My llx1 1) Eq (LMT () (¢ — a)®)

P
_ AMr @)= o™ i
1(OI = Mo llxoll + Ml ) [— § iy +OUMM @@

whent - o0 , ||x(t)|| = 0. Therefore, if the eigenvalues of P satisfy |arg (X (P))| > % , then the solution of
(3.1) with (3.2) is asymptotically stable.

To examine the situation where the solution is stable but not asymptotically stable, the following theorem is
stated.
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Theorem: If the matrix P such that |spec(P)| # 0 , |arg(spec(P))| > az—n , the critical eigenvalues which
satisfy |arg(spec(P))| = az—n have the same algebraic and geometric multiplicities. Suppose that there exists a

positive function y(t) such that fow y(t)dt is bounded and f(t, x)
satisfies Lipschitz condition.

4 Conclusion

The need to ensure or maintain stability of systems has been of immense interest to scientists and engineers.
Perturbation is known to cause changes in systems. In this work, the analysis of perturbed system is done using
Riemann-Liouville derivative and Caputo derivative. The result of the analysis using both derivatives is the

same. The conditions for the determination of the stability and asymptotic stability of the perturbed systems
have been provided using classical results and concepts.
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