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Abstract

In this paper, closed forms of the sum formulas > ;_, =" W2, 4; for generalized Fibonacci
numbers are presented. As special cases, we give sum formulas of Fibonacci, Lucas, Pell,
Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers. We present the proofs to indicate how these
formulas, in general, were discovered. Of course, all the listed formulas may be proved by
induction, but that method of proof gives no clue about their discovery.
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1 Introduction

The Fibonacci numbers, Lucas numbers and their generalizations have many interesting properties
and applications to almost every field such as architecture, nature, art, physics and engineering.
The sequence of Fibonacci numbers {F,, },>0 is defined by

Fn: n71+Fn72, 17,22, F():O, Flzl,
and the sequence of Lucas numbers {Ly, } >0 is defined by
Ln:Ln,1+Ln,2, 7122, L():Q7 Ll =1.

The generalization of Fibonacci sequence leads to several nice and interesting sequences. The
generalized Fibonacci sequence (or generalized (r, s)-sequence or Horadam sequence or 2-step Fibonacci
sequence) {Wy,(Wo, Wi;r,s)}n>0 (or shortly {Wy}n>0) is defined (by Horadam [1]) as follows:

Wyp =1rWh_1 4+ sWp_o, Wo=a,W1=0b, n>2 (1.1)

where Wy, W1 are arbitrary complex (or real) numbers and r, s are real numbers, see also Horadam
[2,3,4] and Soykan [5].

For some specific values of a,b,r and s, it is worth presenting these special Horadam numbers in a
table as a specific name. In literature, for example, the following names and notations (see Table
1) are used for the special cases of 7, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Whn(a,b;r, s) Binet Formula OEIS|6]
(=) - (=5)
2 2
Fibonacci Wn(0,1;1,1) = F, A000045
( ) 7 -
Lucas Wa2 L1, =L, (52) 4+ (552 A000032
1+v2)" = (1-v2)"

Pell Wn(0,1;2,1) = P, (1+v2) —( ) A000129
Pell-Lucas Wn(2,2;2,1) =Qn  (14+v2)" + (1-+?2) A002203
Jacobsthal Wa(0,1;1,2) = J, 2O A001045

Jacobsthal-Lucas Wn(2,1;1,2) = jn 2" + (1) A014551

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.
The sequence {W, },>0 can be extended to negative subscripts by defining
T 1
W_n = _EW—(n—l) + EW—(n—Q)

for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.

Now we define two special cases of the sequence {W, }. (r,s) sequence {G,(0,1;r,s)},>0 and Lucas
(r, s) sequence {Hn(2,7;7,s)}n>0 are defined, respectively, by the second-order recurrence relations

Gn+2 = TGn+1 =+ SGn, Go = 0, G = 1, (1.2)
Hn+2 = THn+1 + SI{n7 Ho = 2,H1 =T, (13)
The sequences {Gn }n>0, {Hn}n>0 and {En }n>0 can be extended to negative subscripts by defining
T 1
G, - —*G_ n— 7G— n—=2)»
n SO+ 2G(n-2)
r 1
H_, = _EH—(n—l) + EH—(n—Q)v
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for n =1,2,3, ... respectively. Therefore, recurrences (1.2)-(1.3) hold for all integer n.

Some special cases of (r, s) sequence {G,(0,1;r,s)}n>0 and Lucas (r, s) sequence { H,(2,7;7,5) }n>0
are as follows:

1. G»(0,1;1,1) = F,, Fibonacci sequence,

2. H,(2,1;1,1) = L, Lucas sequence,

3. Gn(0,1;2,1) = P,, Pell sequence,

4. Hpn(2,2;2,1) = Qn, Pell-Lucas sequence,

5. Gn(0,1;1,2) = J,, Jacobsthal sequence,

6. H,(2,1;1,2) = jn, Jacobsthal-Lucas sequence.

Jacobsthal sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [7,8,9,10,11,12,13,14,15,16,17,18,19,20,21].

Pell sequence has been studied by many authors and more detail can be found in the extensive

literature dedicated to these sequences, see for example, [22,23,24,25,26,27,28 29]. For higher order
Pell sequences, see [30,31,32,33,34,35].

We give the ordinary generating function Y W,z" of the sequence {W,}.
n=0

Lemma 1.1. Suppose that fw, (z) = > W,z" is the ordinary generating function of the generalized
n=0

Fibonacci sequence {W, }n>0. Then, Y W,z" is given by

n=0
S gt = Wot (V1 = rio)e. (1.4)
— 1—rx—sx

Binet’s formula of generalized Fibonacci sequence can be calculated using its characteristic equation
(the quadratic equation) which is given as

2* —rz—s=0. (1.5)

The roots of characteristic equation are

o=, 5:72 ) (1.6)
where
A=r’+4s
and the followings hold
a+p =
aff = —s,
(a—B)? = (a+pB)—4af =r®+4s.
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1.1 Binet’s Formula for the Distinct Roots Case

In this subsection, we assume that the roots a and § of characteristic equation (1.5) are distinct.
Using these roots and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.2 (Distinct Roots Case). Binet’s formula of generalized Fibonacci numbers is

_ bla" bQ,Bn _ bla” — bz,Bn
_a—ﬂ+ﬁ—a_ P (1.7)

Wn

where
b1 = W1 - ﬁWo, b2 = W1 - OéW().

(1.7) can be written in the following form:

W, = A1a" + A28" (1.8)
where
Al _ W1 —61/[/707 AQ _ W1 _aWO.
a—pf 8-«
Note that
(Wi — sW§ — rWiWo)
A1As =
1 —(r2 +4s) ’
AL+ Ay = Wo.

We next find Binet’s formula of generalized Fibonacci numbers {W,} by the use of generating
function for W,.

Theorem 1.3. (Binet’s formula of generalized Fibonacci numbers)

dlan N dgﬁn

Wy = 1.9
@-8"F-a ()
where
di = Woa+ (W1 —rW),
dy = WO/B + (W1 — TWo)B.
Proof. For a proof see [5, Theorem 1.2]. O
Note that from (1.7) and (1.9) we have
Wi — BWO = Woa+ (W1 — ’I“VV())7 (1.10)
Wy —aWy = Wy + (W1 — TWo)ﬁ. (1.11)

For all integers n, (r,s) and Lucas (r, s) numbers (using initial conditions in (1.7) or (1.9)) can be
expressed using Binet’s formulas as
an ﬂn
+ )
(a=p)  (B-a)
o + ",

G, =

3
I

respectively.
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1.2 Binet’s Formula for the Single Root Case

In this subsection, we assume that the roots a and 3 of characteristic equation (1.5) are equal, i.e.,
a = . So (1.5) can be written as

2’ —rz—s=(r—a)’ =2 —2ax+a’>=0.

Note that in this case,

o = T
= 3
r = 2a,

2 7

S = —Q :_Z7
r2+4s = 0.

Using the root a and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.4 (Single Root Case). Binet’s formula of generalized Fibonacci numbers is

Wy = (D1 + Dan)a™ (1.12)
where
Dy = W,
D: = é (Wh — aWWy).

Proof. For a proof, see Soykan [36].
Note that (1.12) can be written as

Wo = (W1 = (n— 1) Wo) (f)”_l.
We also see that

DDy, = —/——mM8MM—,

|
S

D1+ Do

For all integers m, (r, s) and Lucas (7, s) numbers (using initial conditions in (1.7) or (1.9)) can be
expressed using Binet’s formulas as

G, = na'’ 7,
H, = 2a",

respectively.

2 The Sum Formula > ;_, :UkalHj

In this section, we present sum formulas of generalized (r,s) numbers (generalized Fibonacci

numbers). The following theorem presents sum formulas of generalized (r, s) numbers (generalized

Fibonacci numbers) in the case the roots @ and 3 of characteristic equation (1.5) are distinct, i.e.
2

r® +4s # 0.
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Theorem 2.1 (Distinct Roots Case). Suppose that the roots o and § of characteristic equation
(1.5) are distinct, i.e. 72 +4s # 0. Let 2 be a real (or complex) number. For all integers m and j, for
generalized (r, s) numbers (generalized Fibonacci numbers), we have the following sum formulas:

(a) If (14 (—8)*™a® — xHom)((—s)™x — 1) # 0 then

zn:kaQ o (A
2B ks = G2 1 4s) (1 4 (—s)2a? — aHop) ((—s)™w — 1)

(2.1)

where
Q= (2 + 45)((=5)" & — 1)(—=8)" & — Ham)a™ " Wiy, + (12 + 45) (—=5)>™ ((—5)™ —
D™ We, e + (17 +48) (=) — YW — (r® + 4s) (=)™ ((—s)™x — DaW} ., +
2 (—s)? (W — sWg —rWiWo)((—=s)™" &™ — 1)(Ham — 2(—5)™).

(b) If (1 + (—)?"2? — 2Hopm)((—8)™x — 1) = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C
with u #20 and a # b # ¢, i.e., z =a or x =b or x = ¢, then

S k2 Qo
r Wm j= 3m m m m
kzzo T (2 1 4s) (3(—s)7 22 — 2(—8)" (Ham + (—)™ )2 + Ham + (—5)™)

where
Qs = (T2+48)2((—S)m ((=8)*" &—Ham )" " 4 ((=5)" 2=1)((—5)"" (n + 2) w—(n+1)H2rg)$")Win+j+
(r?4-4s) (—s)°™ ((.—s)m(n+2)$—(n+1))x"W72,Ln_m+j+(r2+4s)(—s)mWf—(rz—i—lls) (=) (2(=s)"z—
W7, +2(=s)” (WP — sW5 — rWiWo)(z" (—s)™" (n+ 1) — 1)(Ham — 2 (—s)™).

(c) If (14 (=5)*™2® — 2Hom)((—8)™x — 1) = u(z — a)?*(z — ¢) = 0 for some u,a,c € C with u # 0
and a # c then if x = ¢ then

;J (2 4+ 45) (3(—8) a2 — 2(—8)" (Ham + (=5)™)& + Ham + (—5)™)

where

Qs = (7"2+48)2 (=)™ ((—=8)*™ 2= Ham)2z" T +((—s)™ 2—=1)((=5)*™ (n + 2) m*(n+1)H2rg)$”)W3nn+j+
(12+45) (=8)™ (=)™ (04 2)a— (Nt )2 W2y _ oy (2 +45) (—8) " W2 (r+5) (—5)°™ (2(—8)" 2
l)WjQ,m +2(=s)! (Wi — sW§ — rWiWo)(z™ (=)™ (n + 1) — 1)(Ham — 2 (—5)™)

and if x = a then

3 kaTan j= a
2T W = e oy 5 (s o — (o)™ — o)

where
Qi = (12 +48)((=s)*" (n + 3)(n + 2)2® — x (=8)™ (n + 2)(n + 1)(Ham + (—s)™) + n(n +
1) Ham)a™ W25 + (1 +45) (—8)™ (-4 1)((2+1) (—8)™ 2" —na™ DYWE, ., — 2 +
4s) (—=8)* " W, +2n (n+ 1) (=)™ (WE — sWG — rWiWo) (Ham — 2 (—s)™) 2™ L.

(d) If (1 + (—8)*™x? — xHom)((—8)™2x — 1) = u(x — a)® = 0 for some u,a € C with u # 0, i.c.,
T = a, then

n Qs
E :‘rkWEnkJrj = 6 3m 24y
= (=s)"" (r? + 4s)

where

Qs = (r2 +4s) (n+1) ((—s)*" (n+3)(n + 2)a® —n(—5)" (n + 2)(Hom + (—5)™)x + n(n —
1) Ham)a" W,y 47 (=) (2 +48) (1 + 1) (0 +2) (=5)™ 0+ 1 — ) 2" W2y +
2(n — Dn(n+ 1) (=)™ (Hap — 2 (—8)"™) (W2 — sWE — rW 1 Wo)z" 2.
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Proof.
(a) Note that

k=0
and
n n—1
SN d Wi = 2" Wi+ > " Wi
k=0 k=0
— on'ranJrj + Z(Alamk+] +A2ﬂmk+])2$k
k=0
] n—1 ) n—1 o n—1
W+ A (0P 4 365 Y (B0 24 a3 (a7 870
k=0 k=0 k=0

Simplifying the last equalities in the last two expression imply (2.1) as required.
(b) Note that we can write (14 (—8)2"2? — 2Hap)((—s)™x — 1) = 0 as
1
—  _H,,
EOE

Solving this equation we find that

(=s)"(@" —x

1
T1 = a = W (HQm + H22m — 4(78)27”) s
1
= b= —— (Hom — \/H2 —4(—s)2m
2 b 2(—3)2’"( ’ im — (=) )’
1

3 = C= 77—

(=)™

If H3,, —4(—5)>™ # 0 then a # b. We assume that b # c¢. We use (2.1). For x = a, the
right hand side of the above sum formula (2.1) is an indeterminate form. Now, we can use
L’Hospital rule. Then we get (b) by using

" ot 2 ()
a" Wiy =
;) o (12 +4s)(1 4 (—5)?™2? — 2Hap)((—s)™x — 1))

dx T=a

The proof for the case x = b and x = ¢ are the same.
H.
(c) If H3,, —4(=5)>" =0 thena = b = ﬁ
the required result is obtained by (b). Now suppose that z = a. We use (2.1). For z = a,
the right hand side of the above sum formula (2.1) is an indeterminate form. Now, we can
use L’Hospital rule (twice). Then we get the required result by using

n 2
ZakWQk . ;;72 (Ql)
T S (02 45) (1 + (—5)2ma? — oHam) ((—s)mx — 1) |

. We suppose that a # ¢ = ﬁ If z = ¢ then

H2m
2(—s)2m’
For = a, the right hand side of the above sum formula (2.1) is an indeterminate form.
Now, we can use L’Hospital rule (three times). Then we get (b) by using

n 3
ZakW2k+‘ _ j?(gl)
T L (4 45) (1 + (—8)2ma? — wHap)((—s)maw — 1)) |

(d) If H3,, —4(—s)*" =0then a = b= We suppose that a = ¢ = ?1)," We use (2.1).
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O

Note that (2.1) can be written in the following form:

n

Z kyrr2 _ Qe
x ka+j =

k=1

(r2 4+ 4s)(1 + (—s)?™22 — zHom)((—s)mx — 1)

where

Qs = (r +4s)((—s)"z — 1)((—s)*"x — 1;{2m)$"+1Win+j + (r* + 4s) (—S)zm ((=s)™z —
1)x"+1W3m,m+j - (r? 4 45)((=s)" z — 1)((—=s)* ™z — Hgm)aij2 — (1% 4 45) (=8)*" ((—8)™z —
1)14/;‘2777131j +2(—s)’ (W12 — sW§ — rWaiWo)((—=8)"" 2™ — 1)(Hom — 2 (—s)™)zx.

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci

numbers) in the case the roots « and f§ of characteristic equation (1.5) are equal, i.e., @« = 8 so that
2

r°4+4s=0.

Theorem 2.2 (Single Root Case). Assume that the roots o and 3 of characteristic equation (1.5)
are equal, i.e., & = 3 so that 2 + 4s = 0. Let = be a real (or complex) number. For all integers m
and j, for generalized (r,s) numbers (generalized Fibonacci numbers), we have the following sum
formulas:

(a) if ((=s)™x —1)> #0, ie., x # (—s)" ™ then

N ke Q7
2 ks = ey 22

Q7 =((—9)"z— 1)((—5)2m z—2 (—s)m)m"HWﬁmﬂ- + (—s)2m ((—s)mx— 1)3:"“Wf,m_m+j +
1

—s)"x—1)> =0, ie, z=(—s)"" then

n

k 2
E xT ka+j = Qs
k=0

where

Qs = & (=) """ (n+1)(3ns (—8)" Win—mii—35(n—2)W7,,. 1 ;—2m*n(n—1) (=s)ITmm (Wi—
sWE — rivi ).

Proof. Note that

H —a2m+52m—<r+"r2+4s>2m+<r_”2+45>2m (2.3)
" B 2 2 '
and if 72 + 4s = 0 then s = —% = —a? and
Hs,, = 20°™ =2 (—8)™.
By using (2.3), we see that
Hopm — 2 (—s)™ o
fim  Hm = 209)") o met (2.4)

i (P )

(a) Use (2.4) and (2.1) (which is given in Theorem 2.1 (a)).
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(b) We use (2.2). For z = (—s)” ™, the right hand side of the above sum formula (2.2) is an
indeterminate form. Now, we can use L’Hospital rule (three times). Then we get (b) by
using

n a3

a Q7
Zgﬂkw’ikﬂ R -~ (m. ) 3 = .
k=0 dx3 ((78) T — 1) z=(—s)""

O

Note that (2.2) can be written in the following form:

- k2 Qg
E x mk+j = m 3
k=1 ((=s)"z-1)

Qo = ((=9)" = 1)((=9)*" & = 2(=8)™)2" "' Wiy + (=)™ ((=8) "2 = D" Wi, oy —
—8) "z D)W —(=5)"" ((—8) "z —1)aWi . +2m? (=)™~ H (WP —sW§ —

8
~

|

»
&

3

= =
N

V2]
&

3

SR
|

[\
»
=
=

2.1 The Case r =1,s = 1: Generalized Fibonacci Numbers

The following theorem presents sum formulas of generalized Fibonacci numbers (the case r = 1,5 =

1).

Theorem 2.3. Let x be a real (or complex) number. For all integers m and j, for generalized
Fibonacci numbers (the case 7 = 1,s = 1) we have the following sum formulas:

(a) If (14 (=1)?™2? — xLaw)((—1)™2 — 1) # 0 then

< kyy,2 o oN
kzzow Winktj = 5(1+ (—1)2m22 — £Lom)((—1)™x — 1) (2.5)

where

Q= 5((—1)™ & — 1)(& — Lo )2 Wiy s + 5(~1)™x = 1a" P Wiy +5((—1)™ —

DW? =5((=1)"z—1)aW;}_,, +2 (1) (WP —=W§—=WiWo)((—1)™" 2" —1)(Lam —2 (—1)™)z.
(b) If (1+(=1)*"2% — Lo )((—1)™x — 1) = u(z — a)(z — b)(xz — ¢) = 0 for some u, a, b, c € C with

u#0and a#b#c,ie, x=aorz=0>bor x=c, then

~ k2 Q2
kZ:Ox Wonesa = 53(=1)"" a2 = 2(=1)" (Lam + (=1)™)z + Lam + (=1)™)

where
Q2 = 5((=1)" (z—Lam)z" T +((=1)" 2=1)((n + 2) 2= (n+1) Lam) 2" )W 5 +5((=1)™ (n+
2@ — (n+ ))& Wiy iy + 5(—1)"WE = 52(=1)"z — YW2,, +2(~1) (WE — Wg
WilWo)(z™ (=1)™" (n+ 1) — 1)(Lam — 2(—=1)™).

(c) If (1 + (=1)*"2? — xLapw)((—=1)™z — 1) = u(z — a)*(z — ¢) = 0 for some u, a,c € C with u # 0
and a # c then if x = ¢ then

S . Q3
kzzox Winiers = 5(3(=1)"" 22 = 2(=1)" (Lam + (—1)™)x + Lam + (-1)™)

where
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Qs =5((—=1)" (z—Lam)z" T +((=1)" 2= 1)((n + 2) £ —(n+1) Lam) 2" )W +5((=1)™ (n+
2)z — (n+ 1)2" Wiy + 5(=1)"W72 = 5(2(=1)"x — YW, + 2(=1)7 (W — W§ —
WiWo)(z" (=1)™" (n + 1) — 1)(Lam — 2(=1)")
and if x = a then

S ea Q4
Xy”mm”_menm@vnmw—vnm—mm

where
021 = 5((-1)°" (n48)(n-+2)2” ~ ()" (042) (0+1) (Lo F (=)™ Vbt 1) Lam)a” ™ Wik +
5(n 4+ 1)((2 4+ n) (-1)"z™ — nz"~ )W,%m mij — 10(=1)*" W2, + 2n(n+1)(-1)""
(W12 —-Wé - WiWo) (Lom —2(—=1)™) 2™~

(@) 1 (14 (1275 = oLan)(-1)"s = 1) =
r = a, then

(a: —a)® = 0 for some u,a € C with u # 0, i.e.,

n .
k 2 Szo
E T Whkt = ———=—
i 30(—8)3m

where

Qs =5(n+1) (=1)*" (n+3)(n+2)a® —n (=1)" (n+2) (Lam+(=1)")z+n(n—1) Lam)a" W, 4+
Sn(n+1)(n+2)(=1)"z+1—n)2" Wi, i +2(n—1)n(n+1) (1) (Lam—2 (1)) (Wi -
W§ — WiWo)a" 2

Proof. Take r =1,s =1 and H, = L, in Theorem 2.1. O
Note that (2.5) can be written in the following form

k2 — o
2 Wokts = S P — L) (-2 - 1)

where
Q6 = 5((=1)™ &= 1)(@ = Lo )2 Wiy +5(=1) "2 = Da" Wl s —5((—1)™ 2= 1) (2 —
Lam)aW}? —5((=1)"ax — 1)W?Z_,x+2(=1)) (WE — WG — WiWo)((—1)"" 2™ — 1)(Lam — 2 (—1)™).
As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.1. For generalized Fibonacci numbers (the case r = s = 1) we have the following
sum formulas for n > 0:

(a) (m=1,j=0)
If(@+1) (2 =3x+1) #0, e, v # -1, 2 # 3+ 3V5, 2 # 3 — L5, then

= A
kiir2
ka W= G @ —se+ 1)

where

A=(2+1)(z=3)z"""W2+ (z+ D" W2 + (2 + DWE —z(x+ 1) (Wo — W1)? —2(WE —
Wé — WiWwo)((-1)" 2" — 1)z

and

if (x+1) (2> =3z +1)=0,de,z=-1orz=3+1V5ora=3— 15 then

where
U = (n(x+1)(x —3) + 322 —de — 3)z" W2+ (n+ 1+ z(n+2)z"W2_; — 2z + 1)(Wo —
Wh)2 + W5 —2(WE —W§ — Wilo)(z" (=)™ (n + 1) — 1).
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(b) (m

=2,7=0)
If(x—l)(:v2—7x+l);£0, i.e.,x;«él,x;‘é%—i—g 5, x;éf—gx/g, then

~ A
kii2
;x W= G =t 1 D)

where

A=z 2z -1)(z-T)Wi + (& — 1) 2" ' W3, _s 4 (x — DVWE — (z — )z (W1 — 2Wo)* +
2AWE — W§ — WilWo)(z™ — 1)z

and

if (x—1) (2> =Tz +1)=0,de,z=1orz=2+3V5oraz=1— 25 then

g

kypr2

E :]: w2 - -
‘ 2k (322 — 16z + 8)

where
U= (n(x—1)(x—7)+ 32> — 16z + 7)a" W3, + (n+2)x — (n + 1))a" W3, _y + W5 — (2x —
D(W1 — 2Wo)2 + 2(WE — W — WiWo)(z™(n + 1) — 1).

(¢) (m=2,j=1)
If(;cfl)(x277;c+1)7é0,i.e.,x#l,x#%Jr% 5, x7g,,,\f then
S A
[
Zx Wik = (z—1)(x2 =Tz +1)
where

(d) (

A=(z—1)(x—"z" "W+ (x— D" Wiy + (& — DWE — (x — Da (Wo — W1)® —
2(W7 — W5 — WalWo)(z" — 1)

and

if(x—1)(2* =Tz +1)=0,ie,z=1orz=21+3V50rz=1— 325 then

)

kg2

} : W, - ¥
— T Wkt (322 — 16z + 8)

where
U = (n(x—1)(x—7)+32> =162+ 7" Wip1 + ((n+2)x — (n+ 1)a" Wi, _1 + WT — (22 —
1)(Wo - VV1)2 —2(W7 — W5 — WilWo)(a"(n+1) — 1).
=0)
( 2—3x+1) #0, i.e.,w#—l,z#%—k% 5,1:%%—%\/5, then

" A
kvir2
D oW = (z+1) (2% — 3z + 1)

where

A=(+D)z" W2 4+ (e +1)(2—3)2" W2, + (2 + DWE — (x4 DaWi —2(WE —W§ —
Wilo)((-1D)" z™ — 1)z

if(@+1)(2* =324+1)=0,de,z=—1orz=3+3V5ora=3—1V5 then

)
Z =W (322 — 4z — 2)
where

U= (n(z+1) + 22+ Da" W2, + (n(z + 1)(z — 3) + 32% — dz — 3)2" W2, + W — (22 +
W —2(W7 — W§ — WalWo)(z" (—1)" (n+ 1) — 1).
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(e) (m:_27]:0)
If(@—1) (2> =Tz +1) #£0, e, a# L, o # LI+ 3 5,z7é%—%\/5, then

u A
kyr2
kzzom o = @ T+ D)

where

A=(z— D" W2y, 1o+ (x — Dz — 2" W2,, + (x — DWE — (z — Da(W1 + Wo)? +
2AWE — WG — WilWo)(z™ — 1)z

and

if(x—l)(w2—7x+l) =0,die,xz=1 orx:g—i—g 5 orwz%—%\/g then

= v
kyr2
;w W = Gor " 160 7 9)

where
U= (n+2)z—n+1)2" W2y 10+ (n(z—1)(z—7)+32% — 162+ 72" W2,, + W§ — (22 —
1)(W1 + Wo)2 + 2(W12 — Wo2 — W1Wo)($n(n + 1) — 1).
(F) (m=—2,j=1)
If(x—1)(2® = Tax+1)#0,die, x#1, a# 2+ 35, o # L — 3\/5, then

S A

k 2
W= =
27 W = o )

where

A= (x—1D)z" W2, s+ (2 —D)(z—7)z" W2, 11 + (2 — DWE — (z — 1)z (Wo + 2W1)% —
2WE = W§ — WilWo) (2" — 1z

and

if (@ —1)(2* =Tz +1)=0,ie,z=1orz=2+3Vborz=1— 35 then

S v
k772
§ w2 =
k:ox AT (302 — 162 + 8)

where
U= (n+2)x—(n+1)z" Wy 15+ (n(z—1)(z —7) + 32% — 16z + 7)a"W2,, 1 + Wi —
2z — 1)(Wo + 2W1)? — 2(WE — W§ — WilWo)(z™(n + 1) — 1).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with Fop =0, F1 = 1).

Corollary 2.1. Forn > 0, Fibonacci numbers have the following properties:

(a) (m=1,5=0)
If(;c+1)(x273;c+1)7é0, ie,x# -1, x#3+1 5,x7é%f%\/5, then

imkFg _ (@@ =3+ (e + D2" T —a(2(=D)" 2"+ 1)
i (x+1) (2 -3z +1)

and
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if(x+1)(:c2—31‘+1)20, i.e, x=—1 orng—i—% 5orac=%—%\/§then

= 1\

k2

' =
kZ:O T (32 — 4z — 2)

where U = (n(z 4 1)(z —3) + 32> —4x — 3)z"F2 + (n+ 14+ 2(n+2)z"Fe_y — (2(—=1)" (n+
1)z™ 4+ 2z —1).

(b) (m=2,j=0)
If(;cfl)(:v277;c+l);£0, i.e.,m;«él,x;&%Jrg 5,:1:;&%7%\/5, then

ixsz _ " @ —1) (=T F3 +(x—1)a" " F3_s+ (22" —x — 1)
k=0 * (z—1) (22 =Tz +1)

and
if (x—1) (2> =Tz +1)=0,de,z=1orz=2+3V5 orz=1— 25 then

- v
Z k 2
T F __ -
= 2k (322 — 16z + 8)

where ¥ = (n(x — 1)(x — 7) 4+ 322 — 162 + 7)a"Fa, + (n +2)z — (n+ 1))2"F5_o +2(n +
1)z™ — 2z — 1.

() (m=2,j=1)
If(x—l)(x2—7x+1) #0, i.e,x#1, a:;é%—i—% 5, x;ﬁ%—%\/g, then

zn:xsz _ (=D - Na" P FE o+ (2 — D" T R — (22" 4+ 22 — 4z 4+ 1)
k=0 e (z—1)(x2 =Tz +1)

and
if(w—l)(x2—7m+1):0, e, =1 orm:%—i—% 50r:c:%—g\/5then

S aF e = v
= (322 — 16z + 8)

where U = (n(x —1)(x —7) +32% — 162+ 7)a" Fapiq + ((n+2)x — (n+1))2" Fa_1 — 2((n +
z™ + 2z —2).

(d) (m=-1,j=0)
If(x+1)(x273;c+1) #£0, i.e, x #—1, x;é%Jr% 5,x7é%f%\/5, then

ixsz (@ D)2+ (e D) (= 3)2" T F2, —a(2(—1)" 2" +a — 1)
. (x+1)(x2 -3z +1)

if(:r+1)(:c2—3:r+l)20, ie, r=—1 orw:%—i—% 5orx:%—%\/5then

- v
k 2
FY = -
kZ:O T (322 — 4z — 2)

where ¥ = (n(z+1)4+2x+ 12" F2, 1+ (n(z+1)(x —3) +32% —4o —3)z"F2, — (2 (-1)" (n+
1z™ 4+ 2z —1).
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(e) (m:_27]:0)
If(;cfl)(:v2f7;c+1);£0, i.e.,x;«él,x#%Jr% 5,:1:76573\/5, then

zn:mkFQ _ (x— D)™ F2,, 0+ (x—1)(z — 72" F2y, + (22" — 2 — 1)
L™ T2 (x—1)(22 — Tz +1)

and
if(x—1)(2* =Tz +1)=0,ie,z=1orz=21+3V50oraz=1— 325 then

imkpf% — N S
= (322 — 16z + 8)

where U = ((n+2)x — (n+ 1))a" F25, 40 + (n(z — 1)(x — 7) + 322 — 162+ 7)a" F2,, +2(n +
1)z™ — 2z — 1.

(f) (m=-2,j=1)
If(x—1)(2® =T +1)#0,ie, x#1, 2 # 2+ 35, . # L — 3\/5, then

zn:mkFQ _ (x— D)2 F2,, 05+ (x— D)z — Na" T F2y, 01 — (22" + 42?2 — T2+ 1)
k=0 o (x=1)(z* =Tz +1)

and
if (@—1)(a* =Tz +1)=0,ie,z=1orz=24+3Vbora=1— 235 then
= T
k 2
F? -
kzzox 2417 (322 ~ 161 + 8)

where ¥ = ((n 4 2)x — (n + 1))z"F2g,45 + (n(x — 1)(x — 7) + 32 — 162 + 7)a" F29, 11 —
2(n+1)z"™ 4+ 8z —T).

Taking W,, = L,, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 2.2. For n > 0, Lucas numbers have the following properties:

(a) (m=1,j=0)
If(;c+1)(x273;c+1)7é0, ie,rx# -1, x#3+1 5,x7é%f%\/5, then

Zn:kaQ (@ D(@—3)2a" M LE + (D" T LR — (10 (=) 2" + 2?4 Tz — 4)
L T (x+1)(z2 =3z +1)

and
if(x+1)(x2—3x+1)20, ie., x=—1 or:czg—l—% 507”362%—%\/515}1671

- v

k2

R __ ¥
Zz k (322 — 4z — 2)
k=0

where U = (n(x+1)(x —3) +32% —4dx —3)a" L2+ (n+ 14+ 2(n+2))z"L3_, +10 (—1)" (n+
1)a™ =2z — 7.
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(b) (m=2,j=0)
If(xfl)(x277x+1)7é0, ie,rx# 1, x#2+3 5,1’7&%7%\/5, then

ikaQ "M@= 1) (x = T) L3, + (z — 1) 2"t L3, 5 — (102" + 927 — 23z 4 4)
2k (x—1) (2 — Tz +1)
k=0

and
if(x—l)(x2—7x+1)=(), fe,x=1 orwz%—l—% 50rx=g—%\/5then

> e 1h = G m Ty
— (322 — 16z + 8)

where ¥ = (n(x — 1)(x — 7) + 32% — 16z + 7)z" L3, + ((n +2)z — (n + 1))z™ L3, _5 — (10(n +
1)a™ + 18z — 23).

() (m=2,j=1)
If(xfl)(:v277;c+l) #0, i.e.,m;«él,x;&%Jrg 5,:1:;&%7%\/5, then

ikaz (-1 (z— N L3, 01 + (x — Da™ T L3, + 102" — 2% — 8z — 1
e (@— 1)@ -T2 +1)

and
if (x—1) (2> =Tz +1)=0,de,z=1orz=2+3V5 orz=1— 25 then

Z” T
Pt (3z2 — 16z + 8)

where U = (n(z —1)(z—7)+32% =162+ 7)a" L3, 41 + ((n+2)x — (n+1))2" L3,_1 +2(5(n+
1z" —z —4).

(d) (m=-1,j=0)
If(m+1)(:v2—3:r+1) #0,d.e,x# —1, x;ﬁ%—i—% 5,:57&%—%\/5, then

Zn:kaQ (D" LA+ (@ + 1) (z—3)a" T L2, + 10 (—1)" 2"t —2® — T + 4
L™ TF (x+1)(z2 =3z +1)

and
if(x+1)(:v273x+l):(), te,r=—1 orw:ng%\/g orm:%f%\/gthen

- v
kr2
> @i = (322 — 4z — 2)
k=0
where ¥ = (n(z+1)+2x+1)z" L2, 1+ (n(z+1)(z—3)+ 32> —4x—3)z" L2, +10 (=1)" (n+
1)a™ =2z — 7.
(e) (m=-2,j=0)
If(@—1) (2> =Tz +1) #0, e, £ L a# L+ 35, 0 # 2 — 25, then

Z":kaQ (=" L2, o+ (x — 1) (= T)a" T L2, — (102" 4 927 — 23z 4 4)
i (x—1)(22 — Tz +1)

and
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if(x—l)(:c2—7m+1)20, e, x=1 orm:g—i—% 50r:c=%—g\/5then

D A —
— (322 — 16z + 8)

where ¥ = ((n+2)x — (n+1))2" L2 9y 10 + (n(x — 1)(z —7) + 32 — 162+ 7)™ L ,, — (10(n +
1)a™ + 18z — 23).

(f) (m=-2,j=1)

If(x—1)(a® =Tz +1)#0,de, x#1, . # 2+ 35, o # L — 3\/5, then

ikag (=DM L2, 5+ (2 — ) (@ — 7)™ L2 g, + 1027 — 1627 + Tz — 1
= TR (z =1 (22 =Tz +1)

and
if (@—1)(2* =Tz +1)=0,ie,z=1orz=24+3Vborz=1— 35 then

SO L s = e
—" 17 (322 — 165 + 8)

where ¥ = ((n + 2)z — (n 4+ 1))2" L% 9,45 + (n(z — 1)(x — 7) + 32% — 162 + 7)a" L2 9,11 +
10(n 4+ 1)z™ — 32z + 7.

Taking = = 1 in the last two corollaries we get the following corollary.

Corollary 2.3. For n > 0, Fibonacci numbers and Lucas numbers have the following properties:

1.

(@) Sh_oFi =2F; - Fl_i+(-1)".

(b) Yoo Foh = 5(6F5, — Fi2 — 20+ 1).

(€) Yh_oFori1 = £(6F5, 1 — F5q + 2n).

(d) Sp  F2=—F2, 1 +2F, +(-1)".

(€) Yopeo F2on = (—F22n 0+ 6F25, —2n+1).

(f) YhoF2omi1 =2 (—F20,405 +6F25, 1 +2n+ 3).

(a) Sr oLi=2L)— L2 ,—5(—1)" +2.

(b) Yh L3, = £(6L3, — L3,_>+ 10n +5).

(c) >on_oLdpi1 = 2(6L3p1 — L3,y — 10n).

(d) SroL?p=—-L%, 1 +2L%, —5(-1)" +2.

(€) Sr_oL?ak = 2(—L25,12+6L%,, +10n +5).

(F) S oL?ops1=2(—L?9,13+6L%5, 1 — 100+ 15).

utl=
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2.2 The Case r = 2,s = 1: Generalized Pell Numbers
The following theorem presents sum formulas of generalized Pell numbers (the case r = 2,s = 1).

Theorem 2.4. Let x be a real (or complex) number. For all integers m and j, for generalized Pell
numbers (the case r = 2, s = 1) we have the following sum formulas:

(a) It (1+ (-1 )" 2—$Q2m)(( 1)™x — 1) # 0 then

k2 _ Q
> Whirs = s = s T (20

where
Q =8((-1)" = 1)((—=1)*" 2= Q2m)z" T Wy 1 +8 (1) (=1)"z = D)a" Wi, s+
8((—1)mz—1)W7 =8 (=1)*™ ((=1)"z—1)aW7_,, +2 (=1) (WE-W§—-2W1Wo)((—1)"™" 2" —
D(Q2m —2(-1)")z.

(b) If (1 + (—=1)*"2® — 2Q2m)((—1)™x — 1) = u(x — a)(x — b)(z — ¢) = 0 for some u,a,b,c € C
with u #0 and a # b # ¢, i.e., x =a or x = b or x = ¢, then

n B 5 o Q2
Z ks B () a2 2 (1) (Qam + (— 172 + Qam + (-7

where
Q2 = 8((=1)" ((=1)*" &=Qam)2" " +((=1)" 2=1)((=1)*" (n +2) z—(n+1)Qam )" )W+
8 (=1)*" ((=1)™ (n+2)w—(n+1)2" Winn— s +8(=1) " W7 =8 (=1)*" (2(=1) "z =)W}, +
2(=1) (Wi = W5 = 2WiWo)(a" (=1)"™" (n + 1) = 1)(Q2m — 2(=1)™).

(c) If (14 (—1)*™2% — 2Q2m)((-1)"z — 1) = u(z — a)*(z — ¢) = 0 for some u, a,c € C with u # 0
and a # c then if x = ¢ then

n b Q3
> Wik = 8(3(—1)*" 22 — 2(~1)"™ (Qam + (—1)™)z + Qam + (1))

where

Q3 = 8((—1)™ ((—=1)*™ 2=Qam )™ +((—1)" z—=1)((=1)*" (n + 2) 2—(n+1)Q2m)x™ ) Wy s+
8(=1)* ((=1)™(n+2)z—(n+1))2" Wi +8(=1)" W7 =8 (=1)*™ (2(~1)"z—1)W}_,,+
2(=1) (Wi = W5 = 2WiWo)(@" (=1)™" (n+ 1) = 1)(Qam — 2(=1)")

and if x = a then

n X 9 L Q4
2 s = G G e~ 17— @an)

where
Q= 8((—1)*" (n43) (n+2)a% 2 (1) (n+2)(n+1) (Qam+(—1)™) 4 (n+1)Qam )2 W24+
8 (= 1) (n+1)((247) (~1)™ 8" —na™ YW,y —16 (—1)*™ W2 420 (n + 1) (—1)™"
(W = W5 = 2WiWo) (Qam — 2(=1)™) 2"+,
(d) If 1+ (=1)*"2? — 2Q2m)((—=1)"z — 1) = u(x — a)® = 0 for some u,a € C with u # 0, i.e.,
T = a, then
N k2 Qs
Zl’ Wikt = 18 (-1
where
Qs =8(n+1) ((=1)°" (n43)(n+2)z*—n (=1)™ (n42)(Q2m+(—1)")z+n(n—1)Qa2m )" Wy, 1 ;+
—1)*"g (DD Do 1) PRy 2n= D) (— 1) Qo
( D™ (WE — W§ — 2W,1Wo)a"
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Proof. Take r =2,s =1 and H,, = @, in Theorem 2.1. (J
Note that (2.6) can be written in the following form

- k 2 _ QG
;x Wink+j = 8(1+ (—1)2ma? — 2Qam)((—1)mz — 1)

where
Q6 =8((—1)"z = 1)((=1)*" & — Qam)z" "' Wi + 8 (=1)*" (=) — D" ' Wiy —

8((=1)" a=1)((=1)*" &=Qam)aW; =8 (=1)*" (=1)"a— )W}, a+2 (=1)) (W= W5 —2W1Wo)((—=1)"" &" —

D(Q2m —2(=1)")z.

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.2. For generalized Pell numbers (the case r = 2,s = 1) we have the following sum
formulas for n > 0:
(a) (m=1,j=0)

If(x+1)(2® =62+ 1) £0, ie., t # —1, x # 3+ 2v2, © # 3 — 2V/2, then

” A
kyi2
;I ey P RS

where

A=—(x+1)(z—6)2""'W?2 — (z+ D" W2_, — (z+ DWE + (= + Da(Wi — 2Wo)? +
2WE — W§ — 2W1Wo)((—1)" 2™ — 1)z

and

if(x+1)(x2 —6x+1),ie,z=—1orz=3+2V2orz=23—2V2 then

)\
2 : k 2
v "We =
=0 (—32172 + 10x + ())

where
U =—(n(z+1)(x—6)+ 3z% — 10z — 6)x"W3 —((n+2)x+(n+ 1))x"W3_1 —We - (—2z —
)Wy — 2Wo)? 4+ 2(WE — W — 2W1Wo)(z™ (=1)" (n + 1) — 1).
(b) (m=2,j=0)
If (r — 1)(2® =34z + 1) #0, d.e., 2 # 1, 2 # 17+ 12v/2,  # 17 — 12V/2, then

" A
kyr2
kZ:O“’ Wor = T - @ —3dz £ 1)

where

A=—(z—1)(z—30)z" "' W3, — (x — D" ' Wi, _y — (x — DWE + (x — Dz (2W; — 5Wy)? —
S(WE — W§ — 2W  Wo)(z" — 1)z

and

if (t—1) (x> =34z +1) =0, 4e,x=10rxz=174+12v2 or x = 17 — 12V/2 then

- v
kypr2
g T Wok = 55—
= ? (322 — 70z + 35)
where

U = (n(x —1)(x —34) + 32% — 70z + 34)2" W3, + ((n+2)x — (n+ 1))a" Wi, _o + W5 — (22 —
1)(2Wy — 5Wo)? + 8(WE — W§ — 2WiWo) (2" (n + 1) — 1).
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() (m=2,j=1)
If(x— 1) (2® =34z + 1) #0, ie., £ 1, x # 17+ 122, z # 17 — 12V/2, then

- A
kyrr2
§ 1% =
k:ox LT (= 1) (22 — 34z + 1)

where

A=—(z—1)(z—34)z" "W 1 — (x— D" W3, — (z— DWE + (z — Dax(Wi — 2Wo)? +
8(WiE — W§ — 2W1Wo) (2™ — 1)z

and

if (x—1)(2®> =34 +1) =0, de,x=1o0rx=17+12V2 or z = 17 — 12V/2 then

= 1\
kyp2
kzzox Wikt = B2 705 1 35)

where
U = (n(z — 1)(x — 34) + 322 — 70z + 34) 2" W3, 11 + (n+ 2)z — (n 4+ 1))2" Wi, _1 + Wi —
2z — 1) (W1 — 2Wo)? — 8(WE — W§ — 2Wi W) (2™ (n 4 1) — 1).
(d) (m=-1,7=0)
If(z4+1)(2® =6z +1) #0, e, z# —1, x #3+2V2, o # 3 —2V2, then

_ A
k2
;)m e SV IRy

where

A=—(z+ D" W2, 1, — (z+1)(z—6)z" W2, — (x + )WE + (z + V)W + 2(Wi —
W§ — 2WiWo)((—1)" 2™ — D

and

if (x+1)(z? —624+1)=0, e, . =—1 orx =34+ 22 orx =3 — 2v/2 then

< ]
k2
kzzox Wor = (30 7 105 1 )

where
U =—((n+2)x+ (n+1)z"W2,,; — (n(z + 1)(z — 6) + 322 — 10z — 6)2" W2, — W§ —
(—2x — DWE 4+ 2(WE — W5 — 2W1iWo) (2™ (=1)" (n + 1) — 1).
(e) (m=-2,j=0)
If(x—1)(a® =34z + 1) #0, de., x £ 1, x # 17+ 122, © # 17 — 12V/2, then

< A
ko2
kzzox Woan = T - @ = 3ae 1 1)

where

A=—(z—Da2"""W2,, 00— (2 —1)(x—34)2" ' W2, — (z — YWG + (x — 1)aW3 — 8(WTE —
W§ — 2WiWo)(z™ — 1)z

and

if (t—1)(z* =34z +1) =0, e, =1 0orxz=17+12v2 or x = 17 — 12v/2 then

~ 4

§ : kyxr2
w= - - @@
% Om 2k (3282 — 70x + 35)

where

U= ((n+2)x— (n+1)z" W2,y 10+ (n(x — 1)(x — 34) 4+ 32% — 702 + 34)x"W2,, + WG —
(2z — W3 + 8(WE — W§ — 2W1Wo) (2™ (n + 1) — 1).
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(f) (m=-2,j=1)
If(z—1)(a® =34z + 1) #0, de., x £ 1, x # 17+ 122, © # 17 — 12V/2, then

n

kyrr2 A
E T Wisi1 = —
k=0

(x—1) (22 — 342+ 1)

where

A=—(z—1)2" W2, 15— (z—1)(z—34)z" W2y, 11 — (- D)WE+ (x—1)aWE +8(WE —
W§ — 2W1iWo) (2™ — 1)z

and

if (x—1)(2* =342+ 1) =0, ie, x =1 or & = 17+ 12v/2 or x = 17 — 12/2 then

- v

kypr2
§ :]g 1% -
prd 2kl (322 — 70z + 35)

where
U= ((n+2)x—(n+1)z"W2,, 15+ (n(x —1)(z — 34) — 70z + 32 + 34)x"W2,, 1 + Wi —
2z — W3 — 8(Wi — W& — 2W1Wo)(a™(n + 1) — 1).

From the above proposition, we have the following corollary which gives sum formulas of Pell
numbers (take W,, = P, with P, =0, P, = 1).

Corollary 2.4. For n > 0, Pell numbers have the following properties:

(a) (m=1,;j=0)
If(x +1)(2® =62+ 1) £0, ie.,  # —1, x # 3+ 2v2, © # 3 — 2V/2, then

ikaQ =@+ D)@ -6z P — (x+ D)a" TP +a2(-1)" 2" +x—1)
i —(z+1) (22 — 6z +1)

and
if @+ 1D)(2%—6x4+1), de,x=—1orz=34+2V2 orz=3—2V2 then

£ TR T (=302 4 102 + 5)

where ¥ = —(n(z+1)(z—6)+32% — 102 —6)2™ P2 — (n+2)z+ (n+1))z"P2_1 +2 (=1)" (n+
1z™ 4+ 2z — 1.

(b) (m=2,j=0)
If(x—1)(2® =34z + 1) #0, ice., z £ 1, © # 17+ 122, z # 17 — 12V/2, then

zn:w'“PQ _ (@ =1z —34)2""' P}, — (z - 1)a" T PE, , +4a(—22" + 2+ 1)
L™ T2 “(r—1)(2? — 34z + 1)

and
if (t—1)(z> =34z +1) =0, 4se, =1 0orxz =174+ 12v2 or z = 17 — 12V/2 then

zn: " PE = v
— (322 — 70z + 35)

where U = (n(x — 1)(z — 34) + 322 — 702 + 34)2" P35, + ((n +2)x — (n +1))2" P3,_s + 8(n +
1)a™ — 8z — 4.
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(¢) (m=2,j=1)
If(x—1)(a® =34z + 1) #0, de., . £ 1, x # 17+ 122,  # 17 — 12V/2, then
. —(z—1)(z —34)z" P2 — (x — D)z" T P2 + 8" 42 — 102+ 1
Zx Py =
P —(z—1) (22 — 34z + 1)

and
if (t—1) (x> =34z +1) =0, 4se, x =1 orxz =174+ 12v2 or x = 17 — 12V/2 then

S aF P = __ ¥
prd (322 — 70z + 35)

where ¥ = (n(x — 1)(x — 34) + 32% — 702 + 34)2" P31 + ((n +2)x — (n + 1))a" P,y —
2(4(n+ 1)a™ + z — 5).
(d) (m=-1,j=0)
If(z+1)(a® —62+1)#0, ie., v # —1, £ # 3+ 2V2, & # 3 — 22, then
imkPQ  —(z+ 12" P2 — (+ ) (2 —6)2" T P2, +z(2(—1)" 2" + 2z — 1)
Lo TR —(z+1) (22 -6z +1)

and
if (t+1) (x> —624+1)=0, e, . =—1 orx =34+ 22 orx =3 — 2v/2 then

DDl TR S
— (=322 + 10z + 5)

where ¥ = —((n + 2)x + (n 4+ 1))z" P2, 1 — (n(z + 1)(xz — 6) + 32° — 10z — 6)2" P2, +
2(=1)"(n+1)a™ + 2z — 1.
(e) (m = _27 .7 = 0)
If(z—1)(a® =34z + 1) #0, de., x £ 1, x # 17+ 122, © # 17 — 12V/2, then
zn:kaQ (= 12" P2y, 0 — (@ — 1)(z — 34)2a" T P2y, + dz(—22" + 7+ 1)
L™ T —(x—1) (22 — 34z +1)

and
if (t—1) (x> =34z +1) =0, de, x =1 orxz =174+ 12v2 or z = 17 — 12V/2 then

DT T —
— (322 — 70z + 35)

where U = ((n + 2)x — (n + 1))2" P25, 410 + (n(z — 1)(z — 34) + 32> — 702 + 34)z" P2,, +
4(2(n + 1)a™ — 2z — 1).

() (m=-2,j=1)
If(x—1)(a® =34z + 1) #0, de., x £ 1, x # 17+ 122,  # 17 — 12V/2, then
zn::ckPQ  —(z— 12" Py, — (= 1)(z — 34)z" T P2y, + 82" + 252 — 3da + 1
L™ ST —(x—1) (22 — 34z + 1)

and
if (t—1) (x> =34z +1) =0, de, x =1 orx =174+ 12v2 or x = 17 — 12v/2 then

Zxkpzzm—l SN S—
— (322 — 70z + 35)

where U = ((n+2)z — (n +1))a" P25, 43 + (n(x — 1)(x — 34) — 70z + 322 + 34)2" P25, 11 —
2(4(n + 1)z™ + 25z — 17).
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Taking W,, = @, with Qo = 2, Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 2.5. For n > 0, Pell-Lucas numbers have the following properties:

(@ (m=1,;j=0)
If(x+1)(a® —62+1) #£0, ie.,  # —1, £ # 3+ 2v2, © # 3 — 2V/2, then

S bgp = Z@ DG =0 Q) - k Dat QL A ) e b e )
=
k=0

—(x+1)(z2 -6z +1)

and
if (x4+1)(2® =6z + 1), de, z=—1 orx=3+2v2 orz =3 — 22 then

D T e T
= (=322 + 10z + 5)

where ¥ = —(n(zx+1)(2—6)+32>—102—6)z" Q2 — ((n+2)z+(n+1))z"Q%_, —8(2 (-1)" (n+
1)a™ —z —2).

(b) (m=2,j=0)
If (x —1)(2® =34z + 1) #0, d.e., 2 £ 1, 2 # 17+ 12v/2,  # 17 — 12V/2, then

ikuQ == 1) (z—34)2"Q3, — (v — )" Q5, o + 4(162" " + 92 — 262 + 1)
= 2k —(z—1)(22 - 34z +1)

and
if (x—1)(2® =342+ 1) =0, ice, x =1 or & = 17+ 12v/2 or x = 17 — 12/2 then

St Qd = v
Pt (322 — 70z + 35)

where ¥ = (n(z —1)(x —34) + 32> — 7024 34)2"Q3, + (n+2)z — (n+1))2"Q3,_2 — 8(8(n +
1)z™ + 9z — 13).

() (m=2,j=1)
If(x— 1) (2® =34z + 1) #0, ie., z £ 1, © # 17+ 122, z # 17 — 12V/2, then

ikaz  —(z—1)(z - 342" Q51 — (x— 12" Q3,1 +4(—162" T 4+ 2 + 142 + 1)
L BT —(x—1) (22 — 34z + 1)
and

if (x—1)(2® =342+ 1) =0, ice, x =1 or o = 17+ 12y/2 or x = 17 — 12/2 then

S QR = Y
prrd (322 — 70z + 35)

where ¥ = (n(z — 1)(x — 34) + 32% — 70z + 34)2" Q311 + (N + 2z — (n + 1))2" Q31 +
88(n+ 1)z —x—7).
If(x4+1)(2® =6z +1) #0, e, z # —1, x #3+2V2, z # 3 —2V2, then
N o (@ D)2"TQE L — (@ + 1) (z—6)a" T Q% +4((—4 (- )" 2" + 2% + 4z — 1)
kzzow @ = —(@+1) (22 -6z +1)
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and
if (t+1)(z? —62+1)=0, e, z =—1 or x =3+ 22 or & = 3 — 2v/2 then

S - T
£ TR (=322 + 10z 4 5)

where ¥ = —((n 4 2)z + (n + 1))2"Q% 11 — (n(z + 1)(z — 6) + 32 — 10z — 6)2"Q%,, —
82(-D)"(n+1)z™ —z —2).

(e) (m =-2,j= 0)
If(x—1)(2® =34z + 1) #0, de, . £ 1, 2 # 17+ 122, © # 17 — 12V/2, then

zn:x’“qf (=12 Q%00 — (x— 1) (z — 34)2" T Q% ,, + 4(162" 1" + 927 — 263 + 1)
i —(x—1) (22 — 34z + 1)
and

if (x —1)(2® =342+ 1) =0, ice, v =1 or & = 17+ 12v/2 or x = 17 — 12/2 then

S F Q= v
Pt (322 — 70z + 35)

where ¥ = ((n+2)z — (n 4+ 1))2"Q% 242 + (n(z — 1)(z — 34) + 32% — 702 + 34)2" Q2 4, —
8(8(n+ 1)z™ + 9z — 13).

(f) (m=-2,j=1)
If (x —1)(2® =34z + 1) #0, d.e., 2 # 1, 2 # 17+ 12v/2,  # 17 — 12V/2, then

ikuQ (=D Q% 5,45 — (z — D)(z — 34)2" Q25,1 + 4(—162" 1! + 492 — 34z + 1)
L™ AR T —(x—1) (22 — 34z + 1)
and

if (t—1)(z* =34z +1) =0, de, =1 orxz =174+ 12v2 or x = 17 — 12v/2 then
- v
k2 _
;x @2k = 327 =700 7 35)
where U = ((n42)z — (n 4 1))2" Q%245 + (n(x — 1)(z — 34) — 70z 4 32° + 34)2" Q% 5,41 +
8(8(n + 1)a™ — 49z + 17).
Taking = = 1 in the last two corollaries we get the following corollary.
Corollary 2.6. Forn > 0, Pell numbers and Pell-Lucas numbers have the following properties:
1.
(a) Yo PP =310P - Pii+(-1)").
(b) >op_o P35, = 25(33P3, — P3,_o — 8n+4).
() >or_oPii1 = 35(33P3 1 — P31 + 8n).
(d) i P2 =10P2, = P2+ (-1)").
() Yop_oP2ok = 35(—P22, 42+ 33P2,, — 8n+4).
) > Pz2k+l = 3*12(*P32n+3 + 33P32n+1 + 8n + 24).
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(@) >r Qi =306Q% —Qn_1—8(-1)" +38).

(®d) > Q3 = 3%(33an —Q3,_5 +64n + 32).

(c) EZ:O Q§k+1 = 3%(33Q%n+1 - Q%nﬂ — 64n).

(d) Yh @2y =1(—Q%,11 +5Q%, —8(—1)" +8).

(€) Yh 0@ ok = 55(—Q%0ni2 4+ 33Q%,, + 64n + 32).

(F) >r Q% okt = 55(—Q%2ni3 +33Q% 5,11 — 64n + 192).

2.3 The Case r = 1,s = 2: Generalized Jacobsthal Numbers

The following theorem presents sum formulas of generalized Jacobsthal numbers (the caser = 1,5 =
2).

Theorem 2.5. Let x be a real (or complex) number. For all integers m and j, for generalized
Jacobsthal numbers (the case r = 1, s = 2) we have the following sum formulas:

(a) If (14 (=2)*"2® — zjom)((—=2)"x — 1) # 0 then

2 _ Q
2 Wt = G 2 — 2 (D7~ ) 20
where
O =9((=2)" 2= 1)((=2)"" & — fom)a" T Wi +9(=2)"" ((=2)" 2 — D" T W +
9((=2)"e—1)W7 =9 (=2)"" ((=2)"z—1)aW;,, +2 (=2) (WP —2W5 —WiWo)((=2)"" " —
1) (jam — 2(=2)")z.
(b) If (14 (=2)*"2? — 2jom)((—=2)™z — 1) = u(z — a)(z — b)(z — ¢) = 0 for some u, a,b, c € C with
u#0Qand a#b#c,ie, x =aorz=0>bor x=c, then
Qo
=2)" (jam + (=2)")2 + jam + (=2)"™)

kIIrQ
E z mk+j = 3m
o 9(3(=2)"" a2 —2(

where
Q2 = 9((=2)" ((=2)"" &—jam )" +((=2)" &=1)((=2)"" (n + 2) —(n+1)j2m) 2" )Wy j+
9(=2)"" ((=2)" (n+2)z— (n+1))a" Wiy 79(=2) " W7 =9 (=2)"" (2(=2) "z~ )WL, +
2(=2) (WP =203 — WaWo)(a" (=2)"™" (n + 1) = 1) (jam — 2(=2)").

(c) If (1 + (=2)*"2? — zjom)((=2)™z — 1) = u(z — a)*(xz — ¢) = 0 for some u,a,c € C with u # 0
and a # c then if x = ¢ then

Q3
—2(=2)" (Jam + (=2)")z + Jom + (=2)")

kyrr2
Zw Wink+j = 3m
P 9(3(—2)"™ x2

where

Q3 = %((—Q)m ((=2)*™ z=jam)z" T +((=2)" 2=1)((=2)*" (n + 2) J;—(n+1)j2m)r")W%n+j+
9(=2)"" ((=2)" (n+2)z—(n+1)) 2" Wi +9(=2)" W7 =9 (=2)"" (2(=2) "z~ )W}, +
2(=2) (WP = 2W8 — WaWo)(&" (=)™ (n +1) — 1) (jam — 2(~2)""

and if x = a then

ikaz i = Qy
mk+j5 — m m m .
k=0 ’ 18(=2)" (3 (*2)2 — (=2)" = jom)

where

Qq = 9((=2)°" (n+3) (n+2)z° —z (=2)™ (n+2) (n+1) (Jom+(=2)")+n(n+1)jom) " Wi+
9 (=2)™ (n+1)((2) (=2)" &"—na" W2, =18 (=2 WE 20 (n -+ 1) (-2)™
(WE = 2W§ — WiWo) (jam — 2(=2)™) ™ L.
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(d) If (1 + (—2)*"2? — zj2m)((—=2)"z — 1) = u(z — a)® = 0 for some u,a € C with u # 0, i.c.,
T = a, then

N k2 Qs
Zx Wikt = 3m
— 54 (—2)

where

Q5 =9 (n+1) ((=2)"" (n+3) (n+2)2® —n (=2)™ (n42) (fam+(=2)" )z+n(n—1)j2m)z" Wi+

I (=2 (n+1)((n+2)(=2)"z+1—n)a" W2, _.;+2(n—1)n(n+1) (=2)"" (jom—
2(=2)") (W7 — 2Wg — WilWo)z" 2.

Proof. Take r =1,s =2 and H, = j, in Theorem 2.1. [J
Note that (2.7) can be written in the following form

f:w’“WQ = e
2 mk+j 9(1 + (_2)2mw2 _ $]2m)((—2)m[1} — 1)

where

Q6 = 9((=2)™ 2 — 1)(=2)*" & — Jam)a™ W2,y +9 (=22 (=22 — D" W2, ., —
9U(=2)" & — D((=2)*" & — jam)zW} — 9(=2)"" ((=2)" — DWi .z + 2(=2)" (W — 2W§ —
Wilo)((=2)"" 2" — 1) (jom — 2(=2)")a.

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.3. For generalized Jacobsthal numbers (the case r = 1,s = 2) we have the following
sum formulas for n > 0:

(@) (m=1,5=0)
If2x+1) 4z —1)(x—1)#0, de, x # —2, x # L, 2 #1, then

29

S kyr2 A
kZ:OI We= GerDan -1 @=1

where

A= (22 +1)(4z — 5)z" W2 +4(22 + VD)™ W2 + (22 + DYWE — (22 + 1)z (Wo — W1)? —
2AWE — 2W§ — WilWo)((—2)" ™ — 1)z

and

if 2 4+1)(de—1)(x —1) =0, ie, x = — !

%orx:Z orx =1 then

= v

kypr2
E:E w2-__ =
= . 3(8z2 —4x —1)

where
U = (n(2z + 1)(4z — 5) + 242% — 122 — 5)z" W2 +4(2(n + 2)z + (n + 1))2"W2_, + 2W¢ —
(4o + 1)(Wo — W1)? = 2(Wi — 2W¢ — WiWo)((=2)™ (n + 1)z™ — 1).
(b) (m=2,j=0)
If (4z — 1) (162 — 1) (x — 1) £ 0, i.e., & # 15, T # 1, ¢ # 1, then

< A
ka2
kzzoa’ o = G - M6e — D = 1)
where

A = (42 — 1)(16x — 17)z" ' W3, + 16(dx — D)2" T W3, 5 + (4o — 1)W§ — (4o — 1)2(3Wo —
Wi)? + 2(WE — 2W§ — W) (222" — 1)z
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and
if (dx —1)(16z — 1) (x —1) =0, i.e., x= & orx = orxz =1 then
= v
k2
W- =
kzzox 2 = 36422 — 56z + 1)
where

U = (n(4z — 1)(162 — 17) 4+ 19222 — 168z 4 17)z" W3, + 16(4(n + 2)x — (n+ 1))z" W3, _o +
AWE — (8z — 1)(3Wo — W1)? + 2(W? — 2W§ — WiWo) (22" (n + 1)2™ — 1).

(c) (m=2,j=1)
If (4 — 1) (16z — 1) (x — 1) # 0, i.e., v # 15, + # 5, ¢ # 1, then

zn:kagk 1= 2
= + (4 —1)(16z — 1) (z —1)

where
A = (4—1)(162—17)2" "' W3, 1 +16(4z—1) 2" T W2, _ 4+ (4e—1)WE—4(4z—1)z (Wo — W1)*—
AW — 2W§ — WhiWo)(22"a™ — 1)z

and

if 4z — 1) (16x — 1) (z — 1) =0, ie., z = &

6 orx =1 then

_1
07'1'—4

= v
kyps2
E W. =
— T Wk = g (64x2 — 56z + 7)

where
U = (n(da — 1)(16z — 17) +1922% — 168z + 17)z" W3, 11 +16(4(n+2)z — (n+1))2" W3, _, +
AWE — 4(8z — 1) (Wo — Wh)? — 4(WE — 2WE — WiWo) (2" (n + 1)z™ — 1).
(d) (m=-1,j=0)
If(x+2)(z—1)(x—4) #0, ie.,, x # =2, x # 1, © # 4, then

N 2 . A
> Wi = G DD

k=0

where

A=(x+2)z"W2, 1+ (@ +2)(x—5) " W2, +4(x+2) W5 — (z+2) 2Wi —4(W? —
2WE — W) ((=2) " z™ — 1)z

and

f(x+2)(z—1)(x—4) =0, ie,xz=—-20rx=1o0rz=4 then

" v
kyp2
;’” Wo = ga =9, 29

where
U= (n(z+2)+2x+1)z"W2,1 + (n(z+2)(x — 5) + 32° — 6z — 10) 2" W2,, + 4W§ —
2(x + V)WL — 4(WE — 2WE — WilWo) (2™ (=2) " (n + 1) — 1).
() (m=—2,j=0)
If(x—4)(x—1)(x —16) #0, i.e.,, x # 1, x # 4, x # 16, then

~ k2 A
;x W = G e =1 (z = 16)
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where

A= (z—4)z" W2y, o+ (2 —4)(x—17)z" W2y, +16(x — WG — (x — 4) 2W5 +8(WE —
2WE — WilWo) (272 2™ — 1)

and

if(x—4)(x—1)(x—16) =0, i.ce., x =1 orz =4 or x = 16 then

- 4
k 2
Wi, = ————
;}z 27 (22 — 14z + 28)

where
U = (n(z—4)+2(z—2)2" W2, 10+ (n(z — 4)(x — 17) + 322 — 422 + 68)x" W2, + 16W5 —
2(x — 2)Ws5 + 8(WT — 2W5 — WilWo)(27*"(n + 1)z" — 1).
(f) m=-2,5=1)
If (x —4) (x — 1) (x — 16) #0, i.e., x # 1, x # 4, © # 16, then

QI _ A
kzzo‘r Woarnt = U = 1) (e = 16)

where

A= (x—4)z" W2, 5+ (x — 4)(z — 172" T W2y, + 16(x — H)WE — (x — 4) z(2Wo +
3Wh)% — 16(W§ — 2W¢E — WiWo) (2722 — 1)z

and

if (x—4)(z—1)(x—16) =0, i.e., z =1 orx =4 or x = 16 then

= \
kiir2
E T Wispi1 =
Pt + 3 (22 — 14z + 28)

where
U = (n(z—4)+2(x—2))2" W24, 15+ (n(z—4)(x —17) + 322 — 4224+ 68)x" W25, .1 + 16W{ —
2(x — 2)(2Wo + 3W1)? — 16(WE — 2WE — WilWo) (272" (n + D)a™ — 1).

From the above proposition, we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J, with Jo =0,J; = 1).

Corollary 2.7. Forn > 0, Jacobsthal numbers have the following properties:

(a) (m=1,j5=0)
If2e+1) 4z —1)(x — 1) #0, ie., v # —5, ¢ # 3, x # 1, then

i U (2z + 1) (da — 5)a" T J2 +4(2x + D" J2_; — (2(=2)" 2" + 2z — D)z
i (2 + 1) (4z — 1) (z — 1)

and

if 2e+1)(4z—1)(x —1) =0, de, 2 =—% orz =1 orz =1 then

S ah? = v
Z 3 (822 — 4z — 1)

where ¥ = (n(2x 4 1)(4x — 5) + 24z — 12x — 5)2"J2 + 4(2(n + 2)x + (n + 1))2"J2_; —
2(-2)" (n+1)z" + 4z — 1).
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(b) (m=2,j=0)
If (4o — 1) (16z — 1) (x — 1) # 0, i.e., z # 1=,  # %, o # 1, then

Zn:“"kf ~ (4z—1)(16x — 17)z" I3, +16(4 — 1)z J5, _y — o (22" a" + 4z 4+ 1)
et (4z —1) (162 — 1) (x — 1)
and

if (4o —1)(16z — 1) (x —1) =0, i€, x =& orz =1 orz =1 then

St A= g

pars 3(64x2% — 56z + 7)
where U = (n(4x —1)(162 —17) +1922% — 168z +17)z" J3, + 16(4(n+2)z — (n+1))2z"J3, o+
22T (n 4+ 1)2™ — 8z — 1.

() (m=2,j=1)
If (4z — 1) (162 — 1) (x — 1) £ 0, i.e., & # 15, T # 1, ¢ # 1, then

z":xkjg 4z —1)(16z — 17)2" T I3, 1 + 16(4z — D)2t 5,y — 22" 2t — 162 + 122 — 1
L™ TR T (4z — 1) (16 — 1) (z — 1)

and
if (4o —1)(16z — 1) (x —1) =0, de., x = orz =1 orz =1 then

Zxkﬁkﬂ = v
= 3 (6422 — 56z +7)

where U = (n(4x—1)(16x—17)4+19222 — 168z +17)2" Jan 11 +16(4(n+2)x— (n+1))z" J5, _1 —
4(2*"z"(n + 1) + 8z — 3)

(d) (m=-1,j=0)
If(x+2)(z—1)(x—4) #0, ie., x # =2, x # 1, x #4, then

= g2 (x+2)a" T2 F (e +2) (x—5) " T2, —2(4(=2)""z" + 2 — 2)
kz:% Joe = (x+2)(z—1)(x—4)

and
if(x4+2)(z—1)(x—4) =0, i.e., x=—20orz =1 orx =4 then

E x’szk - I
3(z?2 -2z —-2)
k=0

where U = (n(z +2) + 2(z + 1)) 2" J2,, 11+ (n(z + 2)(z — 5) + 32° — 6z — 10) 2" J2,, —4(n+
D(=2)""2" +2—2z.

(e) (m = _27 .7 = 0)
If(x —4)(x — 1) (x — 16) #0, i.e., x # 1, x # 4, © # 16, then

ikaQ (=) I, o+ (= A) (@ — 172" T2, + 8a (2”277 — 1) — a(z — 4)
e —2k (x—4) (x —1) (z — 16)

and
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if (x—4)(x—1)(x—16) =0, i.ce., x =1 orz =4 or x = 16 then

DT I S
Pt 3 (z% — 14z + 28)

where U = (n(x — 4) + 2(z — 2))a" J2 040 + (n(z — 4)(x — 17) + 32% — 422 + 68)z"J2,, +
2(4z™(n +1)272" —z — 2).

(F) (m=-2,j=1)
If(x—4)(x—1)(x —16) #0, i.e., v # 1, x # 4, z # 16, then

i g C(w— 2" s+ (e —A) (= 1) T2, — (272 4 92 — 68 + 64)
S (x —4) (x — 1) (z — 16)

and
if (x—4)(x—1)(x—16) =0, i.e., z =1 or x =4 or z = 16 then

S
3 (z? — 14z + 28)
k=0
where U = (n(z —4) + 2(z — 2))2" J2 5415 + (n(x — 4)(z — 17) + 32 — 422 + 68)x" J2 5,41 —
(n+1)272" ™ — 182 + 68.

Taking W,, = j, with jo = 2,51 = 1 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 2.8. Forn > 0, Jacobsthal-Lucas numbers have the following properties:

(a) (m=1,j=0)
If2x+1) 4z —1)(x—1) #0, e, x # —2, x # L, 2 #1, then

n

St = 2z 4+ 1)(4z — 5)z" ' jn + 42z + D" a1 +18(=2)" 2" — 22° — 11z +4
2 _
k=0

(2z+1)(4z—1)(xz — 1)

and
if 2e+1)(dz—1)(z —1) =0, e,z =—% orz =1 orz =1 then

kajlz = 2 v
2 3(822 4z — 1)

where U = (n(2x +1)(4z — 5) + 242> — 122 — 5)z"j2 +4(2(n+2)z + (n+1))z"j2_1 +18(n+
1) (=2)" 2" — 4z — 11.

(b) (m=2,5=0)
If (4o — 1) (16z — 1) (x — 1) # 0, i.e., ¢ # 1=, x # %, o # 1, then

~ 2 (4 — 1)(16z — 17)2z" 152, 4+ 16(4x — 1)z" 53, 5 — 9 x 22Tt _ 10022 + 59z — 4
2k = (4z — 1) (16z — 1) (z — 1)

k=0
and
if (4o —1)(16z —1)(x —1) =0, i€, = orz =1 orz =1 then

I
£ 2T 3 (6402 — 562+ 7)

where ¥ = (n(4x —1)(162 —17) + 19222 — 1682+ 17)z" 53, + 16(4(n+2)x — (n+1))z" 3,5 —
9 x 22" (n + 1) 2™ — 2002 + 59.
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() (m=2,j=1)
If (4 — 1) (162 — 1) (z — 1) # 0, i.el,x#f—s,m#i,m#l, then

Zn:mk o (4o —1)(16z — 17)2" 53, + 16(dx — 1)z™ 153, +9 x 22722 — 1627 — 28z — 1
J2k+1 = (4z — 1) (16 — 1) (z — 1)

and

if (4o —1) (162 —1) (x —1) =0, e, = orz =1 orz =1 then

>t = g
T ML 3 (6422 — 56z 4 7)

where ¥ = (n(dx—1)(162—17)+ 1922 — 1682 4+17)2" j3, 41 +16(4(n+2)x— (n+1))z" 52, _1 +
9 x 22" 2(n 4 1)z — 32 — 28.

(d) (m=—1,j=0)
If(x+2)(z—1)(x—4) #0, ie.,, x # =2, x # 1, © # 4, then

Zx (@22 g+ (e +2) (e —5) 2", +36(—2) "™t — 2® — 220 4 32
o (z+2)(z—1)(z—4)

and

if(x+2)(z—1)(x—4) =0, t.e., x=—2orz =1 orx =4 then

n

v

xka —
T3 (e — 20— 2)

k=0
where ¥ = (n(z +2) + 2(z + 1)) 2”42 114 (n(z + 2)(z — 5) + 32* — 6z — 10) 2”2 ,,+36(n+
1) (—=2) " z" — 2z — 22.

(e) (m = _27 ] = 0)
If(x—4)(x—1)(x —16) £0, i.e., z £ 1, x £ 4, © # 16, then

Zn:l‘k o (="M, 0+ (@ —4)(x — 1T)a" 52, — 72 x 277" T — 2527 + 2362 — 256
=2k = (w—4)(m—1)(x—16)

and
if (x—4)(z—1)(x—16) =0, i.e., z =1 orx =4 or x = 16 then

> =
£ T T 3 (2?2 — 14w + 28)

where ¥ = (n(x — 4) + 2(x — 2))2" 52042 + (n(z — 4)(x — 17) + 32% — 422 + 68)2™j2,, —
72(n + 1)272"z™ — 50z + 236.

(f) (m=-2,j=1)
If(x—4)(x—1)(x —16) #0, i.e., x # 1, x #4, © # 16, then

z": o2 (=420 + (2 — 4) (@ — 172" 2, + 1442™ T 272" — 4927 + 682 — 64
J-2k+1 = (x—4)(x—1)(x716)

and

59



Soykan; JAMCS, 36(6): 30-62, 2021; Article no.JAMCS.71702

if (x—4)(x—1)(x—16) =0, i.ce., x =1 orz =4 or x = 16 then

LTI T B T+ 28)

where U = (n(z —4) +2(z — 2))x" 52 243 + (n(x — 4)(z — 17) + 32% — 422 + 68)x" 525,41 +
144(n + 1)272"2™ — 98z + 68.

Taking x = 1 in the last two corollaries we get the following corollary.
Corollary 2.9. For n > 0, Jacobsthal numbers and Jacobsthal-Lucas numbers have the following
properties:

1.

(@) Y oJi=s(-Bn—="7)J24+4Bn+5)J7_1 —2(n+1)(-2)" = 3).

(b) Sp_oJsn = = (—(B3n—41)J3, + 16(3n 4+ 7)J5,_o + (n + 1)2°" T — 9).

() Yo Idki1 = =(=(Bn—41)J5, 11 + 16(3n + 7)J3,_1 — (n + 1)2°"2 — 20).

(d) Sr o2k =35(=Bn+4)J2, 1+ (120 +13)J2, +4(n+1) (—2)7").

() Yor ook = =(—(Bn+2)J25, 15 + (48n +29)J2,, + (n+ 1)27°"3 —6).

(F) Yhio ok = =(—(Bn+2)J25, 15+ (48n +29) 25,11 — (n+1)27>** 4+ 50).

(@) Xr_oii=5(=Bn—="7)jz +4Bn+5)ja 1+ 18(n + 1) (=2)" — 15).

(b) Yhodon = 75 (—=(3n — 41)53, +16(3n + 7)j3,_2 — 9(n + 1)2°" ! — 141).
(€) Yor_oddks1 = 15(16(Bn +7)j2,_1 — (3n — 41)j3, 11 + 9(n 4+ 1)2°"+% — 60).

(d) Sr oi’k=2(=Bn+4)j2,41 + (12n+13)52,, — 36(n + 1) (—2) 7" + 24).

(€) Yroilor = 7=(—(B3n+2)j2 0010 + (480 +29)j2,5, — 9 (n+ 1) 27" 1 186).
(F) Yrioionn = =(—(Bn+2)j20,45 + (480 +29)52 5,41 + 9(n + 1)272"F* — 30).

3 Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art,
physics and engineering. In this work, sum identities were proved. The method used in this paper
can be used for the other linear recurrence sequences, too. We have written sum identities in
terms of the generalized Fibonacci sequence, and then we have presented the formulas as special
cases the corresponding identity for the Fibonacci, Fibonacci-Lucas, Pell, Pell-Lucas, Jacobsthal
and Jacobsthal-Lucas sequences. All the listed identities in the propositions and corollaries may
be proved by induction, but that method of proof gives no clue about their discovery. We give the
proofs to indicate how these identities, in general, were discovered.

We can mention some applications of sum formulas. Computations of the Frobenius norm, spectral
norm, maximum column length norm and maximum row length norm of circulant (r-circulant,
geometric circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences require
the sum of the numbers of the sequences.
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