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ABSTRACT

In this paper, closed forms of the summation formulas >_7_, " W,.x; for generalized Fibonacci
numbers are presented. As special cases, we give summation formulas of Fibonacci, Lucas,
Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers. We present the proofs to indicate how
these formulas, in general, were discovered. Of course, all the listed formulas may be proved by
induction, but that method of proof gives no clue about their discovery. Moreover, we give some
identities and recurrence properties of generalized Fibonacci sequence.
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1 INTRODUCTION

The generalized Fibonacci sequence (or
generalized (r,s)-sequence or Horadam
sequence or 2-step Fibonacci sequence)
{Wn(Wo,Wl;T, 8)}7120 (OI’ ShOI’t'y {Wn}nzo) is
defined (by Horadam [1]) as follows:

Wy =rWp_1+sWp_2, Wop=a Wi =0b n>2 (11)

where Wy, Wi are arbitrary complex (or real)
numbers and r,s are real numbers, see also
Horadam [2],[3],[4] and Soykan [5].

The sequence {W,},>0 can be extended to
negative subscripts by defining

r 1
W_on=—-W_no1y + —W_(n_2
s s

numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Here, OEIS stands for On-line Encyclopedia of
Integer Sequences.

Jacobsthal sequence has been studied by
many authors and more detail can be
found in the extensive literature dedicated
to these sequences, see for example,
[71,[8],[91,[101,[111,[12],[13],[14],[15],[16],[17],[18],
[19],[20],[21].

Pell sequence has been studied by many authors
and more detail can be found in the extensive

for n = 1,2,3,... when s # 0. Therefore, literature dedicated to these sequences, see
recurrence (1.1) holds for all integer n. for example, [22],[23],[24],[25],[26],[27],[28],[29].
For higher order Pell sequences, see
For some specific values of a,b,r and s, it [30],[31],[32],[33],[34],[35].
is worth presenting these special Horadam
Table 1. A few special case of generalized Fibonacci sequences
Name of sequence W (a,b;r,s) Binet Formula OEIS [6]
(%) - (=)
. . 2 2
Fibonacci Wn(0,1;1,1) = F, 7 A000045
Lucas Wa@ 11 =L, (35)"+(155)" 000032
1+v2)" = (1-v2)"
Pell w121y =p,  LTV2 2\@( V2" po00129
Pell-Lucas Wa(2,2:2,1) =Q, (1+v2)"+(1-v2)" A002203
Jacobsthal Wn(0,1;1,2) = Jn oD A001045
Jacobsthal-Lucas ~ W,(2,1;1,2) = j, 2" + (1) A014551

Now we define two special cases of the sequence {W,}. (r,s) sequence {G.(0,1;r,s)}n>0 and
Lucas (r, s) sequence {H,(2,r;r,s)}.>0 are defined, respectively, by the second-order recurrence

relations

Gn+2 =
Hn+2 =

T'Gn+1 + SGn,
T'Hn+1 + SHn7

Go=0,G1 =1,
H0:2,H1:7‘,

(1.2)
(1.3)

The sequences {Gy }n>0, {Hn}n>0 and {E, } >0 can be extended to negative subscripts by defining

Gn

H_,

T 1
_7G— n— 7G— n—2)»
O+ SG(n-2)

r 1
—H--n + SHo(n-2),

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.2)-(1.3) hold for all integer n.
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Some special cases of (r, s) sequence {G (0, 1; 7, s) }»>0 and Lucas (r, s) sequence { H,(2,7;7, ) }n>0
are as follows:

Gn(0,1;1,1
Hn(2,1;1,1

F,,, Fibonacci sequence,
Ly, Lucas sequence,

Qn, Pell-Lucas sequence,
Gn(0,1;1,2
H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.

)=
)=

Gn(0,1;2,1) = P,, Pell sequence,
) =
) = Jn, Jacobsthal sequence,
)

(

(

(
H,(2,2;2,1

(

(

2B S o

We give the ordinary generating function io: W,z™ of the sequence {W,.}.

n=0

Lemma 1.1. Suppose that fw, (x) = > Wya" is the ordinary generating function of the generalized

n=0

Fibonacci sequence {W,},.>o. Then, > W,z™ is given by

n=0

S Wy = Wo (Wi = rio)a (1.4)
oyrd 1—rx— sz

Binet’s formula of generalized Fibonacci sequence can be calculated using its characteristic equation
(the quadratic equation) which is given as

2 —rz—s=0. (1.5)

The roots of characteristic equation are

a=""35 =1 (1.6)
where
A=r?44s
and the followings hold
a+pf =
af = -s,
(=B = (a+pB)®—4af =r"+4s.

1.1 Binet’s Formula for the Distinct Roots Case

In this subsection, we assume that the roots « and S of characteristic equation (1.5) are distinct.
Using these roots and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.2 (Distinct Roots Case). Binet’s formula of generalized Fibonacci numbers is

bla" bQ/Bn bloc" — bzﬂn
= - 1.7
=B h-a” a-8 a7

where
b1 = W1 — ﬂWo, b2 = W1 — OéWo.
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(1.7) can be written in the following form:

Wy = A1a™ + A" (1.8)
where Wy 8w, W W
Ay = 2L P04 1_70‘0.
! a—p3 "’ 2 B—a
Note that
(W = sWE — Wi W)
A1Ay = (> + 4s) s
Al + AQ = W(].

We next find Binet’s formula of generalized Fibonacci numbers {W,, } by the use of generating function
for W,.

Theorem 1.3. (Binet's formula of generalized Fibonacci numbers)

dla" dgﬂn
Wn = + 1.9
@-8) " B-a) 19
where
di = Woa+ (W1 — TWo),
dy = WO/B =+ (W1 — TWO)B.
Proof. For a proof see [5], Theorem 1.2]. O
Note that from (1.7) and (1.9) we have
Wi — Wy = WoOL+(W1 —TWo), (110)
Wy —aWy, = Woﬁ—‘r(Wl —’I“Wo)ﬂ. (111)

For all integers n, (r,s) and Lucas (r, s) numbers (using initial conditions in (1.7) or (1.9)) can be
expressed using Binet’s formulas as

G, =

HTL = an+ﬁn>

respectively.

1.2 Binet’s Formula for the Single Root Case

In this subsection, we assume that the roots « and § of characteristic equation (1.5) are equal, i.e.,
a = 3. So (1.5) can be written as

2

2 —rz—s=(z—a)’

:x272ax+042:0.

Note that in this case,

o - T
= 3
r = 2aq,
s = ,a2_,ﬁ
= -
2
r“+4s = 0.

Using the root a and the recurrence relation, Binet’s formula can be given as follows:
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Theorem 1.4 (Single Root Case). Binet’s formula of generalized Fibonacci numbers is

Wy = (D1 + Dan)a™ (1.12)
where
Dy = Wy,
Dy = i (Wh — aWo).

Proof. W, is in the following form:
Wn = (D1 + Dy X n)an

where D and D, are the numbers whose values are determined by the values W, and any other
known value of the sequence. By using the values W, and Wi, we obtain

Wo = (Di+ D2 x0)a’
Wi = (Di+ Dsx1)a'.

Solving these two simultaneous equations for W, and W, , we get

D1 :W(),DQZ (Wl —OéW()). |:|

L
(0%
Note that (1.12) can be written as

Note also that

DD, = —————,

W

D1+ Do ad

For all integers n, (r,s) and Lucas (r,s) numbers (using initial conditions in (1.7) or (1.9)) can be
expressed using Binet’s formulas as

G, = na ,
H, = 2a",

respectively.

2 SOME IDENTITIES

In this section, we obtain some identities of (r, s) and Lucas (r, s) numbers. Firstly, we can give a few
basic relations between {G,} and {W,,}.

Lemma 2.1. The following equalities are true:

SWo = (s+7)W1 —7(25 +7°)Wo)Grya + (—r(2s + r2)W1 + (3r°s + r* + s*)Wo)Gras,
$2Wh (=Wir + (12 + )W) Gras + ((s + YW1 — r(2s + r°)Wo)Grta,

Wa = (Wi — 1 Wo)Gnya + (= Wi + (s +°)Wo)Grs1,
Wn = WoGns1+ (Wi —1rWo)Gn,
Wn = WiG, + SWOGTL—lv
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and

—((s + YW1 + s W) Wigg + (r(2s + r7)Wi + s(s + 77)Wo) Wags,
(rW1 + sWo)Wiys — ((s + r2)W1 + srWo) Wy 2,

S (WP +sWE + Wi Wo)Gy =
S2(—WP 4 sWE + rWiWo)Gr, =

S(=WE 4+ sWZ + rW1Wo)Gr = —WiWpio+ (Wi + sWo)Wyy1,
(W24 sWE 4+ rWiW0)Gn = WoWpir — WiWa,
(WP 4 sWE +rW1W0)Gn = —(Wy — rWo)Wy, + sWoW, 1.

Proof. We prove (a). Writing
Wn :aXGn+4+bXGn+3

and solving the system of equations

Wo = axGs+bxGs
Wi = axGs+bxGy
we find that ¢ = &+)Wa —Sg@s“z)wﬁ b= —'“<2S+T2)W1+S(3’"28+’“4“2)W°. The other equalities can be

proved similarly. O
Note that all the identities in the above Lemma can be proved by induction as well.
Secondly, we can give a few basic relations between {H,} and {W,}.

Lemma 2.2. The following equalities are true:

SAs+rHW, = (—r(Bs+ )Wy + (4r2s + 1 + 252)Wo) Hyp g + ((r* + 252 + ar?s)w
—r(5r%s + r* + 552)Wo)H, y 3,

SUs+ )W = (28 +r7)W1 = (85 + 1 )W) Hpys + (—7(3s + r2)Wi + (7" + 25 + 47%s)Wo) Hoy o,
(=W + (25 + 72)Wo) Hp o + (25 + r2)Wy — r(3s + r2)Wo)Hp i1,
(2W1 — rWo)Hp g1 4 (= Wy + (2s + 72)Wo) Hy,

s(4s + 7'2)Wn =
(45 + 7‘2)Wn =

(As+r)Wy = (W1 +25Wo)Hn + s@W1 — rWo)Hp_1,

and

S (W2 4+ sWE +rWoW1)Hy = (r(3s + 1)W1 + s(2s + r2)Wo) W4 — ((r? + 257 + 4r25) Wy

+r5(3s + 17 )Wo) Wigs,

52(7W12 + SWO2
s(—W12 + sW02
(—Wi + s

(Wi +swg

+rWoW1)H, =

+rWoWi)Hp
+ rWoWi1)Hn

+ rWoWi)Hn

—((2s + T2)W1 + 7sWo)Wpi3 + (r(3s + 72) Wy + (25 + r2)Wo) W4,
(rW1 4 25Wo) Wiy — (25 + r2)Wy + rsWo) Wiy,

(=2W1 + rWo)Wp 1 + (rW1 + 2sWo) W,

(=rW1 + (25 4+ r2)Wo) W + s(—=2W1 + rWo)Wp_1.

3 ONTHE RECURRENCE PROPERTIES OF GENERALIZED FIBO-
NACCI SEQUENCE

Horadam [36] give the following identity for the second order recurrence relation (1.1).

Theorem 3.1. Forn € Z, we have

Wigor = HiWgr + (=1 s"W,.

16



Soykan; ACRI, 21(3): 11-38, 2021, Article no.ACRI.69283

Now, we can propose a problem as follows: Whether and how can the generalized Fibonacci sequence
W,, at negative indices be expressed by the sequence itself at positive indices?

We present the following result which completely solves the above problem for the generalized
Fibonacci sequence W,.

Theorem 3.2. Forn € Z, for the generalized Fibonacci sequence (or generalized (r, s)-sequence or
Horadam sequence or 2-step Fibonacci sequence) we have

W_n = (=1)"""'s (W, — H, W)
= (=1)"MsT(W, — H,Wo).
Proof. If the roots of characteristic equation (1.5) are distinct then by using the Binet’s formulas of W,
and H,, we get
(—1)"+1S"W,n = —(—8)"W_,
—a"B"(Ara” " + A7)
= —(B"A1+0a"4)
(A1a" + A2f") — (A1 + Ag)(a” + ")
= W,—WyoH,
=
W = (1) s (W, — H,Wo).
and if the roots of characteristic equation (1.5) are equal then by using the Binet’s formulas of W,
and H, we obtain
()" T's"Wo, = —(—s)"W_,
= —a”"(D1+ Dy x (—n))a™"

= e (Wot = (Wi — alWh) x (~n))a”"

= (MWi—a(n—1)Wa""" — Wy x 2a"
= (Dl + D2 X n)a" — Wo X QOén
= W,-WyH,

W_, = (=1)7""'s (W, — H,Wo).
This proves the theorem.

We can obtain the same result by using Theorem 3.1 as follows:

Wiior = HiWair+ (D)W,
=
by taking — n and n for n and k respectively
Wenton = HaWe_pin+ (=1)"T's"W_,
=
W, = H,Wo+ (-1)""s"W_,
=
(-1)"T's"Wo, = W,-—H,Wp
=
W = (1) ' (W, — H,Wo).

17
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O
Note that from the definition of H,,, we obtain

H_, = (_5)_an

ie., H_, = (—s)""H, and so H,, = (—s)" H_,,. Note also that
n 1 2
(=s)" = S(H} = Han).
By using Lemma 2.2 and Theorem 3.2 we obtain the following theorem.

Theorem 3.3. Forn € Z, for the generalized Fibonacci sequence (or generalized (r, s)-sequence or
Horadam sequence or 2-step Fibonacci sequence) we have

(71)n+18—n

W_, =
—W12 + SVVO2 + rWoWi

(W1 — 7 Wo)WoWn i1 — (WT + sW5Wa).

Taking » = 1,s = 1 in Theorem 3.2 and Theorem 3.3, we obtain the following Proposition.

Proposition 3.1. For n € Z, generalized Fibonacci numbers (the case r = 1,s = 1) have the
following identity:

(=)™ (W — L Wo)

-1 n+1
= e _f_ VV)2 T WoWh ((2W1 — WO)WOWn+1 — (W12 + WOQ)W”)
1 0

W_,

From the above Proposition, we have the following corollary which gives the connection between the
special cases of generalized Fibonacci sequence at the positive index and the negative index: for
Fibonacci and Lucas numbers, take

W, = F, with F, =0, Fy = 1 and take W,, = L,, with Lo = 2, L1 = 1, respectively. Note that in this
case H, = L.

Corollary 3.4. Forn € Z, we have the following recurrence relations:
(a) Fibonacci sequence:

F,=(-1)""E,.
(b) Fibonacci-Lucas sequence:

L_,=(-1)"Ly.

Taking r = 2, s = 1 in Theorem 3.2 and Theorem 3.3, we obtain the following Proposition.
Proposition 3.2. Forn € Z, generalized Pell numbers (the case r = 2,s = 1) have the following
identity:

Wo, = ()" (W, —QuWo)
(_1)n+1

= Wi (2W1 — 2Wo)WoWyi1 — (W 4+ WE)Wa).

From the above Proposition, we have the following corollary which gives the connection between the
special cases of generalized Pell sequence at the positive index and the negative index: for Pell and
Pell-Lucas numbers, take

W,, = P, with P, = 0, P, = 1 and take W,, = Q.,, with Qo = 2, Q1 = 2, respectively. Note that in this
case H, = Qn.
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Corollary 3.5. Forn € Z, we have the following recurrence relations:

(a) Pell sequence:
P, =(-1)""'P,.
(b) Pell-Lucas sequence:

Q-n=(=1)"Qn.
Taking r = 1,s = 2 in Theorem 3.2 and Theorem 3.3, we obtain the following Proposition.

Proposition 3.3. For n € Z, generalized Jacobsthal numbers (the case r = 1,s = 2) have the
following identity:

W = (=1)""27"(W, — j.Wo)

(_1)n+12—n 9 9
= 2W1 — 4l — 2 n)-
W2 T 2WE + WoWh (W1 — Wo)WoWat1 — (W1 + 2W5 ) W,,)

From the above Proposition, we have the following corollary which gives the connection between the
special cases of generalized Jacobsthal sequence at the positive index and the negative index: for
Jacobsthal and Jacobsthal-Lucas numbers, take

W, = Jp with Jo = 0, J; = 1 and take W,, = j,, with jo = 2, j1 = 1, respectively. Note that in this
case Hy, = jn.

Corollary 3.6. Forn € Z, we have the following recurrence relations:

(a) Jacobsthal sequence:
Jon = (=1)"H127" .
(b) Jacobsthal-Lucas sequence:
Jon = (=1)"27"j,.

4 THE SUM FORMULA >/ "W,

In this section, we present sum formulas of generalized (r, s) numbers (generalized Fibonacci numbers).

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci
numbers).

Theorem 4.1. Let = be a real (or complex) number. For all integers m and j, for generalized (r, s)
numbers (generalized Fibonacci numbers), we have the following sum formulas:

(@) If(—s)™a? —xH,, +1# 0 then

Zn:ka = ((=8)" & = Hu)z" " Winntj + (=8)" " Winngj—m + Wi — (=)™ 2Wj—m
— ke (—=s)ma? —xHy + 1 '
(4.1)

(b) If (=8)™2? — xH,, +1 = u(z — a)(xz — b) = 0 for some u,a,b € C withu # 0 anda # b, i.e.,
xr =aorx=>a, then

Z": W s = (z(n+2) (=)™ — (n+ DHm)2" Wit mn + (=)™ (n+ D" Winpngj—m — (=8)" W;_m
k=0 e 2(—s)™z — Hp
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(€) If(—s)ma? —aHpm +1=u(z —c)2 =0 forsomeu,c € Cwithu # 0, i.e, x = c, then

L (n+1) ((*S)m(n+2)zn *”Tn*le) Winnti +n(m+1) (=)™ @™ Wiy j—m
"Wkt = ; .
= 29"

Proof.

(a) Note that if the roots of characteristic equation (1.5) are distinct then

n n—1
k k
ZLE Wink+; = @ Wmnyj + ZJC Wonk+j

k=0 k=0
n—1

k+j k43N .k

_ fEnWmn+j + Z(Alam +J +A25m +])I
k=0

_ wnWmn+]’ + Alaj ((amm)n — 1> —Q—Azﬂj ((5”“%)" _ 1) .

amr —1 pfmra —1

Simplifying the last equalities in the last two expression imply (4.1) as required. If the roots of
characteristic equation (1.5) are equal then the proof is similar.

(b) We use (4.1). For x = a and =z = b, the right hand side of the above sum formula 4.1) is an
indeterminate form. Now, we can use LHospital rule. Then we get (b) by using

A (9™ 2 = Ho)a™ M Wy + (=)™ & P Wona gy + Wy = (=)™ 2W) )

n
k
a" Wnktj =
& (o sl D)

r=

(z(n+2)(=s)" — (n + I)Hvrl)xnwj+'rrzn +(=8)" (n + l)xnwvnnﬁ»jf'm — (=)™ ijnL
2(—s)" @ — Hp,

(a(n+2) (=)™ = (n+ DHm)a" Wit mn + (=)™ (0 + 1)a" Wynnij—m — (=)™ Wj_pm
2(—s)"a— Hp

and

L (=)™ o = Hp)a" P Wy + (=)™ 2T W o + Wy = (=8)™ W)
% ((=s)ma2 — z2Hp + 1)

n §
D 0 Wik
k=0

=

(z(n +2) (=8)™ — (n+ I)Hnb)xnwj+'rrzn + (=)™ (n+ l)xnwm,n«#jfm, — (=)™ ijnL
2(=s)™ax — Hm

(Bn+2) (=)™ = (M + DHm)b" Wjtmn + (=)™ (0 + Db Winngj—m — (=)™ Wj_m
2(—s)™b— Hp ’

(c) We use (4.1). For z = ¢, the right hand side of the above sum formula (4.1) is an indeterminate
form. Now, we can use L'Hospital rule (twice). Then we get (c) by using

2
Zn: kW ﬁf (((_S)m T — H77l)zn+1W’r‘rL1L+j + (=)™ xn+1W'mn+j7'm + Wj — (=)™ ijfrn)
¢ Wmk+j = 2
k=0 %f ((_1)7“392 _$H7n+1) v

(n+1) (=)™ (n +2)2"™ = ne" " Hyp ) Winpgj + n(n + 1) (=)™ 0" Winpi i
2 (—s)™

(n+1) (=)™ (n+2)e™ = ne™ " Hum ) Winn g + n(n 4+ 1) (=5)™ ¢ " Won i m
2(—8)"" )

Note that (4.1) can be written in the following form

(=)™ 2 — Hp)a" P Wy + (=)™ 2" P Wy 4 a(Hon — (=)™ @)W, — (=)™ aWj_pm

n
K
"Wkt = G
1;1 e (=s)Max2 — xHpy + 1

20
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4.1 The Case r = s = 1: Generalized Fibonacci Numbers
The following theorem presents sum formulas of generalized Fibonacci numbers (the case r = s = 1).

Theorem 4.2. Letx be a real (or complex) number. For all integers m and j, for generalized Fibonacci
numbers (the case r = s = 1) we have the following sum formulas:

(@) /f(—=1)"z*® — L, +1#0 then

zn:mkw o = ((_1)777, T — L7n)xn+1W7nn+j + (_1)m mn+1WnLn+j77n + Wj - (_1)m ij*'m

Pt ket (=1)yma2? — xL, +1 '
(4.2)

(b) If(—1)™2® —xLm+1=(z—a)(x—b) =0 forsomea,bc Canda#b,ie.,x=aorz=>,then

i Fw _ @42 = (4 DLm)2" Witmn + (D™ (04 D" Winntj—m = (1™ Wj—m
= e 2(=1)"™x — Ly, :

(€) If(=1)™x® — 2Ly +1 = (x—c)> =0 for some c € C then

n R (n+1) ((—1)m (n 4+ 2)c™ — nc7l71Lm) Winntj + n(n+1)(-1)™ c”flwmn_*,j_m
D Wi = .

=6 2(—1)m

Proof. Take r = s =1 and H,, = L,, in Theorem 4.1.
Note that (4.2) can be written in the following form

(D)2 = Ly)a" T Wenn g + (=D 2" T Wonn g om + 2L — (D" @)W, — (=)™ aW,

n
k

"Wkt =

gl mhkty (=1)ma2 — gLy, +1

k

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 4.1. For generalized Fibonacci numbers (the case r = s = 1) we have the following
sum formulas forn > 0:

(@) (Thecase:m =1,5=0).
If—2* —2+1#0,ie,z# -1+ 3IV5,2# -3 —1V5, then

Z":kak _ (@ D" W 4 2" Wy — (Wi — Wo)a — Wo
k=0

22 4+x—1 ’
and
iff:v2f:v+1:0,i.e.,x:f%+%\/50r$:f%f%\/g,then

zn:a:’“w @z +l+n(@+1)"Wa+ (n+ 12" Wy — (Wi — Wo)
L™ TR 2z + 1

(b) (Thecase:m =2,5=0).

2 N
Ifa® =3z +1#0,ie,x#3+3 5,177&%7%\/3,1‘/76/7

Z": e — (&= 3)T  War + 2™ Wan o + (Wi — 2Wo)z + Wo
— o z2 -3z +1 ’

and
ifz> =3z +1=0,ie,z=3+3V5orz=3— V5, then

"\ (2 =3+ n(x—3))x"Wan + (n+ 1)a" Wap_o + (W1 — 2Wp)
Z " Wai = 2z — 3
k=0
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(¢) (Thecase:m =2,5=1).
/fo—Sm—i—l;éO,i.e.,:r;é%—&—% 5,1‘7&%—%\/5, then

imkW _(z- 3)z" T Wapy1 + 2" Wan_1 — (W1 — Wo)z + Wi
2 2k+1 = 22 3041 )

and
ifz? —3z+1=0,ie,z=3+1V50rz =32 — 15, then

2 . ((z =342z —3)x" Want1 + (n + 1)a"Wapn_1 — (W1 — W)
Zx Wakt1 = 2¢ — 3 ’
k=0

(d) (Thecase:m = —1,5=0).
/f—x2+w+17é0,i.e.,x;é%+% 575075%—%\/5, then

= My "MW1 + (2 — D" W, — Wiz — Wy
Zm k= x2—x—1 ’

k=0

and
iffx2+x+1:(),i.e.,x:%Jr%\/gorm:%f%\/g, then

"k (n+ 12" W_pni1+ 2z —1+n(x—1)z"W_, — W3
> Wk = 2z — 1 '
k=0

(e) (The case:m = —2,j=0).
Ifa® —3z+1#0,ie,x# 3+ 1V6 a# 3 — 15 then

"k "MW apio + (. — 3)2" W _a, — Woz 4+ W
E " W_g = 2 5
— 2 —3x+1

and
ifz*> —3z+1=0,ie,z=3+1V50rz =32 — 15, then

2 (n+1)z"W_zpnio+ (22 — 3+ n(z — 3))a"W_g, — Wa
Z v Wear = 2 — 3 ’
k=0

(f) (Thecase:m =-2,j=1).
Ifz® =3z +1#0,ie,z# 3+ 3V6, a2 # 3 — 15, then

Zn: W _ "W _gpas + (z — 3)LE"+IW—2n+1 — Wiz + Wy
B z2 -3z +1 ’

k=0

and
ifz*> —3z+1=0,ie,z=3+1V50orz =3 — 15, then

= . (n+1)2"W_2nt3+ (22 =3+ n(z — 3))z" W_zny1 — Ws
Zx Weakin = 2r — 3 ’
k=0

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F, =0, F; = 1).
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Corollary 4.3. Forn > 0, Fibonacci numbers have the following properties:

(@) (Thecase:m=1,5=0).
If—2* —x+1#0,ie,z# -1+ 1V5a#—1— 15, then
)x"“Fn + 2", —=x

> ot = EUE
P T+ T —

I

and
if—2>—2x+1=0,ie,z=—-31+1Vborz=—-1— 15, then

Rr+1l4+n(z+1)2"Fa+(n+1)a"Foo1—1

- k
> ath -
= 2¢ +1
(b) (Thecase:m =2,5=0).
3 — 15, then

Ifx2—3:r—|—17é0,i.e.,x7$%+% 5 @ # 3
ixkF _ (z—3)a" " Foy + 2" Py o+
P 2k 2 —3x+1

’

and
ifz? —3z+1=0,ie,z=3+1V50rz =3 — 15, then

22 —3+n(x—3))z" Forn + (n+ 1)z" Forn—2 + 1

n X (
Zx Far = 2r — 3
k=0
(c) (Thecase:m =2,j5=1)).
3 — 15, then

Ifz? =3z +1#0,ie,v#3+iV5, 043
imkF — (LE _ 3)xn+1F2n+l + .Z'n+1F2n_1 —x+1
2 2k+1 o v

)

and
ifz*> —3z+1=0,ie,z=3+1V50orz =3 — 15, then

"k ((x=3)n+2zx—3)z" Font1+ (n+ 1)a" Fop—1 — 1
237 F2k+1 = or — 3 .

k=0

(d) (The case:m = —1,3j=0).
If—2® +2x+1#0,ie,x# 5+ 3V5,x# 35— 1V5, then

zn:mkF _ "+ (- 1)90"“F,n —x
— " 2 —xz—1

)

and
if—a’+2+1=0,ie,z=1%1+3iVborz= 13— 15, then

"\ (n+1)a"Fni1+ 2z —1+n(z—1)z"F_, -1
Zx F_k = .
P 2z —1
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(e) (Thecase:m = —2,j=0).
/fo—Sm—i—l;éO,i.e.,:r;é%—&—% 5,1‘7&%—1\/5, then

2

Zn:mkF . $n+1F_2n+2 =+ (3} — 3)$n+1F_2n —x
= 2k 2 -3z +1 ’

and
ifz? —3z+1=0,ie,z=3+1V50orz =3 — 15, then

"\ (n+1)z"F_2ny2+ (22 — 3+ n(x — 3))a"F_9, — 1
E X F,Qk = .
P 2z —3

(f) (Thecase:m =-2,j=1).
Ifz® =3z +1+#0,ie,z# 3+ V6, a2 # 3 — 15, then

2

zn:l'kF — xn+1F72n+3 + (-T - 3)xn+1F72n+1 — 2z + 1
— T2k 2?2 —3x+1 ’

and
ifz? —3z+1=0,ie,z=3+1V50rz =3 — 15, then

. _ (n+1D)z"F ony3+ (2x—3+n(x—3)z"Foni1 —2
Zx Forir = 2r — 3 ’
k=0

Taking W,, = L, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 4.4. Forn > 0, Lucas numbers have the following properties:

(@) (Thecase:m=1,5=0).
If—2® —2+1#0,ie,x# -5+ 5V5, o # —3 — 3V5, then

ikak _ (z+ l)m"HLn 42" L i+ —2
k=0

2 +x-1 '
and
if—2® —x+1=0ie,z=-2+2V5orz=—3 — 35, then

n

X Lk = .
2¢ +1

k=0

(b) (Thecase:m =2,5=0).

Ifa®> —3z+1#0,ie,x# 3+ 1V5 a# 3 — 15, then

En: L (z — 3)m"+1L2n + 2" Lo o+ (L1 —2Lo)x + 2
Pt 2k 22 -3z +1 ’

and
ifx273x+1:0,i.e.,m:g+%\/50rx:%f%\/g, then

" 2z —3+n(z—3))x"Lan + (n+ 1)z"Lop—2 — 3
E X Lgk = .
= 2z — 3
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(¢) (Thecase:m =2,5=1).
Ifa® =3z +1#0,ie,a#3+ 3 5,177&%7%\/5, then

ith _ (. —3)a" M Lopy1 + 2" Loy 1 + 2+ 1

= kel 2 —3z+1

’

and
ifz? —3z+1=0,ie,z=3+1V50orz =3 — 15, then

n k ((CE — 3)n + 2r — 3) $nL2n+1 -+ (n -+ 1)l’nL2n_1 + 1
g " Loky1 = .
P 20 — 3

(d) (Thecase:m =—-1,3j=0).
If—2® +24+1#0,ie,x# L+ 1V5, z#L1— 15, then

ika_k _ "L+ (z — 1)m"+1L,n —x — 2’
— x?2—x—1

and
if—a’+2+1=0,ie,z=1%1+3Vborz= 13— 15, then

ika _(n+D2"L i+ Rr—14n(x—1))a"L_, -1
Pt T 2z —1 '

(e) (Thecase:m = —2,j=0).
Ifz® =3z +1#0,ie,z# 3+ 1V6 a2 # 3 — 15, then

"L "L oo + (z — S)x"HL,zn —3x+2
E s L_Qk = 2 )
= z? —3x+1

and
ifz*> —3z+1=0,ie,z=3+1V50orz =3 — 15, then

L (n+1)z"L_2ni2+ 22 —3+n(z—3))z"L_2, — 3
Z.I,‘ L72k = .
prd 2r — 3

(f) (Thecase:m = -2,j=1).
Ifz® =3z +1#0,ie,z# 3+ iV6 a2 # 3 — 15, then

A 2" L _onis+ (v —3)a" T Lo — 4z + 1
E L k41 = 5
= 2 —3x+1

)

and
ifx2—3z+1:0,i.e.,m:%+%\/50r1::%—%\/E,then

"\ (n+1)z"L_ont3+ 2z —3+n(zx—3))z"L_gny1 — 4
Zm Lozi = 2r — 3 ’
k=0

Taking = = 1 in the last two corollaries we get the following corollary.

Corollary 4.5. Forn > 0, Fibonacci numbers, and Lucas numbers have the following properties:
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1.

@) Yo Frx=2Fn + Fq — 1.

(b) > i o For =2Fn — Fon_2 — 1.

(€) >p_o Fort1 =2Fonq1 — Fopna.

(d) ZZ:O Fp=—-F_ 1+ 1

(€ > o For=—F onio+2F o, + 1.

) > oF okt =—Foonys+2F o9np1 + 1.
2.

(a) ZZIO Ly =2L,+ Lp_—1—1.

(b) i o Lok =2Lon — Lon—2+ 1.

(€) > h_oLok+1 =2Lony1 — Lon—1 — 2.

(d) ZZ:O L y=—L_nt1+3.

(€ >r_oL-ok=—L 2n42+2L 2, +1.

U] ZZ:O L_ok41 =—L_2n43+2L 2,41+ 3.

4.2 The Case r = 2, s = 1: Generalized Pell Numbers

The following theorem presents sum formulas of generalized Pell numbers (the case r = 2, s = 1).

Theorem 4.6. Let x be a real (or complex) number. For all integers m and j, for generalized Pell
numbers we have the following sum formulas:

(@) if(—1)™2® —2Qm + 1 # 0 then

iwkw i = (D)™ = Qum)a" Winnij + (=1)" 2" Wanijom + Wi — (=1)" aWj—m
s mk+j (—1)7”{132 — me +1 .

(4.3)

(b) IF(-1)™z®> —2Qm+1=(x—a)(x—b) =0 forsomea,bc Canda #b,i.e,x=aorz =", then
Nk _ @ +2) (D™ - (n+ Q)" Wjtmn + (=)™ (n+ D" Winnyj—m — (=D Wj_m
e = T ~

(€) If(—1)"x? — 2Qm +1 = (xz — ¢)*> = 0 for some c € C then

"L (n+1) (=)™ (n+2)c" —nc"'Qm) Winnt; + n(n+1) (=1)" " " Winntj—m
E C ka+j = 2(_1)m .
k=0

Proof. Taker = 2,s =1and H,, = Q, in Theorem 4.1. O
Note that (4.3) can be written in the following form

N (D)™ 2 = Qm)a™ M Winpyj + (D" ™" Wongjom +2(Qm — (D" @)W, — (1) aWjm
> Wity = :

k=1 (—D)ma? —2Qm +1

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 4.2. For generalized Pell numbers (the case r = 2,s = 1) we have the following sum
formulas forn > 0:
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(@) (Thecase:m =1,5=0).
If—2? -2z 4+1#0,ie,xz# —1++2,z#—1—+/2, then

i-’”ka _ @+ 22" W 2" Wy — (Wi — 2Wo)z — Wo
k=0

2 4+2x —1 ’

and
if—2?—264+1=0,ie,z=—-1++v2o0rz=—1—+/2, then

Zn:mkw 2z +2+n(2+2)2"Wa + (n+ 1)z" Wyt — (W1 — 2Wo)
L™ TR 2z + 2

(b) (Thecase:m =2,j=0).
Ifz? — 6z +1+#0, 06,z #3+2V2, 2 #3—2V2, then

I

Z":ka (2= 6)2" M Wy + 2" T Wapn_o + (2W1 — 5Wo)z + Wo
— = 2 — 6+ 1

and
ifz> —6x+1=0,ie,z=3+2v2o0rz=3-2V2, then

"\ (22 —6+n(xr—6))x"Wan + (n+ 1)a" Wap_o + (2W1 — 5W)
Z 2" Wak = 2z — 6
k=0

(c) (Thecase:m=2,j=1).
Ifz? —6x+1#0, e,z #3+2V2, 2 #3—2V2, then

ika _ (Z‘ — 6)$H+IW2n+1 + x"+1W2n,1 — (Wl — 2Wo)1‘ + Wh
= ket 2 —6x+1 ’

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

S (= 6)n+2(x —3)) 2" Wang1 + (n+ D)a"Wan_1 — (W1 — 2Wp)
> Waipr = 2(z — 3)
k=0

(d) (Thecase:m =—1,3j=0).
If—2? +2zx4+1+#0,ie,z#1+v2,x#1—+/2, then

= My "MW1 + (2 — 2)z" W, — Wiz — Wy
Zm T 22 —2x—1 ’
k=0

and
if—z®> +2x4+1=0,ie,xa=1++vV2o0rz=1—+/2, then

"k (n+ 12" W_pni1+ 2z —2+n(x —2)z"W_,, — W3
> W = 2z — 2 '
k=0

(e) (Thecase:m = —2,;j=0).
Ifz? —6z4+1#0,ie.,x#3+2V2 x#3—2v2, then

% 2" W ognie + (z — 6)2" T W_g, — Waz + Wy
E xT W72k 9
2 — 62 +1
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and
ifz> —6x+1=0,ie,x=3+2v2o0rz=3—2V2, then

"L _ (n+ 12" Wooni2 + (22 — 6+ n(z —6))z" W_o, — W
Z " Weook = 2r — 6 ’
k=0

(f) (The case:m =—-2,j=1).
Ifz? —6x+1+#0,ie,x#3+2V2, z#3—2V2, then

- k x"+1W,2n+3 =+ (:C — 6):En+1W72n+1 — W3£L' =+ W1
E X W_2k+1 = ) ’
= 2 —6xr+1

and
ifz? —6x+1=0,ie,z=3+2V2o0rz=3-2V2, then

"k (n+1)x"W_ont3+ (22 — 6+ n(z —6))x" W_2ny1 — W3
Zx Weakin = 2 — 6 ’
k=0

From the above proposition, we have the following corollary which gives sum formulas of Pell numbers
(take W, =P, with Py = O7 P = 1).

Corollary 4.7. Forn > 0, Pell numbers have the following properties:

(@) (Thecase:m=1,5=0).
If—2? -2z 4+1#0,ie,z# —1+2,x# —1—+/2, then

zn: kP (z+ 2)3:"“1:’,1 +2" P —x
— k 2 +2x—1 ’

and
if—2?—2x+1=0,ie,z=—1++2o0rz=—1—+/2, then

= . 2z +24+n2+4+2z))x" P+ (n+1)a"Pro1 — 1
E x Pk = .
2 + 2

k=0

(b) (Thecase:m =2,5=0).
Ifz? —6z4+1#0,ie.,x#3+2V2 x#3—2v2, then

i J}kP _ (CC — 6)In+1P2n + l‘n+1P2n_2 —+ 2:1}
P 2k 22 — 6z + 1 ’

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

2z —6+n(z—6))x"Pap + (n+ 1)x" Pap—2 + 2

k
P =
> @ P 5 — 6
k=0

(¢) (Thecase:m=2,j=1).
Ifa? —6x+1+#0,ie,x#3+2V2, x#3—2V2, then

zn:IkP _ (iU - 6)xn+1p2n+1 + x"+1P2n71 — T+ 1
= 2kt 22 —6x+1 ’
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and
ifz> —6x+1=0,ie,x=3+2v2o0rz=3—2V2, then

I _ ((x—=6)n+2(x—3))a"Pops1 + (n+1)z"Pop_1 — 1
Zx Popy1 = .
P 2(x —3)

(d) (Thecase:m =—1,j=0).
If—2?> +2zx4+1#0,ie,xz#1+v2,x#1—+/2, then

imkp—k _ 2" P+ (z — 2)xn+1P,n - m7
Pt 2 —2r—1

and
if—2?4+2c+1=0,ie,z=1++v2o0rz=1—+2, then

“ (n+1)z"P_pi1 + 2z —2+n(x —2))z"P_, — 1
S ehp .
= 2r — 2

(e) (Thecase:m = —2,j=0).
Ifz? —6z4+1#0,ie.,x#3+2V2 x#3—2v2, then

~ kP _ ZI}n+1P_2n+2 =+ (.’E — 6).’En+1p_2n — 2
Z = 22 — 6z +1 ’
k=0

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

"\ % (n+1)z"P_ony2 + (22 — 6+ n(z — 6))z" P_g, — 2
E X P,Qk = .
P 2z —6

(f) (Thecase:m =-2,j=1).
Ifa? —6x+1+#0,ie,x#3+2V2 x#3—2V2, then

zn:mkp _ .Tn_HsznJrg + (.%‘ — G)x”+1P72n+l —b5r+1
— e x2 —6x+1 ’

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

"L _ (n+1)z"P ony3s+ (2 —6+n(x—6)r"Poni1 —5
> Pogiyr = 25— 6 ‘
k=0

Taking W,, = Q. with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 4.8. Forn > 0, Pell-Lucas numbers have the following properties:

(@) (Thecase:m=1,5=0).
If—2? -2z 4+1#0,ie,xz#—1++2,z#—1—+/2, then

iku _ (-T + Q)xn+1Qn + xn+1Qn71 + 237 - 2
Pt k 22+ 22— 1 ’
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and
if—2?—2x4+1=0,ie,z=—-1++v2o0rz=—1—+/2, then

i 242402+ 2)2"Qn + (n+ 12" Qpo1 + 2
E xr Qk = .
P 2+ 2

(b) (The case:m =2,j=0).
Ifa? —624+1#0, e,z #3+2V2,x #3— 22, then

?

Zn: ku = (I — 6)xn+1Q2n + $n+1Q2n72 — 6xr +2
o0 * x?2 —6x+1

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2v2, then

rL . (2 -6+n(x—6)r"Qan + (n+1)2"Q2n—2—6
E T Q2 = .
= 2z — 6

(¢) (Thecase:m =2,j=1).
Ifz? —6z4+1#0,ie.,x#3+2V2 x#3—2v2, then

)

Xn: 2" Qani1 = (z = 6)a" " Qont1 + 2" Qon1 + 22 4 2
pard 2 2?2 —6zx+1

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

- k _ ((.’E — 6)n + 2(.’E — 3)) ZCnQQn+1 -+ (n -+ 1)l’nQ2n_1 —+ 2
kzzox Q2k+l - Q(I _ 3) :

(d) (Thecase:m =—1,5=0).
If—2? 422 4+1+#0,ie,x#1+2,x#1—+/2, then

k]

U " Q1 + (z — 2)mn+1Q_n —2x—2
E T Qk = )
P x? —2x —1

and
if—2?4+2c+1=0,ie,z=1++v2o0rz=1— 2, then

. 4+ D2E"Q i1+ 2r—24+n(z —2))2"Q_n — 2
;f Q-r = 2z — 2 '

(e) (Thecase: (m=—2,j=0).
Ifa? —6x+1+#0,ie,x#3+2V2, x+#3—2V2, then

’

LI 2" Q oy + (x — 6)x"+1Q,2n — 6x +2
E x Q—Qlc = 2
P 2 —6x+1

and
ifz> —6x+1=0,ie,r=3+2vV2o0rz=3—2V2, then

- ~ (n+1)2"Q 2ni2+ 2 -6+ n(r—6))z"Q 2, — 6
Z TRk = 2z — 6 '
k=0
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(f) (The case:m =-2,j=1).
Ifa? —6x+1+#0,ie,x#3+2V2, x#3—2V2, then

)

" 2" Q apgs + (2 — 6)2" T Q2nq — 1da + 2
E x Q72k+1 = B}
P 2 —6x+1

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

. (n+1)2"Q-2n43+ 2z — 6+ n(z —6))2"Q—2n1 — 14
k=0

Taking = = 1 in the last two corollaries we get the following corollary.

Corollary 4.9. Forn > 0, Pell numbers and Pell-Lucas numbers have the following properties:
1.

(@ > oPr=310BP.+ Po1—1).

(b) >r_o Por = 2(5P2n — Pan—2 — 2).

(€) Yi_oPors1 = 1(5P2nt1 — Pan1).

(d) ZZ:O Py = %(_P—n-kl + P +1).

(e) ZZ;O P_o, = i(_P—QnJ,-Q +5P_2, +2).

() >r_oP-oks1 = i(*P72n+3 + 5P _ont1 +4).

@) Y@k = 5(3Qn + Qn-1).

(b) > Qo = 1(5Q2n — Qan—2 +4).

(€) Yr_oQars1 = i(5Q2n+1 — Qan—1—4).

d) Yo Q-r = 5(—Q-nt1+Q-n +4).

(@) Y i Q-2 = 2(—Q-2n42 +5Q—2n +4).

(B) Yi—o Q@261 = 3(—Q-2n+3 +5Q—2n41 + 12).

4.3 The Case r = 1, s = 2: Generalized Jacobsthal Numbers

The following theorem presents sum formulas of generalized Jacobsthal numbers (the caser = 1,s =
2).

Theorem 4.10. Let = be a real (or complex) number. For all integers m and j, for generalized
Jacobsthal numbers we have the following sum formulas:

(@) if (—2)™x® — zjm + 1 # 0 then

ix’cw i = ((=2)" 2 = jm) =" " Winnts + (=2)" 2" Wanntjom + Wi — (=2)" 2Wj—m

A (—2)7a? — ajm + 1 '
(4.4)

(b) If(—2)™a? — zjm +1 = (x—a)(x—b) =0 forsomea,bc Canda #b, e,z =aorz=>,then

(z(n+2)(=2)" = (n+ D)jm)e" Wjtmn + (=2)" (n+ D" Winyjom — (=2)" Wj_m

n
k
"W, kdj = -
,;0 ke 2(-2)™ @ — jm
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(c) If(—2)"ax? — 2jm + 1= (x — ¢)® = 0 for some c € C then

i Ckak+j _ (n+1) ((72)’” (n+2)c™ — nc"fle)( W7;m+j +n(n+1)(—-2)™ c”flwmnﬂ',m
2(=2)™ '
k=0

Proof. Taker = 1,s = 2 and H,, = j, in Theorem 4.1.
Note that (4.4) can be written in the following form

(=2)™ 2 — §om) " T Winng s + (=2)" " P Wonn g j—m + 2(m — (=2)™ )W, — (=2)™ 2W;_p
(-=2)ma? — zjm +1 ’

> e Wik =
k=1
As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 4.3. For generalized Jacobsthal numbers (the case r = 1, s = 2) we have the following
sum formulas:

(@) (Thecase:m =1,;=0).
If—22° —x+1#0,ie,z# -1,z # %, then

Zn:ka _ 2z 4+ 1)z W + 20" W — (Wi — Wo) 2z — Wo
p—d F 222 4+ —1 ’

and
if—22> —2+1=0,ie,z=—1orz =3, then

Zn:x’*’w Az + 14022+ 1)2" W, +2(n+ 1)z" Wyt — (W1 — Wo)
= k= 4+ 1 '

(b) (Thecase:m =2,j=0).
If4z® —52+1#0,ie,x# 1,z # ;, then

En:ka _ (4z — 5):En+1W2n + 42" Wa, o + (W1 — 3Wo) z + Wy
i 4z? — 5z + 1 ’

and

if4z? —5x+1=0,ie,x=1o0rxz =1 then

1
40

zn:mkw% _ (da(n+2) —5(n+1))2"Wan + 4(n + 1)z" Wan—2 + (W1 — 3Wo)
8r —5
k=0

(c) (Thecase:m=2,j=1).
If4z® — 52 +1#0,ie,z# 1,z # %, then

zn:a:’“w _ (A2 = 5)2"  Wani1 + 42" Wan 1 — 2(Wh — Wo)z + Wh
£ 2k+1 4ZE2 5z ¥ 1 )

and
if4z® —5x+1=0, e,z =1o0rz = %, then

~ k . ((456 — 5)n + 8x — 5)£CnW2n+1 + 4(n =+ 1)23'"W2n71 — 2(W1 — Wo)
D@ Wak1 = 87— 5 '
k=0
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(d) (Thecase:m =—-1,j=0).
Ife? —x —2+#0, e,z #2,z# —1, then

= - "Wt + (2 — D" MW, — Wiz — 2Wo
> wWor = P B ,
k=0

and
ffz? —x—2=0,ie,x=2o0rz=—1, then

. (m+1)z"W_pny1+ 2z — 14+ n(z —1))z"W_,, — Wy
Zm Wok = 2¢x — 1 ’
k=0

(e) (The case:m = —2,j=0).
Ifa? —5x+4+#0,ie,x#1, x4, then

(.’E — 5)x"+1W_2n — Waox + 4Wy

I

n n+1
k " T W_apya +
> atWogp = nt

2 _
= x 5 +4
and
ifx> —bx+4=0,ie,x=1orx=4,then
S (n+1)z"W_zny2 4+ (22 — 5+ n(x — 5))a"W_g, — Wa
ZI W72k = .
= 2z —5

(f) (Thecase:m =-2,5=1).
Ifx? — 5z +4+#0, ie.,x #1,z # 4, then

"\ "W oanis + (@ — 5) 2" T W oon 11 — Wiz + 4W)
E X W72k+1 = 2 )
prd 2 —bxr+4

and
ifz> —bx+4=0,ie,x=1orxz=4,then

A (n+1)z"W_onys+ 2z —5+n(z —5))a"W_opnt1 — Ws
k=0

From the above proposition, we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J,, with Jo =0, J; = 1).

Corollary 4.11. Forn > 0, Jacobsthal numbers have the following properties:

(@) (Thecase:m=1,j=0).
If—22° —z+1#0, e,z # —1,z # L, then

Ve T, + 22" T — 2
202+ —1

)

a 2z + 1
IR
k=0

and

if—22> —24+1=0,ie,z=—1orz =3, then

ika Az +14+n2e+1))2" I +2(n+1)2" Jn1 — 1
L™ R 4o +1 '

33



Soykan; ACRI, 21(3): 11-38, 2021, Article no.ACRI.69283

(b) (Thecase:m =2,5=0).
If4z® —52+1#0,ie,x # 1,z # %, then
~ (dz — 5)a™ ! Jop 4+ 42" Jon_o +

k —
Zz ok = 422 —5x +1

I

and
ifdz® —5x+1=0, e,z =1o0rz =}, then

z":mkj% ~ (4z(n+2) —5(n+1)a" Jon + 4(n + 1)z Jon—2 + 1
- 8 —5 ’
k=0

(¢) (Thecase:m =2,j=1).
If4z® —52+1#0,ie,x# 1,z # %, then
(4{E — 5)$n+1J2n+1 —+ 4.’En+1j2n_1 — 2z + 1

n
K
g T Jok+1 = 5
prd 42?2 —bxr+1

and
ifdz® —5x+1=0, e,z =1orz = %, then

SN ((4z — 5)n + 8z — )" Jan41 + 4(n + Dz" Jop_1 — 2
2 @ Jawrs = 8z —5 '
k=0

(d) (Thecase:m =—1,j=0).
Ifz?> —x—2#0, e,z #2,x#—1, then
I S (z— l)x"HJ,n —x

n

k

v J_p =
> P —
k=0

)

and
ifz> —x—2=0,ie,z=2o0rxz=—1, then

"\ (n+D)z"J_pnp1+2r—1+n(z—1))z"J_n—1
E T J_k = .
= 2z —1

(e) (The case:m = —2,j=0).
Ifz? —5x4+4#0,ie,x#1,x#4, then
"M _spqo + (x —5)x" T J 2, —

k
E T J ok = 5
= 2 —5xr+4

and
ifz? —5x+4=0,ie,x=1orxz =4, then

= (n+1)z"J_2ny2 + (2 — 5+ n(z — 5))a"J_9n — 1
E X Jfgk = .
P 2z —5

(f) (Thecase:m =—-2,5=1).
Ifz® =5 +4#0, ie.,x # 1,z # 4, then
2" T apys 4 (2 — 5" T o1 — 32 44

2 o ot = 2 5o+
—o T T
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and
ifz? —5x+4=0,ie,xz=1orxz =4, then

"\ (n+1)z"J_2nys + (22 — 5+ n(x — 5))z" J_2n+1 — 3
Doz = 2 —5 '

Taking W,, = j, with jo = 2,51 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 4.12. Forn > 0, Jacobsthal-Lucas numbers have the following properties:

(@) (Thecase:m=1,j=0).
If—22% —24+1+#0, e,z #—1, x # 1, then

Z$ 2z + V)", + 22" 2 — 2
- 202+ —1 ’

and
if—22> —2+1=0,ie,z=—1orz =3, then

Zx (e +14n2c+1))x"jn +2(n+ 1)z jn_1 + 1
B 4z +1 ‘

(b) (Thecase:m =2,5=0).
If4z® —52+1#0,ie,z# 1,z # ;, then

i i (4 — 5)z"  jon + 42" joy o — 5z 4+ 2
J2k 42?2 —5x +1 ’

and
ifdz® —5x+1=0, e,z =1o0rz = %, then

(4z(n+2) —5(n 4+ 1))x" jon + 4(n + 1)z" jon— 2*5
me* 8z — 5

(c) (Thecase:m =2,j=1).
If4z® —52+1#0,ie,x# 1,z # %, then

}n: k. _ (4z—5)z" jong + 4™ o 1+2w+1
T J2k+1 = 122 — 5 1
k=0 x® —dr +

and
ifdz® —5x+1=0, e,z =1orz = }, then

“\ k. ((4z — 5)n 4 8z — 5)a"jant1 + 4(n + 1)a"jon_1 + 2
Zl‘ J2k+1 = .

8r—5
(d) (Thecase:m =—-1,5=0).
Ifz?> —x—2#0,ie,x#2,x#—1, then
" n - 1 n+1 - _4
kajik _ i + (1’ )T z 7
2 —x—2
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and
ifz? —x—2=0,ie,z=2orxz=—1, then

<y (n+1)2"j pi14+ 2z —1+n(z—1))z"j_n—1
= 2z —1

(e) (Thecase:m = —2,j=0).
Ifz? —5x4+4#0,ie., x#1,x #4, then

S 2" onyo + (2 —5)z" ) o, — Bz 4+ 8
E T J)—2k = 2 )
P x?2 —b5r+4

and
ifz? —bx+4=0,ie,z=1orxz=4,then

N k. (A2 snie + (22 — 5+ n(z —5))z"j_2n — 5
E T J—2k = .
Pt 2x — 5

(f) (Thecase:m =-2,5=1).
Ifa? —bx+4+#0,ie,x#1, x4, then

Z" k. e onis 4 (¢ = 5)a" T jani1 — Tx +4
T J—2k+1 = 2 )
= 2 —bxr+4

and
ifz> —bx+4=0,ie,x=1orx=4,then

~ k. (n+1)z"j_ont3+ 2z —5+n(x —5))z"j_ont1 — 7
E T )—2k4+1 = .
=0 2z — 5

Taking = = 1 in the last two corollaries we get the following corollary.

Corollary 4.13. Forn > 0, Jacobsthal numbers and Jacobsthal-Lucas numbers have the following
properties:

1.

@ >k =30BJn+2Jn1 —1).

() Sy Jok = L((3 = n)Jan +4(n+ 1) Jan2 + 1),

(€) Xh_o Jort1 = 5((3 = n)Jons1 +4(n + 1) Jan—1 — 2).

d) >0k = %(*«Lnﬂ +1).

(€ >roJ-2k=3(—(n+1)J anta+ (4n+ 3)J 20 + 1).

() >r o261 =2(—=(n+1)J 2ns3+ (4n+3)J_2n11 + 3).
2.

@ >hodk = 3(3jn + 2jn-1 — 1).

(b) > ook = 5((3 = n)jon +4(n + 1)j2n—2 — 5).

(©) Yh_odees1 = 3((3 = n)jans1 + 4(n+ 1)jan—1 + 2).

(d) >rgik=3(—Jnt1+5).

() Yhoi-20 = 5(=(n+ 1)j-2n42 + (4n + 3)j-20 + 5).

() >r o2kt =3(—(n+1)jonts+ (4n+3)j 2n41+ 7).
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5 CONCLUSION

Recently, there have been so many studies of the
sequences of numbers in the literature and the
sequences of numbers were widely used in many
research areas, such as architecture, nature,
art, physics and engineering. In this work, sum
identities were proved. The method used in this
paper can be used for the other linear recurrence
sequences, too. We have written sum identities
in terms of the generalized Fibonacci sequence,
and then we have presented the formulas as
special cases the corresponding identity for the
Fibonacci, Fibonacci-Lucas, Pell, Pell-Lucas,
Jacobsthal and Jacobsthal-Lucas sequences.
All the listed identities in the propositions and
corollaries may be proved by induction, but
that method of proof gives no clue about their
discovery. We give the proofs to indicate how
these identities, in general, were discovered.
Furthermore, some identities and recurrence
properties of generalized Fibonacci sequence
were studied.

We can mention some applications of sum
formulas. Computations of the Frobenius norm,
spectral norm, maximum column length norm
and maximum row length norm of circulant
(r-circulant, geometric circulant, semicirculant)
matrices with the generalized m-step Fibonacci
sequences require the sum of the numbers of the
sequences.
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