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Abstract

The study explores the asymptotic consistency of the James-Stein shrinkage

estimator obtained by shrinking a maximum likelihood estimator. We use

Hansen’s approach to show that the James-Stein shrinkage estimator con-

verges asymptotically to some multivariate normal distribution with shrin-
1

kln

and rate k\/; , hence the James-Stein shrinkage estimator is k\/; -consis-

kage effect values. We establish that the rate of convergence is of order

tent. Then visualise its consistency by studying the asymptotic behaviour
using simulating plots in R for the mean squared error of the maximum like-
lihood estimator and the shrinkage estimator. The latter graphically shows
lower mean squared error as compared to that of the maximum likelihood es-
timator.

Keywords

Asymptotic, Consistency, Convergence, Efficiency, Mean Squared Error,
Shrinkage

1. Introduction

A shrinkage estimator is an estimator that, either explicitly or implicitly, incor-
porates the effects of shrinkage. In loose terms this means that a naive or raw es-
timate is improved by combining it with other information. The term relates to
the notion that the improved estimate is made closer to the “true value” by the
supplied information than the raw estimate. Shrinkage estimation is a technique
used in inferential statistics to reduce the mean squared error (MSE) of a given
estimator. The idea of shrinking an estimator came in 1956 when Stein [1] estab-

lished that we can reduce the MSE of an estimator if we give up a little on bias.
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This means that given an estimator we can shrink it to obtain another estimator
with lower MSE and the efficiency of the new estimator is desirable in the way it
estimates the “true” parameter value. This works well when the number of pa-
rameters is more than two ( p>3) called the “James-Stein classical condition”.
When we shrink a maximum likelihood estimator (MLE) under the “James-Stein
condition”, we obtain a new shrinkage estimator which is closer to the assumed
true value compared to the MLE. The magnitude of the improvement depends
on the distance between the “true” parameter value and the parametric restric-
tion which yields a shrinkage target denoted by €°. With all these modifications
and restrictions to achieve this estimator, we ask ourselves if this desirable
shrinkage estimator is asymptotically consistent and efficient.

Literature on shrinkage estimators is a lot but we just mention a few of the
most relevant contributions to our study. James and Stein [2] used shrinking
techniques to come up with an estimator called the James-Stein shrinkage esti-
mator (JSSE) which has lower squared risk loss compared to the MLE. Baranchik
[3] showed that the positive part James-Stein shrinkage estimator has a lower
risk than an ordinary JSSE. Berger [4] gives a discussion on selecting a minimax
estimator of a multivariate normal mean by considering different types of
James-Stein type estimators. Stein [5] used shrinking techniques to estimate the
mean for a multivariate normal distribution. Carter and Ullah [6] constructed
the sampling distribution and F-ratios for a James-Stein shrinkage estimator ob-
tained by shrinking an ordinary least square (OLS) in regression models. George
[7] proposed a new minimax multiple shrinkage estimator that allows multiple
specifications for selection of a set of targets to shrink a given estimator. Geyer
[8] looked at the asymptotics of constrained M-estimators which also fall in
the class of shrinkage estimators. Then Hansen [9] constructed a generalised
James-Stein shrinkage estimator obtained by shrinking an MLE, and Hansen
[10] derived its asymptotic distribution and showed that we can shrink towards

a sub-parameter space.

2. Preliminaries

The theory of shrinkage techniques plays an important role in developing effi-
cient statistical estimators which play a key role in statistical decision theory.
Therefore, a clear understanding of the asymptotic behaviour of the James-Stein
shrinkage estimator B’ provides knowledge on the stability and efficiency of
the estimator when the sample size value 2 grows without bound.

This paper will investigate the asymptotic consistency and efficiency of the
James-Stein shrinkage estimator (JSSE) obtained by shrinking a maximum like-
lihood estimator (MLE) when we have observed variables X ~ N, (6,Z). Though
the shrinkage estimator we are interested in is biased its study is important be-
cause there is a realisation that efficiency (lower risk) dominates all other prop-
erties in estimation. Efron [11] discusses how bias dominates unbiasedness in

estimation.
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We proceed by considering the asymptotic distributions of all the three esti-
mators important to this study by considering results in Hansen 2016. Using the
asymptotic distribution derived by Hansen [10], we employ Taylor’s theorem
and some limit theorems to show that ﬁ: —, 0, the “true” parameter value as
n — o . Then we evaluate the asymptotic distributional bias (ADB) for the esti-
mators B,, 8° and B and show that the variance of the latter achieves the
Cramér-Rao bound (CRB) as 1 — oo . The analysis is done along the sequences
6, as n— oo . Simulation plots are produced in a statistical package R to com-
pare the JSSE and MLE in terms of mean squared error (MSE), consistency and
convergence.

The paper is organised as follows. Section 2.1 presents the parametric set up.
Section 2.2 gives the form of the JSSE considered in the study while Section 2.3
discusses the asymptotic distributions of the estimators. In Section 3 we present
the main results by first presenting a lemma on the convergence in probability of
the shrinking factor as Section 3.1. We then show the consistency of the shrin-
kage estimator in Theorem 1. In Section 3.2 we evaluate the ADBs of the esti-
mators in play. Then we show that the James-Stein shrinkage estimator is
asymptotically efficient in Section 3.3 and also establish the rate of convergence
in Section 3.4. In Section 3.5 we present MSE plots comparing the JSSE and MLE
and in Section 4 we give a discussion and analysis of the whole study. Then con-
clude our study by stating the main results.

The following definitions are used to establish the asymptotic consistency and
efficiency of the James-Stein shrinkage estimator /.

Definition 1

An estimator T, =h(X,,---,X,) is said to be consistent for 6, if it con-

verges in probability to @,. That s, if forall &>0
lim Pr(|Tn —0n| < g) =1
or

lim Pr (|T" -0,

n—own

>g)=0

where nis the sample size value.

Definition 2

Let X,,---,X, beindependent and identically distributed (iid) according to a
probability density f,(X) satisfying suitable regularity conditions. Suppose
that T =h(X,,--,X,) isasymptotically normal say that
Jn(T,-8,)—, N,(0,,) for a positive definite matrix £, where T, is es-
timating @, . Then a sequence of estimators {T } = {h(X1 X, )} satisfying

n

lim [n Var(T, )] =J, (49)71

n—o0

for the fisher information J, (@) is said to be asymptotically efficient.
We now consider a statistical model. We describe the set up of the parameter

of interest and the shrinking strategy used in the study.
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2.1. Parametric Structure

Consider an unbiased estimator §, for @€ Q suchthat ,~N, (6,Z,) isa
p-multivariate normal, where elements of Q) are p-dimensional parameter vec-
tors. Let @° (shrinkage target) be a restricted maximum likelihood estimator
(RMLE) for @€, a sub-parameter space partitioned from the whole para-
meter space () by a parametric restriction €, ={ﬁeQ:a(¢9)=0} where
a(@):R” — R". The sub-parameter space Q, provides a simple model of in-
terest to shrink to. If m=p then Q, ={0} (@ is the kernel of R”) a sin-

gleton zero vector and if m < p, we create a sub-model of particular interest.
0 . . . . . .

Let A(0)= %a’ where A is a shrinkage matrix of dimension pxm . We in-

troduce another matrix G which harmonises the dimension of the RMLE from m

to p. Hence we have a mapping g(6):R" - R” such that G(0) :%g' . The

matrix G is an mxp matrix when we consider a sub-parameter space Q,
and G=1, is a p-dimensional identity matrix when we have the whole para-
meter space (). We note that the matrix G is used to increase the dimension of
the RMLE since it will be m-dimensional. Therefore we have a plug-in restricted
maximum likelihood estimator g(é,f ) =B’ . The matrix G is a matrix har-
monising the dimension due to shrinkage and the actual dimension of the para-
meters of interest p. The plug-in unrestricted MLE én in the shrinkage sense is
denoted by A, . With all parameters set, we present the generalised James-Stein

shrinkage estimator g in the next section.

2.2. Positive Part James-Stein Shrinkage Estimator

Let §, be the MLE for 8 Q and @° be a restricted maximum likelihood
estimator for @ €, a sub-parameter space of the whole parameter space Q
such that the elements of the parameter space are in R” as described before.
Let g(é,f ) = f° be the plug-in estimator of the RMLE of p-dimension. Then
the James-Stein shrinkage estimator S, obtained by shrinking the MLE to-
wards the target 8° is given by

Bi=B-|—L2 | (-5 M
dm—m)z%m—m)f )

where (a), is positive trimming function and p > 3. The shrinkage estimator

in (1) can be expressed as a weighted average by letting
A ~ \T A ~
D, =n(B,-B;) =" (B.-B;) )

a distance statistic which is the same as the loss function nf¢ ( ﬁn B ) where X

W:[I_DLJ (3)

is a covariance matrix and
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for 7= p—-2.Then (1) becomes

B, =wp,+(1-W)B; 4)
which is a weighted average of ,BAn and f°. The James-Stein shrinkage esti-
mator presented above has lower risk compared to the MLE as shown by Hansen
[10] and James and Stein [2]. To check whether the shrinkage estimator is
asymptotically consistent we need its asymptotic distribution. We therefore

present the asymptotic distributions for the MLE, RMLE and JSSE in the next

section.

2.3. Asymptotic Distribution

We assume that the maximum likelihood estimator satisfies the assumptions for
regularity conditions given in Hansen [10] and Newey [12]. With these assump-

tions in mind, the asymptotic distributions of B° and B are analysed along
1

the sequences @, =@, +n *h where @, is the assumed true parameter value

and heR? is a constant providing a neighbourhood for the true parameter
value @, .From the normality of the MLE we have

Jn(6,-6,) >, Z~ N, (0.3) (5)

as n— . Using (5), Hansen [10] obtained the asymptotic distribution of the

restricted maximum likelihood estimator as

V(8 -6,)->, Z-ZA(ATEA) AT (Z +h) (6)

which has some shrinkage value effect k = ZA(ATZA)_1 A". As a consequence

of the convergence in (5) and (6) we have
Ji(B,-B;) G'ZA(A'ZA) AT(Z+h) 7)

which is an asymptotic distribution the MLE converges to when it is estimating
the RMLE where S, = g(6,). The distance statistic D, in Equation (2) con-
verges to some distribution given by a non central chi-squared distribution as
described by Hansen [10]

D, =nt(B,.B;) >, (Z+h) B(Z+h)=¢~ z2(h"Bh) 8)
where matrix B = A(ATZA)_l ATZGZYIGTEA(ATZA)_l A'. Using (2) Hansen

[10] showed that

W, w(Z)=( —”T‘zj (©)

which is a positive asymptotic distribution of an inverse of a chi-squared distri-
bution with constant 7=p—-2 for p>3. Therefore using (9) as n—> o,
Hansen [10] showed that

(B, -B,) =, w(2)G'Z+(1- w(z))(GTz ~G'ZA(A"ZA) AT(z +h)) (10)
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which is normally distributed with some shrinkage value effect. With the asymptot-
ic distribution of the shrinkage estimator in place we now present the main results.

3. Main Results

In this section we present our main results. We show that the James-Stein
shrinkage estimator ﬁ; is asymptotically consistent. Secondly, we evaluate the
asymptotic distribution bias of the three estimators in play. We then show that
the shrinkage estimator is asymptotically efficient by showing that its variance
achieves the Cramér-Rao bound. Further, we explore the convergence rate of the
James-Stein shrinkage estimator and present the simulation plots for the MSE

done in R.

3.1. Consistency of the James-Stein Shrinkage Estimator

We present Lemma 1 which shows the convergence in probability of the weight
(shrinkage factor) w. The result is used when establishing the consistency of
the James-Stein shrinkage estimator ,Bt .

Lemma 1

From Equation (8) we have

v, w(Z)=|1-Z 11
w—)w(){é]+ (11)

where &=(Z +h)T B(Z+h)~ 7, (hTBh) is a non central Chi-squared distri-
bution with non centrality parameter h'Bh, 7=p-2 and p>3. Along the
sequences @ ,if h— o then

w(Z)—>,1 (12)
and if h is fixed then
w(Z)—, 0 otherwise w(Z)—,r (13)
where r is a constant such that 0<r<1 and (a), in (11) is a positive
trimming function which keeps what is in the brackets greater than or equal to
Zero.
Proof.

We begin by considering the first case when h diverges to infinity. Suppose
that h — o then

(Z+h) >0 as n—>oo. (14)

Therefore from (14) we have
(Z+h)TB(Z+h):§—>oo as h—> o and n—> . (15)

Now considering that

as n— o . Using (15) we have
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w(Z)—>,1 as n—>wo. (16)

Hence we have established (12).

Secondly suppose that h is fixed, then we have the sequence

_L
6,=6 +n’h
which becomes 8, =6, as n—>o implying that 8, -6, as n—> . Sup-
pose
£=7,(h"Bh)>, D as n—>oo (17)

where D is a constant, h is fixed and B is not affected by an increase in z,
then

w(Z)->, (1—%1

where p>3.1If %:1 as n— o, then

W(Z) — 0.

V4

If %>1 then (1—%) will be negative and by definition of the positive

streaming function we end up with zero. This will vary as p changes but still
considering &~ ;(127 (hTBh) the probability of £ depends on the degrees of

freedom p and will vary according to the chi-squared distribution, implying that

T
the ratio 5 =M >1 as n— . Therefore we have

w(Z)—)p (1—%) as n— o,

w(Z)—)F (I—M)+ as n—» o

for a constant M > 1. Proceeding in the same way we have

w(Z)—, (F), as n—>o,for I-M =F <0,
w(Z)—>,0 as n—>w
by definition of (x), . Thus
w(Z)—>,0 as n—>w. (18)

. . T, T
Otherwise, if the ratio ) is such that 0< ) <1 as n— oo, we have

w(Z)—>,r

P

where re(0,1).

Lemma 1 above establishes convergence of the weight W which determines
shrinkage. In this case we realise that the same weight determines the conver-
gence in distribution and probability of the shrinkage estimator. From the regu-

larity conditions we know that the MLE @, is asymptotically consistent and
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this consistency extends to the RMLE 8. With this fact in mind, we now
present the main result which shows the consistency of the shrinkage estimator

A*

ﬂn *

Theorem 1

Let @ Q, where Q is a parameter space with elements in R?” . Suppose we
have a James-Stein shrinkage estimator S, which is obtained by shrinking the
maximum likelihood estimator @, of 6 Q where the shrinkage target 6°
is the restricted maximum likelihood estimator of @) a partitioned sub-
parameter space from Q by the restriction described in Section 2.1. Then the
JSSE is given by
Bi=b-| | (h-5)

n(B,-B.) = (B.-B))

where 3, =g(é,,), B =g(0~:) , p23 and (x), is a positive trimming

A

function. If 6, is consistentfor &, as n—co then the James-Stein shrinkage
estimator f is also consistent for @, as n—> o, where the sequence 6, is
as defined in Section 2.3.

Proof.

Let B, =8,. To show that f8, is consistent for 0, as n—» o we consider
the value of h which determines the neighbourhood of the sequence 6,, when
it diverges to infinity and when it is just fixed. Suppose that h diverges to in-

finity, to evaluate
Jn (B, -B,) >, w(2)G'Z+(1-w(2))G" (Z—EA(ATEA)’1 AT(Z+h)) (19)
as n— oo, we first consider w(Z) from (3). By Lemma 1
w(Z)—>,1 as n—>o. (20)
Hence from (20) and substituting w(Z) by 1in (19) we have
Jn(B,-B,)>,G"Z~G'N,(0.%)

which gives

(B, -8,)> N,(0.3,) (21)
as n—oo where X, =G'ZG . Thus we have
B, —, B,
if
tim P(|8; - 4, > ) =0

forany &>0.Hence g isconsistent for B, =6, .

Secondly, suppose h is fixed within an imaginable value, then the sequence

1
8,=0,+n *h

DOI: 10.4236/0js.2023.136044

879 Open Journal of Statistics


https://doi.org/10.4236/ojs.2023.136044

A.S. Mungo, V. M. Nawa

becomes 6, =6, as n—>o. From this equality we have 6, =8, and two
conditions arise. The first one is that the sequence 6, will be within the re-
stricted parameter space Q, with 8, € Q . From the restriction

{0 eQ: a(0) = 0} of Q  this means that the shrinkage target is exactly at the
true value and our consideration will be just on one parameter space. Therefore,
we have én =0’ but from (6)

Jn(8:-8,)—>, =2 -SA(ATEA) AT(Z+h)

which will be the same as the asymptotic distribution of éﬂ since we only consider
-1

the sub-parameter space Q,, and the shrinkage value ZA(ATZA) A" (Z+h)

affects it. Thus

Jn(6,-6,)-, ¢=Z-XA(A"EA) AT(Z+h) as 0o (22)
because we are estimating € €, and from Section 2.1 there will be no differ-

ence between the MLE and RMLE. Due to this equality of the two maximum li-

kelihood estimators, from (4)

A ~

By =B, +(1-#) ]
and substituting (22) in (19) we have
Vi (B, -8,) >, w(2)GT (Z ~ZA(ATZA) AT(Z+ h))

+(1-w(2))G" (z->:A(ATzA)’1 AT(z +h))

as 1 —> oo, which becomes

V(B -B,) . [W(Z)GT (Z—ZA(ATZA)_] A'(z +h))}

—[W(Z)GT(Z—ZA(ATZA)_I A'(z +h))}
+G' (Z ~ZA(A"EA) AT(z +h))

as 1 —> o0, and then simplifies to

Vi (B, -8,) -, GT(Z—ZA(ATZA)_] AT(Z+h)) (23)

as n—> o, which is the same as the asymptotic distribution of A’ =g(é; )
Therefore using the consistency of the RMLE and (23), the consistency of the
James-Stein shrinkage estimator 4 follows from the consistency of 6°.

Lastly, we consider the case when we have two well defined parameter spaces,
Q, and Q-Q, . Then we have 6, °. Analysing (19) further, we consider
the shrinkage effect value Z‘,A(ATZ‘,A)_1 A" which is not affected by the sample
size value n but it is a value affected by an increase or decrease in the number of

parameters p. Since

Z~N,(0,2)

then
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Z+h~N, (hX) (24)
by linearity property of the normal distribution. Also implying that
7(Z+h)~ N, (nh,n"Zn) (25)
for some matrix 7 of dimension px p.From (13) of Lemma 1 we have

w(Z)—, 0 if Dia (26)

n

as n — oo . Therefore (19) becomes
Vi (B, -B,) =, w(2)G'Z+(1-w(2))G" (Z-n(Z +h))

for some shrinkage value effect matrix 7 :2‘,A(AT2‘,A)71 A" . Evaluating this

asymptotic distribution as 1 —> oo we have
w(Z)G"Z+(1-w(Z2))G'(Z-n(Z+h))>, G"(Z-n(Z +h))
as n—>w since w(Z)—, 0. Thus
V(B -8,)>, G (Z—EA(ATEA)’1 AT(Z+h)) as n—w.

Hence the consistency of B follows from the consistency of B = g(é,f )
which is consistent since 6’:{” is consistent. Similarly if w(Z )—>re(0,1), the
consistency of the James-Stein shrinkage estimator g follows from the con-
sistency of the restricted maximum likelihood estimator and also the fact that

0, is consistent for @,. Thus the shrinkage estimator B is asymptotically
consistent for 6, .

In Theorem 1, we first consider the case when the sequence €, has a neigh-
bourhood which is not restricted by letting h diverge to infinity. When this is
the case, the entire parameter space becomes of interest and for h —> o« we ob-
tain & —, o and W—)p 1 as n— . Hence there is no difference on how
the parameters in Q_ and Q are asymptotically distributed. As a result the
asymptotic distribution of the James-Stein shrinkage estimator is the same as
that of the initial maximum likelihood estimator under this condition. Therefore
the consistency of the James-Stein shrinkage estimator follows from the consis-

tency of the maximum likelihood estimator.

In the second case we take h as a fixed imaginable value. In this case the two
parameter spaces are well defined and distinctive in terms of where the parame-

1

ters of interest are located. When n —> o then €, =6, since n 2h — 0. Thus
when we are within the restricted sub-parameter space Q  the maximum like-
lihood estimator and the restricted likelihood estimator are asymptotically dis-
tributed the same. The consequence of having the two maximum likelihood es-
timators (MLE and RMLE) distributed the same results in the James-Stein
shrinkage estimator having the same asymptotic distribution as the MLE and
RMLE. Furthermore, we have \/g(ﬁn —ﬂf)—)l, 0 as n-—>oo. Stone [13] ob-
tained similar results though under invariant estimators. In this case the two
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maximum likelihood estimators do not have to be necessarily invariant. There-

fore the James-Stein shrinkage estimator A,
9,.

n

is asymptotically consistent for

In the next section we investigate the asymptotic distribution bias of ﬁ: . The
results in this section are used in showing the asymptotic efficiency of the shrin-

kage estimator S .

3.2. Asymptotic Distributional Bias

We study the asymptotic distributional bias (ADB) for the three estimators by
analysing the asymptotic bias values. The ADB of an estimator T, is given by

n

ADB(T,) = lim E[ n (T, -4,) (27)

n—w

where the estimator T, is estimating 6, . We present the asymptotic distribu-
tional bias for ,, @° and g, in the theorem below.

Theorem 2

Suppose that regularity assumptions for the MLE and RMLE hold. Then un-
der {Pn} a sequence of parameter dimension with the sample size value n and

p >3, the ADBs of the estimators én , é,;’ and ﬁ: are respectively

1. ADB( )

2. ADB(&“) —EA(ATZA) A"h

3. ADB ):—SGTZA ATZA) A"h
where 9=E { }

Proof

1.

ADB(6,) = limE, (V2 (6,6, ))

n—o

=1im0
n—»ow (28)
=0

- ADB(6,)=0

since \/;(é,,—ﬂﬂ)—n,Z~Np(0,Z) as n—>oo.
2.

(), (45(0-0))

= lim (—zA(ATzA)’1 ATh)

. (29)
= —ZA(ATZA) A"h

- ADB(§)=-ZA(A"EA) A™h

from Equation (6).
3. ADB (ﬁ:) =limE, (\/;(B: -8, )) From Equation (19) of Theorem 1 we
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(B, -B,) =>4 w(2)G'Z+(1-w(2))GT (Z ~ZA(ATEA) AT(Z +h))

Therefore,

where S:E{pT_z}, p23 and E,(Z)=0 as n—>oo since

Z~N, (O,Z).
Then

ADB(,B;) = lim [(1—9)0+(1—1+3)(_GT (zA( ATzA)’1 AThm

= lim [—S(sz(l«sJZA)’1 ATh}

(30)
- —é‘zGTzA(ATzA)’1 A'h

" ADB(])=-9G'SA(A'ZA)" ATh

where 9=E, {p—_z} for p>3.
4

Remark 1

When the fixed constant h =0, the asymptotic distributional bias values of
the three estimators are zero. Therefore h=0.

From Equation (28) of Theorem 2, the maximum likelihood estimator is
asymptotically unbiased. Equations (29) and (30) show that the restricted max-
imum likelihood estimator and the James-Stein shrinkage estimator are both
asymptotically biased. This means that both shrinking and partitioning of a pa-
rameter space brings bias to estimators.

Using the bias of the shrinkage estimator obtained above, we now analyse

whether the James-Stein estimator f, is asymptotically efficient.

3.3. Asymptotic Efficient

To check whether the shrinkage estimator B’ is asymptotically efficient, we
use the Cramér-Rao bound for biased estimators. In the theorem below we show
that the variance of the JSSE achieves this bound as 7 — . We use concepts of
the study by Hogdes and Lehman [14].
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Theorem 3

Let ﬁ: be a James-Stein shrinkage estimator obtained by shrinking a maxi-
mum likelihood estimator @, where the two estimators are as defined in Sec-
tion 2.2. Given the asymptotic bias b, (,5':) of the JSSE f, the Cramér-Rao
bound for ,B:/, is given by

1+, (A,
Jjj (0)

where J(@) is the fisher information and b, is the derivative of the /" ele-

2
CRB = )J for j=1,2,--,p (31)

ment of the bias vector. Then

CRB
z,(8)

and thus the James-Stein shrinkage estimator f,

n

=1 as n—>w,

is asymptotically efficient
forall j=1,2,---,p.

Proof. We analyse asymptotic efficiency by evaluating the Cramér-Rao bound
as n— w . Consider thebias of the estimator f, from part 3 of Theorem 2

b, (/) =-9G"SA(A"ZA) A"h (32)
p-2 . p—2 .
where 9=E T for p>3. The expectation E T of the fraction

P2 which follows a distribution determined by the distribution

&~ 7, (h'Bh) has a value (constant) free of the parameter . Therefore we

regard it as a constant. Let o =—9 then (32) becomes
. -1
b,(5;)=aG'ZA(ATZA) A'h (33)
and bj,(B;) will be

by (A7) = b 5))

- ozﬁ(GTzA(ATZA)’l ATh)
o6

(34)
a matrix of dimension p. Using the definition of the CRB and then combining
(32) and (34) we obtain

[1+b;, ( 5:)T {Haa@a/(GTZA(ATZA)I ATh)}
0 7, (0) e

for j=1,2,---,p where % is the partial derivative of the /" element,
J

o - o v
T=3(0)=|- 1 X. , A=A(0 )=—2a(8 d
( ) ( ;agaer ngﬁ( 1)] ( 0) aoa( ) an
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n az
J=J(0)=E| ) ——1o X, )|
(0)-5| S oo ioe ()|
We begin our analysis of the bound by considering the terms involved. Thus
2
I A= 4 0)
06 0006’

remains the same as n — oo . We have

-1
n 62
X(0)=|- lo X -3 36
as n—oo where the elements of X  are zeros apart from the diagonal ele-
ments X, (0) which are ones for j=1,2,---, p since the observations are iid
and follow a p-multivariate standard normal distribution. Thus from (36) we
have

0 0
—X.(8)—>0 d —X—>0 37
66j ]j( ) an 60 ( )

as n—>o for j=1,2,---, p. This implies that

i(;TZA(ATzA)’1 A'h—0 and ﬁGTZA(ATzA)’l ATh>0 (38)
00 o0

J

for j=1,2,---,p as n—> . Then from (38) we have

by, (B;)—>0 and bj(A)—>0 (39)
for j=1,2,---,p as n—> . Therefore from (38) and (39), then using (35) we
have

6 2
e [1ra- 2 (GTEA(AT=A) ATh)
[1+b9j( )} { +“89j( ( ) }
J//(e) J‘[/(G)
2
_ [1+0] (40)
Jjj (9)
-1
=J, (9)

as n—>o for j=1,2,---,p.Sinceforall j=1,2,---,p we have
Z«z‘f (0) = J‘,‘-,- (0)7I then X=J" as n . Hence from (40) we have the va-
riance for the James-Stein shrinkage estimator B;/ , Xy ( B ) converges to the

CRBas n—>owo forall j=1,2,---, p. This means that

CRB N ij (ﬁ;)
2,(8)  =(8)

for all j=1,2,---,p. Thus the James-Stein shrinkage estimator A, is asymp-

=1 as n—>wo

totically efficient.

Theorem 3 above shows that the James-Stein shrinkage estimator obtained
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from shrinking the MLE achieves the CRB asymptotically. This means that the
shrinkage estimator is asymptotically efficient and hence stable when we have
large sample size values. Since the initial estimator (MLE) is known to be
asymptotically efficient then we see that the shrinking process has no effect on

the asymptotic efficiency of an estimator we are shrinking.

3.4. Rate of Convergence

We now investigate the rate of convergence of the shrinkage estimator A’
(JSSE) by using concepts applied on the MLE discussed in Hoeffding [15]. To
proceed we consider the shrinkage estimator of the form in (1) using plug-in
maximum likelihood estimators B, and B°.Let B  be a James-Stein shrin-
kage estimator obtained when we shrink the MLE B, = g(éﬂ) defined earlier
before for p>3. We proceed to find the rate of convergence of this estimator
by using its relationship with the MLE. Since the shrinkage target value may
have no effect on the convergence rate, for easier transformation of our sequence

0, weset 8° =0 implying B° =0. Thus we have

t_a p-2 -
n(BV'8,)

+

which becomes

A p— 2 ~
ﬂn = l_ﬁ ﬂn
BV'B, ).
when we factor out f, and drop out the 2 in the denominator to have a form

with a lower MSE according to the James-Stein shrinkage strategy. Let

_ p-2
k—(l—mJ R (41)
then

A A

B, =kpB,. (42)

Now consider the sequence

B, =8, +0, [ﬁj (43)

for j=1,2,---,p where B, isthe “true” /* parameter value. From the equal-

ity in (42) we have
A 1 N*

ﬂn:_ﬂﬂ

: (44)

for the shrinkage value & Therefore substituting the right hand side of (44) in

(43) the sequence ,BA,,/ becomes

1 HE l
—B. =B, +0,| |,
kﬂ"/ ﬂn/ p( nj
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hence we have the sequence
- 1
p, =kp, +0 (—jk (45)
j j 4 /n

which is in terms of the shrinkage estimator with the shrinking effect value &
such that 0<k <1. Analysing this sequence further shows that it satisfies the
smoothness regularity conditions for the MLE, therefore we can proceed.

Let ﬂ:j =kp,, be the true value in the shrinkage sense which is obtained
when we scale the true value ﬂoj with the shrinkage factor & Then the se-

quence (45) becomes

Ak * 1
B, =B, +0, (Ejk (46)
implying that
Ak * 1
54,0 T ) v

for all j=1,2,---,p. This means that (,é:/ - ﬂ;/) is still within the neigh-

1
bourhood of —= since 0 <k <1. Therefore, using the second order Taylor’s

Jn
theorem we have

n

Hf/z,j( W)

111 _

[0

=1

B, N (8))2,-5(8, -8, ) 1,(8)+0,(1) ()

for j=1,2,---,p. Since

%mL(,én):o

for the maximum likelihood estimator f, , then also
6 At
ﬁln L(8)=0
implying that

£lnL(ﬂ ) 0 (49)

forall j=1,2,---, p. Assuming that the log-likelihood function is differentiable,
from (48) and (49) we have

[1/;

L1/ g )

0(?* In| 2—

B, I1 fﬂ:j(X‘) (50)

i=1

~(8,-,) Nn 1, ()72, - 28, -8, ) 1,(8)+0, )

and simplifying (50) becomes
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n

I
ag* In| ! il =\n1,(B;)Z,-n ﬂ,, -5, ) (8,)+0,(1)=0
N Hfﬂo,u,)

i=1

implying

VL, (8)2,-n(8; - B, )1, (8)+0,(1)=0. (51)

Rearranging (51) we have

n,(8,)(B, -B,) =n 1, ( (52)

for j=1,2,---,p where Z, ~(O,Vﬁv) where Vﬂ/ is the variance of the /
J

element of the covariance matrix Vj; of the distribution =G'N B (0,V) and

thus Z; is the standard normal distribution for the /* element of B, . Now di-

o

L, (8) (8, -8, )+0,()=2, (53)

where Z; is the distribution of the /" element of B, and Z~N » (O,Vﬂ).
Using sequence (45), Equation (53) becomes

W1, (8)(8, -8,)+0,(0)=7, (54)

for some ﬂ:/ —>ﬂoj and j=1,2,---,p where Z~Np<0,Vﬂ) and

viding the left and right hand side of (52) by /n,/I, ( ﬂ*) we obtain

V= G'VG. The distribution Z; is a normal distribution for each /" element

of the plug-in estimator ﬁn as described before in the analysis above.
Thus Equation (54) establishes the condition which implies local asymptotic
normality (LAN) and differentiability in quadratic mean (DQM) for the estima-

tor B’ which implies that the rate of convergence is of order and rate

1
kln
k~/n . This can also be achieved if we use the fact that the risk bound of the
James-Stein shrinkage estimator is bounded by that of the MLE and the latter
converges at the rate Jn . Hence the James-Stein shrinkage estimator is k~In -

consistent.

3.5. Simulation Plots

In this section the behaviour of the mean squared error (MSE) of the maximum
likelihood estimator 6, is compared to that of the James-Stein shrinkage esti-
mator ﬂA: as the sample size n increases. The statistical package R is used to
simulate plots of the MSE for different sample size values of n using the R pack-
age library (MASS) to stimulate data which follow a multivariate normal distri-
bution. The data is generated using a 3 x 3 correlation matrix ( p ) to get the co-

variance matrix X given by
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1 03 0.1
2=/03 1 02
0.1 02 1

which is symmetric and the variance in the major diagonal is 1 representing a
standard normal variance. Thus we take p =3 and this meets the James-Stein
classical condition of p>3.Since X ~N,(6,Z), we have
PO
0,=X,=—> X, for p=3 (55)
n =
making the MLE @, a 3 x 1 matrix which implies that the dimension for the
shrinkage estimator is also 3 x 1. Now knowing that the maximum likelihood es-
timator @, is unbiased and the James-Stein shrinkage estimator B’ is biased,
the following expressions were used to calculate the mean squared error (MSE)

of the two estimators. Using (55), we have

MSE, (,)=%,(6,)==2,(X,)=Var(X,) (56)
as the mean squared error of §, for p=3 since b, )

n

) =0. Similarly we

have

MSE, (5)=3,(8;)+[b. (4 )T

A U (57)
= Var(ﬂ;)—k[bg (ﬂ: )J
for the James-Stein shrinkage estimator which becomes
MSE, (4] )=%, (kén)+[bg (%6, )T o

= Var (6, ) + [bg (x4, )T

where & is a shrinkage value which shrinks the maximum likelihood estimator
0, to a James-Stein shrinkage estimator S for p=3. Thus the mean

squared error of the shrinkage estimator ﬁ: in (58) is obtained by using (56).
The shrinkage value kis evaluated using the expression

1 1
- {1‘ X'z, (%)%, ] (X)X, &9
for p=3. The commands for all expressions and plots produced in R are pro-
vided in the appendix.

We present MSE plots obtained by simulating the mean squared error using
the sample size values of n = 30, 2000 and 100,000. The MSE plots for both the
James-Stein shrinkage estimator and maximum likelihood estimator for each
sample size value considered are plotted on the same graph for easy comparison
of the MSE trends. We begin by considering a small sample size value of n = 30
to compare the the way the MSE line plots change from one particular point to
the other. Since we are interested in asymptotic behaviour, we increase the sam-
ple size value to 2000 and then 100,000 to analyse the MSE trends and the rate at
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which the line plots become smooth.

MSE Plots for JSSE-MLE: n=30
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-
o
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Mean Squared Error (MSE)

o
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T
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Sample Size (n)

Figure 1. MSE plots for the MLE and JSSE for n = 30.

MSE plots for JSSE-MLE: n=2000
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Figure 2. MSE for the JSSE and MLE for n = 2000.

MSE plots for JSSE-MLE: n=100000
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Figure 3. MSE plots for JSSE and MLE for 1 = 10,000.
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Collectively the scaled plots show that there is some reduction in the mean
squared error of the James-Stein shrinkage estimator compared to that of the in-
itial estimator (MLE). The trend in mean squared error for both the maximum
likelihood estimator and the James-Stein shrinkage estimator shows that as the
sample size value n increases, the MSE values converge to some value. The MSE
plots suggest that the James-Stein shrinkage estimator converges to a lower MSE
value 0.9 compared to the maximum likelihood estimator which converges to a
MSE value 1.0. They also show that the James-Stein shrinkage estimator con-

verges faster compared to the MLE though the difference is minimal.

4. Conclusions and Suggestions

In the study, we explored the asymptotic properties of the James-Stein shrinkage
estimator ﬁ; which is obtained by shrinking a MLE én. Asymptotic consis-
tency and efficiency of the shrinkage estimator ' were investigated. From the
regularity conditions, the MLE is known to be unbiased, consistent and efficient
as the sample size value n — o . Therefore, the study analysed these asymptotic
properties by checking whether the new estimator (shrinkage) obtained after
shrinking possesses them. Thus the study examined whether the shrinking
process has an effect on these properties. The results show that the James-Stein
shrinkage estimator g is asymptotically consistent and efficient. The study
also showed that the shrinkage estimator (JSSE) is asymptotically biased, a
property it possesses even for small values of the sample size value n. The bias is
brought by the shrinking factor k given in Equation (59). We therefore see that
the shrinking process introduces bias to the estimators obtained but it preserves
asymptotic consistency and efficiency, and more importantly, it reduces the MSE.

Thus the James-Stein shrinkage estimator obtained by shrinking techniques
proves to be useful though it is biased. This estimator is more effective than the
maximum likelihood estimator as shown in this study and by Hansen [10]. The
study also showed that the JSSE is stable for large values of the sample size value
n, making it suitable in practical applications since large sample size values are
normally considered for effective estimation. Since error is always there in esti-
mation, we justify shrinking (minimising error) as a very important technique
for yielding effective estimators.

The study has investigated the asymptotic behaviour of the James-Stein shrin-
kage estimator. Asymptotic properties analysed in the study include rate of
convergence, consistency and efficiency. The results show that the James-Stein
shrinkage estimator has a lower mean squared error compared to the maximum
likelihood estimator though it is biased. The results further show that the JSSE is

asymptotically consistent and efficient.
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