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Abstract
Let Gbe a graph. G is singular if and only if the adjacency matrix of graph Gis

singular. The adjacency matrix of graph G is singular if and only if there is at
least one zero eigenvalue. The study of the singularity of graphs is of great signi-
ficance for better characterizing the properties of graphs. The following defini-
tions are given. There are 4 paths, the starting points of the four paths are
bonded into one point, and the ending point of each path is bonded to a cycle
respectively, so this graph is called a kind of quadcyclic peacock graph. And in
this kind of quadcyclic peacock graph assuming the number of points on the four
cyclesis &,a,,8,,8,, and the number of points on the four pathsis s;,s,,S;,S,,
respectively. This type of graph is denoted by 7(a,,8,,85,8,,5,,5,,5;,5; ) » called
y graph. And let »(a,,8,,8,,8,,1,1,1,1)=5(a,,8,,8;,a, ), this type four cycles
peacock graph called ¢ graph. In this paper, we give the necessary and suffi-
cient conditions for the singularity of y graph and J graph.

Keywords

Quadcyclic Graphs, Singularity, Nullity

1. Introduction

This paper only considers finite and undirected simple graphs. Let G is a graph
with n points, its adjacency matrix can be represented by the following matrix:
AG)=(7;)

1 ifi~j,

a; = '

' |0 otherwise.

where i~ ] represents the point 7 and point j are adjacent. The eigenvalues of
any graph G are the eigenvalues of its adjacency matrix A(G), and these 1 ei-

genvalues is called the spectrum of graph G. The number of non-zero eigenva-
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lues in the spectrum of G are called the rank of G, denoted by r(G). The num-
ber of zero eigenvalues in the spectrum of G are called the the nullity of G, de-
noted by 7(G). Obviously, r(G)+7r(G)=n. G is singular if and only if the
adjacency matrix of graph G is singular. And A(G) is singular if and only if
there is at least one zero eigenvalue.

In chemistry, we can use graphs to represent molecular diagrams of molecules,
and the application of the nullity (or rank) of graphs is very extensive (see
[1]-[6]). In [6], it proposes that the nullity of a molecular graphs is a necessary
condition for the stability of the molecular chemical properties. In addition, how
to characterize all graphs with nullity greater than zero is also a problem that we
have been exploring, it was proposed in 1957 (see [2]). Many scholars have at-
tempted to characterize this type of graph which also known as singular graphs,
but this problem is very difficult and still unresolved. So far, there are only some
results for special graphs (see [7]-[16]). In order to better characterize this type
of graph, some mathematical scholars attempt to explore the mutual influence
between the nullity of the graph and the structure of the graph by studying the
structural characteristics of singular graphs (see [17] [18] [19] [20] [21]). Some
works by researchers have shown significant connections between singular
graphs and other fields of mathematics (see [22] [23] [24] [25]). Recently, we
give the necessity and sufficiency of the singular of some classes tricycle graphs
and probability of the occurence of these singular graphs [26] [27].

The subgraph of graph G where each branch is an isolated edge or cycle is
called the basic Sachs subgraph of graph G. The basic subgraph containing all
points of G'is called a basic spanning subgraph or a spanning Sachs subgraph. A
basic spanning subgraph only composed of isolated edges is called a perfect
matching of graph G. Of course, if a graph has a perfect matching, the number
of points on the graph must be even. Let 2,, C, and K, denote the path, cycle and
complete graph with n vertices, respectively. Let GUH be the union of two
graphs G and H. For the notations and terms which are not defined above,
please refer to [1].

There are 4 paths, the starting points of the four paths are bonded into one
point, and the ending point of each path is bonded to a cycle respectively, so this
graph is called a kind of quadcyclic peacock graph. And in this kind of quadcyclic
peacock graph assuming the number of points on the four cycles is a,,a,,8,,8,,
and the number of points on the four paths is s,s,,S;,S,. This type of graph is
denoted by y(a,,a,,8,,8,,5,,5,,53,5, ), called y graph (see Figure 1). And let
y(ai,az,ag,a‘l,l,l,l,l) =§(a1,a2,a3,a4) , this type four cycles peacock graph
called o graph (see Figure 2). In this paper, we give the necessary and sufficient
conditions for the singularity of y graph and J graph. This paper is a generaliza-
tion of [26] [27], and has a certain promotion effect on the better characteriza-
tion of singular graphs, and is also an application of nullity in graph theory.

In this paper, &;,a,,8,,8, collectively referred to as four a. s,s,,S,,S, col-
lectively referred to as four s. A path with the odd number of points is called a

odd path, and a path with the even same as above is called even path.
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Figure 2. dgraph.

The main conclusions are the following theorem and corollary.

Theorem 1. G=y(a,,8,,8,8,,5,5,,5,S,) is singular if and only if one of
the following holds:

(i) At least the length of one cycle is a multiple of 4.

(ii) If there are four even cycles, at most two s are even or four sare even.

(iii) If there are three even cycles, at least two s which connected to even cycles
are odd.

(iv) If there are two even cycles, (1) s which connected to even cycles are odd,
(2) swhich connected to even cycles are even and the s which connected to odd
cycles have same parity and the length of the two odd cycles is different with re-
spect module 4.

(v) If there is no even cycle, (1) the parity of the four s is same and four a is
exactly two module 4 remainder 1 and two module 4 remainder 3, (2) exactly
two s are odd and two s are even and the a which connected to the s with the
same parity is different with respect module 4.

By theorem 1, the following corollary 1 is obvious.

Corollary 1. G=5(a,,8,,8,,,) is singular if and only if one of the follow-
ing holds:

(i) At least the length of one cycle is a multiple of 4.

(ii) There are four even cycles or three even cycles or two even cycles.

2. Some Lemmas

Lemma 2. [1] Suppose G=G, UG, UG, where G (i=1,2,---,t) are
connected components of G. Then n(G) = ZU(Gi) . Equivalently, G is
non-singular if and only if each G;(i=1,2,-,t) s non-singular.

Lemma 3. [1] If Gis a graph with 1 vertices and adjacency matrix is A(G),
then
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det(A(G))=(-1)" ¥ (_1)p<H) oelH)

HeH

H is the set of spanning Sachs subgraph of G, p(H) is the number of the

components in 7, ¢(H) is the number of cycles in A.

3. Proof of the Theorem

Proof |V (G)| =a +a,+a,+a,+5+S,+S,+5,—7. Combine the parity of
the a, @, a, a, i, %, 8, s and the symmetry of graph y, we will discuss as fol-
lows.

1 Four aare even.

1.1 Four sare even. Ghas no spanning Sachs subgraph, Gis singular.

1.2 Three sare even. We can assume that s, s, s; are even, s is odd.

The spanning Sachs subgraphs of graph G with four cycles have:

S, +S,+S,+S, —
2

C,uC, uC, uC, U 7P2 (one).
1 2 3 4

The spanning Sachs subgraphs of graph G with three cycles have:

CaluCazuCasua4+sl+SZ;S3+s4_7P2 (two),
calucazu034ua3+51+52;33+s4_7pz (two),
CaluCaguCa4ua2+sl+52;S3+s4_7P2 (two),
CazuCaguCaAua1+sl+52;s3+s4_7P2 (two).

The spanning Sachs subgraphs of graph G with two cycles have:

+8 +S, +8;+5,—7

C, uC, P P, (four),
1 2 2
-7
Ca1UCa3Ua2+a4+51+;2+53+s4 P, (four),
Ca1uCa4ua2+a3+sl+;2+s3+s4_7P2 (four),
c,, UG, ai+a4+31+22+53+54—7p2 (four),
CazuCﬂAu{J‘i—i_‘e‘gdwl—i_zz+S3+s4_7P2 (four),
-7
C, UC, VTR INTIN Cp (foun).

The spanning Sachs subgraphs of graph G with one cycle have:

uaz+a3+a4+sl+sz+s3+s4—7Pz (eight),

Ca >
-7
Cazu2711+a3+z;14+512+52+33+s4 P, (eight),
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ua1+a2+a4+sl+sz+s3+sd—7

C., 3 P, (eight),
+a,+a,+S +S,+S;+5,—7 .
c, UaTR T8 I8 THTHRTH T b (oighy).
¢ 2
It contains 16 perfect matchings.
By Lemma 2.2, Gis singular if and only if
sl+sz+53+s4—7+4 a4+51+52+s3+s4—7+3

(—1) 2 x 2 +(—1) 2 x28%2
a3+sl+sz+s3+s4 7 a2+sl+sz+s3+s4—7+3

+-1) 2z Px®x2+ -1) 2 x23x2
a1+sl+sz+s3+s4 -7 43 a3+a4+51+52+s3+54—7+2

+( 1) ><23><2+(—l) 2 x 2% x4
ay+a,+8) +S)+53+54— 7+2 ay+ag+8+Sy+53+54—7 2

+H-1) 2 Tx2%x4+(-1) 2 Tx2'x4
a+ay +51+52+53+54 -7 2 a1+a3+51+52+53+54 -7 42

+( 1) ><4+( 1) x 2% x4
a1+a2+sl+sz+s3+54 -7 a2+a3+a4+51+52+s3+s4 -7
_—tt = 2 +1

+( 1) ><4+( 1) x2x8
a1+a3+a4+s,l+sz+s3+s4 7 1 @ +ap+a4+8) +Sp +53+S4— 7

+(-1) x2x8+(-1) 2 "x2x8
a1+a2+a3+51+sz+s3+s4 -7 a & +ay+ag+ay+S+Sy+S3+54—7

+( 1) ><2><8+(—1) 2 x16 =0,

@y +ay+ag+a,+5+Sy+S3+54—7
multiply both sides by (-1) 2 , if and only if
aj+ay+ag+ay aj+a+ag aj+ay+ay a+ag+ay ay+ag+ay

)z (D) 2 () () ()

a;+ay a)+ag a+ay ay+ag ay+ay ag+ay

+(-1) 2 +(-1) 2 +(-1) 2 +(-1) 2z +(-1) 2 +(-1) 2

_(_1)31 _(_1)?2 _(—1)73 —-(-1)z +1=0,

if and only if

(% 1) (0% 1) (% -1 (% 1)

ifand only if 4|a,, 4|a,, 4|a, or 4]|a,, if and only if the length of any cycle

is a multiple of 4.

1.3 Two s or one s or no s is even. In these cases, G has no spanning Sachs

subgraph, G1is singular.

2 Three a are even. We can assume that a,, a, a; are even, a, is odd.

2.1 Four sor three sare even. Similar to case 1.2, in these cases we can get that

Gis singular if and only if the length of any cycle is a multiple of 4.
2.2 Two sare even.

2.2.1 If s is contained in two s. Let’s assume that s, s, are even, s, s are odd.

G has no spanning Sachs subgraph, G'1is singular.

2.2.2 If s, is not contained in two s. Let’s assume that s, s, are even, ss, s; are

odd. Similar to case 1.2, we can get that G is singular if and only if the length of

any cycle is a multiple of 4.

2.3 One sor no sis even. In these cases, G'has no spanning Sachs subgraph, G

is singular.
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3 Two aare even. We can assume that a,, a are even, a, a, are odd.
3.1 Four sare even. There is no the spanning Sachs subgraph with four cycles.

The spanning Sachs subgraphs of graph G with three cycles have:

a S,+S,+S,—7
C, UC, UC, LAY 22+ 575~ b (one),
S, +S,+S,+S,—7
CaluCazuCa4u%+ LT 2; 375 P, (one).

The spanning Sachs subgraphs of graph G with two cycles have:

CaluCasua2+a4+sl+22+53+54_7P2 (two),
CalUCa4Ua2+a3+51+zz+33+84_7pz (two),
CazUCaSUa1+a4+Sl+;2+S3+S4_7P2 (two),
Cazuca4Ua1+a3+sl+zz+ss+s4—7PZ (two).

The spanning Sachs subgraphs of graph G with one cycle have:

ua1+az+a4+sl+sz+s3+34—7

Ca, > P, (four),
+a,+a,+S, +S,+S,+S,—7
c, AR T8I TS TR T g oy,
4 2
There is no perfect matching.
By Lemma 2.2, Gis singular if and only if
as+51+Sp+S3+S4—7 ag+S;+Sp+S3+54—7
(—l) 2 +3><23><1+(—1) 2 P 2x1
ay+ay+S+Sy +S3+54—7 2 ay+ag+8+Sy+S3+54—7 2
+(—1) 2 ! ><22><2+(—1) 2 T x22x2
atag st ts ST atagts +Sp+S348-7
+(—1) 2 ! ><22><2+(—1) 2 x22x2

Q) +ay+a,+8 +Sp+83+84—7 1 ay+ap+ag+8+Sy +S3+54—7 “

+(-1) 2 x2x4+(-1) 2 x2x4=0,

S +5p+53+54—6

multiply both sides by (1) 2 , if and only if

ay-1 ag-1 ay+(ay-1) ay+(ag-1)

(Y () )T

a+(ag-1) a+(ag-1) ag+ap+(ag—1) a+ap+(ag-1)

T R T T

_((_1)“{1 +(_1)a3zlj[(—1)az1 _1j((—1)a22 —1} =0,

a1 ~
ifand only if 4|a,, 4|a, or (—1)47 +(-1)2 =0, if and only if the length of
any cycle is a multiple of 4 or the length of the two odd cycles is module 4 with
different remainder.

if and only if
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3.2 Three sare even.
3.2.1 If s; and s, are all contained in three s. Let’s assume that s, s, s; are even,

ssis odd. The spanning Sachs subgraphs of graph G with four cycles have:

S, +S,+S;+S, —

C,uC, uC, uC, U 7P2 (one).
1 2 3 4

The spanning Sachs subgraphs of graph G with three cycles have:

c, uC, uC, ua2+sl+SZ;S3+s“_7 P, (two),
C, uC, UC, uai+sl+522+53+54_7 P, (two).

The spanning Sachs subgraphs of graph G with two cycles have:

-7
C%Ucauq+%+%+;+%+% P, (four),

+a,+S +S,+S;+S,—7
CaluCazua3 TS 22 -~ P, (one).

The spanning Sachs subgraphs of graph G with one cycle have:

a+a,+a,+S+S,+S,+5,—7
Ca U 2 a3 4 1 2 3 4 P2 (tWO),
' 2
+a;+8,+8 +S, +S;+5, —7
C, AT TATHTETHTA T D (two).
2 2
It contains 4 perfect matchings.
By Lemma 2.2, Gis singular if and only if
sty Bt sp sy tsaT g
(1) 2z TUx2'4(-1) 2z Tx2%x2
Aty tyhsy =7 atap s sty ST
+(—1) 2 +3><23><2+(—1) 2 w22 x4

ag+ay +sl+52+s3+s4—7+

+(-1) 2

ay+ag+ay+8+Sy+83+5,—7 1

><22><l+(—l) 2 x2%x2

Qg tagt+as+5+Sp+S3+54—7

+(-1) 2 .

2

ay+ay+ag+as+5+Sy+53+54—7

><2><2+(—1) 2

x4 =0,

@ +ay+ag+ay+5+Sy+S3+54—7

multiply both sides by (-1) 2

, if and only if

a+ay tagtay a+agtay ay+agtay ag+ay j

R R TC

a;+ap ay ag
2 —

H-) 7 —(-1)7 ~(-1)7 +1=0,

(4(_1)33?“ +1j((_1)a§ 4)[(_1)? —1) -0,

obviously, the first equation is equal to 0 without a solution, if and only if 4|a,

if and only if

or 4|a,, if and only if the length of any cycle is a multiple of 4.

3.2.2 If 5, and & are not all contained in three s. Let’s assume that sy, s3, s are
even, & is odd. Similar to case 1.2, we can get that G'is singular if and only if the
length of any cycle is a multiple of 4.
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3.3 Two sare even.

3.3.1If s, s, are contained in two sexactly. Let’s assume that sy, s, are even, s,
sy are odd. Similar to subcase 3.1, it is obtained that G is singular if and only if
the length of any cycle is a multiple of 4 or the length of the two odd cycles is
module 4 with different remainder.

3.3.2 If one of s, s, is contained in two s. Let’s assume that s,, s are even, s,,
are odd. Similar to case 1.2, we can get that Gis singular if and only if the length
of any cycle is a multiple of 4.

3.3.3 If s, s, are not contained in two s exactly. Let’s assume that s, s are
even, s, s, are odd. Ghas no spanning Sachs subgraph, Gis singular.

3.4 One sis even.

3.4.1 If s or s is contained in one s. Let’s assume that s is even, s, s, 3 are
odd. Similar to case 1.2, we can get that G'is singular if and only if the length of
any cycle is a multiple of 4.

3.4.2 If 5 or s is not contained in one s. Let’s assume that s; is even, si, &, S
are odd. G'has no spanning Sachs subgraph, G'is singular.

3.5 Four sare odd. Ghas no spanning Sachs subgraph, Gis singular.

4 One ais even. We can assume that a, is even, a,, a3, a4 are odd.

4.1 Four sare even. There is no the spanning Sachs subgraph with four cycles.

The spanning Sachs subgraphs of graph G with three cycles have:

a,+S +S,+S;+S,—7
C, vC, uC, u- % 22 3~ P, (one),
+8,+S,+S,+5, -7
CaluCaZuCaAua3 1 22 i~ P, (one),
7
CaluCaguCa4ua2+sl+52;53+s4 P, (one).

The spanning Sachs subgraphs of graph G with two cycles have:

Cazuca3ua1+a14+sl+;2+sg+s4—7PZ (two),
-7

CaZUCaAUal+a3+Sl+;2+SS+S4 B (two),

Ca3UCaAUa1+a2+Sl+ZZ+S3+S4_7Pz (two).

There is no the spanning Sachs subgraph with one cycle. There is no perfect
matching.
By Lemma 2.2, G'is singular if and only if

aA+sl+sz+53+s4—7+3 3 a3+sl+sz+s3+34—7+3 3
(—1) 2 x2 ><1+(—1) 2 x2°x1
a2+51+52+s3+s4—7+3 Q) +a,+8+Sp+S3+84—7

+(—1) 2 ><23><1+(—1) 2 +2><22><2

a1+a3+51+52+s3+54—7+ 11\14-5124-51+52-¢-53+54—7Jr

+(-1) 2 “x22x2+(-1) 2 *x2?x2=0,
a+ap+ag+ag+S+5y +53+54—7
multiply both sides by (-1) 2 , if and only if
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a+ay+ag a+ay+ay a+ag+ay

—(-1 2 - _]_) 2 —(-1 2
ay+ag ap+ay az+ay

+(-1) 2 +(-1) 2 +(-1) 2z =0,

if and only if

[_(_1)? +1j((_1)322a3 NE +(—1)a3+za4j -0,

ag+ay

due to (—1)¥ + (—1)@ +(-1) 2 #0, the above equation holds if and only
if 4|a,,if and only if the length of any cycle is a multiple of 4.
4.2 Three sare even.
4.2.1 If s is contained in three s. Let’s assume that s, s, s; are even, s, is odd.
The spanning Sachs subgraphs of graph G with four cycles have:
S,+S,+S,+S, —
2

C,uC, uC, uC, U 7P2 (one).
1 2 3 4

The spanning Sachs subgraphs of graph G with three cycles have:

S, +$ -7

C, UG, UC, U ETEIE IR TN T (two),

The spanning Sachs subgraphs of graph G with two cycles have:
a S, — 71

CaluCazua3+ 4+Sl+;2+s3+ *—P, (one),
a,+a S, +S;+8,—7

c, uC, vt 4+Sl+22+ 37% b (one).

The spanning Sachs subgraphs of graph G with one cycle have:

+a,+a,+S +S,+S;+5,—7
Ca U ai a3 4 Sl 2 3 4 Pz (tWO),
: 2
+a,+a,+S+S,+S;+S,—7
Ca U a1 2 4 Sl 2 3 4 P2 (tWO).
* 2
There is no perfect matching.
By Lemma 2.2, Gis singular if and only if
51+52+53+54—7+ +5+S) +s3+54—7+
(1) 2 x2te(-1) oz Px2'x2

A3ty +S S +53+8a—T 2 Btay sty Hs T, 2
+(—1) 2 x2 ><1+(—1) 2 x2°x1
3 +ag+ay+5+Sy+53+84 7 " Q+ap+a,+S+Sp+S3+54—7 a

+(—1) 2 ><2><2+(—1) 2 x2x2=0,

S1+Sp+S3+54—7

multiply both sides by (-1) 2 , if and only if

a ag+ay ay+ay a +ag+ay a+ap+ay

4-4(-1)2 +(-1) 2 +(-1) 2 —(-1) 2 —(-1) =2 =0,

if and only if

(1_ (-1)2 j(4 f() 7y (—1)a25a4j =0,

ifand only if 4|a, if and only if the length of any cycle is a multiple of 4.
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4.2.2 If s is not contained in three s. Let’s assume that s, ss, s; are even, s is
odd. Similar to case 1.2, we can get that G is singular if and only if the length of
any cycle is a multiple of 4.

4.3 Two sare even.

4.3.1 If s is contained in two s. Let’s assume that s, s, are even, s;, s; are odd.
There is no the spanning Sachs subgraph with four cycles. The spanning Sachs

subgraphs of graph G with three cycles have:

7

c, uC, uC, U™ +51+522+S3 %P (one),
7

CaluCaZUCaAUag+Sl+82;-S3+S4 P, (one).

The spanning Sachs subgraphs of graph G with two cycles have:

-7
c, uC, Ua1+a4+sl+sz+53+s4 B, (two),
2 3 2
c, uC, ual+813+51+52+ss+s4—7P2 (two).
2 4 2

The spanning Sachs subgraphs of graph G with one cycle have:

2t 84S+ +S,

7
a > P, (one).

C
It contains 2 perfect matchings.
By Lemma 2.2, Gis singular if and only if
(—1)a“51+522+53+5r7+3 x 2° x1+ (_1)a3+91+522+53+84—7+3 x2°x1
+(—l)%ﬁss+sr7+2 x 22 %2+ (—l)mfswsr7+2 x2%x2

ay+ag+ay+8)+8y +83+54—7 i & +ay+ag+ay+S+Sp +S3+S,—7

+(-1) 2 “x2+(-1) 2 x2=0,

ag+ay+ag+as+9+Sy)+53+54—7

multiply both sides by (-1) 2 , if and only if

4[_(_1)a1+a22+a3 _(_l)a1+a22+a4 +(_1)@ +(_1)az;a4j_(_l)a21 +1-0,

if and only if

(—(—1)? +1)(4(—1)a2§a3 ca(-1) 2 +1j -0,

ifand only if 4|a,, if and only if the length of any cycle is a multiple of 4.

4.3.2 If s is not contained in two s. Let’s assume that s, s, are even, s, s, are
odd. Similar to case 1.2, we can get that G is singular if and only if the length of
any cycle is a multiple of 4.

4.4 One sor no sis even. Similar to case 4.1, in these cases we can get that G'is
singular if and only if the length of any cycle is a multiple of 4.

5 Four aare odd.

5.1 Four sare even. There is no the spanning Sachs subgraph with four cycles.

The spanning Sachs subgraphs of graph G with three cycles have:
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a, +S +S,+S;+S5,—7

c,vC,uC, u 2 P, (one),
7

CaluCazuCaAUa?'+sl+Sz;SS+S4 P, (one),

calucaaucaAuaz+sl+522+33+s4_7pz (one),
S,+S,+S,—7

C, UG, UC, uaTaT 2; 37%Tp  (one).

There is no the spanning Sachs subgraph with one or two cycles. There is no
perfect matching.
By Lemma 2.2, Gis singular if and only if

ay+8+Sy+S3+84—7 a3+8)+Sp+53+84—7
449155384 =7 4 351 52453454 =1 4

(-1) 2 x 2° x1+(-1) 2 x 2% x1

ay+S+5p+53+S4—7 a+5+Sy+S3+54—7
2518 ¥53¥84 =1 4 1 +5 45 +S3 4841 4

+(-1) 2 x2Px1+(-1) 2 x2°x1=0,
$1+5p+53+54—6
multiply both sidesby (1) 2, ifand only if
a1 a1 ag-1 a1
()7 ()T +()F 4 ()% =0

if and only if four a is exactly two module 4 remainder 1 and two module 4 re-
mainder 3.

5.2 Three s are even. We can assume that s, s, s are even, s is odd. The
spanning Sachs subgraphs of graph G with four cycles have:
S,+S, +S;+S, —

2

C,uC,  uC, uC, U 7P2 (one).
1 2 3 4

There is no the spanning Sachs subgraph with three cycles. The spanning
Sachs subgraphs of graph G with two cycles have:

a,+a,+8 +S,+S,+5,—7

C, vC, u > P, (one),
a, +a,+S+S, +S,+S,—7

C, vC, v2+—* % 22 P, (one),
a,+S +S,+S,+5,—7

c, vC ATATEFS TS, P, (one).

ag 2
There is no the spanning Sachs subgraph with one cycle. There is no perfect
matching.

By Lemma 2.2, Gis singular if and only if

sl+52+s3+54—7+4 4 a3+a4+51+sz+s3+s4—7+2 )
(—1) 2 x2" + (—1) 2 x2
ay+ay+S+S) +S3+8y —7+2 & +ay+8+S) +s3+s4—7+2

)T g (T o

S1+Sp+S3+54—7

multiply both sidesby (-1) 2 , if and only if

it is impossible to establish.
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5.3 Two sare even. We can assume that s, s, are even, s;, s; are odd. There is
no the spanning Sachs subgraph with four cycles. The spanning Sachs subgraphs
of graph G with three cycles have:

Ca1uCazuCa3ua4+Sl+SZ;SB+S4_7P2 (one),
7
CaluCaZUCaAUa?'+Sl+82;-S3+S4 P, (one).

There is no the spanning Sachs subgraph with two cycles. The spanning Sachs

subgraphs of graph G with one cycle have:

a,+a,+a,+S,+S,+S,+S,—7
Calu 2 3 4 S12 2 3 4 P2 (one),

+a,+a,+8,+S,+S,+S, -7
Cazual a3 4 S12 2 3 4 PZ (one).

There is no perfect matching.
By Lemma 2.2, G'is singular if and only if

ay+8+Sy +S3+54—7 ag+8)+Sp+83+8,—7
—=—=——43 3 ———=<_< — 43 3
(-1) 2 x2°+(-1) 2 x2
ay+ag+ay+S+Sp+S3+54—7 i ay+ag+ay+5+Sy+S3+54—7 i
+(—1) 2 ><2+(—1) 2 x2=0,

S1+Sp+53+54—6

multiply both sides by (-1) 2 , if and only if

a,-1 az-1 ay+ag+a,s—1 a +ag+ag—1
+(-1

4[(_1)2 T S ) 2o,

if and only if a;,a, is module 4 with different remainder and a,,a, is module
4 with different remainder.

5.4 One sis even. We can assume that s is even, s,, s, ss are odd. There is no
the spanning Sachs subgraph with four or three cycles. The spanning Sachs sub-
graphs of graph G with two cycles have:

-7
CalucaZUaS+a4+sl+ZZ+SS+s4 B, (one),
Caluca3uaz+a4+sl+;2+s3+s4—7p2 (one),

-7
R

There is no the spanning Sachs subgraph with one cycle. It contains 1 perfect
matching.
By Lemma 2.2, Gis singular if and only if

a3+a4+51+52+53+s4—7+2 2 a2+a4+51+52+s3+s4—7+2 )
(-1) 2 x 2 +(-1) 2 x 2
a2+a3+sl+sz+s3+s4—7+2 @ +ap+ag+a,+S+Sy+S3+54—7

+(-1) 2 x 2% +(-1) 2 =0,

@ +ay+ag+ay+5+Sy+S3+54—7

multiply both sides by (-1) 2 , if and only if
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it is impossible to establish.
5.5 Four s is odd. Similar to case 5.1, we can get G is singular if and only if
four ais exactly two module 4 remainder 1 and two module 4 remainder 3.

The Theorem 1.1 is proved by summarizing the above cases.
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