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Abstract

The Euler-Poisson—Korteweg system is a mathematical model arising from hydrodynamics and quantum
hydrodynamics. It can be used to describe at interface the flow of capillary flows, such as the liquid—vapor
mixture. In this paper, we obtain the global existence of solutions for high-dimensional compressible
FEuler-Poisson-Korteweg systems with small initial values by the energy method. The study can provide a
theoretical basis for the development of efficient numerical solution methods, as well as contribute to the
further study of other properties of the solution such as vibrational and bursting properties.
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1 Introduction

In this paper, we discuss the following high dimensional compressible Euler-Poisson-Korteweg (EPK) system:
pt +div(pu) =0,
(pu)e — Aui+ Bpu + div(pu @ w) + Vplp) = pV(s(0)Ap + 55 (0) V) + oV, (BPKD)
AP =p—p, inRT xRV,

where p € R is the electron density, v € RY is the electron velocity and ® € R denote the electrostatic potential.
p is a given pressure function respective to p.

A number of models are used to describe materials of Korteweg type, such as FEuler-Korteweg and Euler-Poisson-
Korteweg. It has been extensively investigated in references [1, 2, 3, 4, 5, 6, 7]. For example, Hattori and Li
investigated the local existence and global existence of solutions for the Euler-Korteweg system in [1, 7]. Donatelli
et al [5] studied the existence of global-in-time weak solutions for Euler-Poisson-Korteweg system under difference
initial data. Danchin and Desjardins [4] established the existence of smooth solutions for an isothermal model of
capillary compressible fluids. However, as we know, global-in-time existence of (EPK1) have not been studied.
In this paper, we are going to prove the global existence of solutions for the Euler-Poisson-Korteweg system due
to its widespread application.

In the system (EPK1), p represents the background profile and satisfies that p(z) = po is a positive constant.
Denote by and assume & : (0,00) — (0,00) is a smooth function corresponding to the capillary coefficient. In
particular, assuming £ > 0 to be a constant in (EPK1), we can derive the standard equation of an inviscid
capillary fluid (see Kotchote [8], [9], Bresch et al [10]). For convenience, let K = 8 = 1 and N = 2, we ultimately
obtain the following system for [p,u, ®]:

pr + div(pu) =0,

(pu)e + pu + div(pu ® u) + Vp(p) = pV® + Au + pVAp, (EPK2)
Ad = p— pa
with the initial data
(p7u7 CI))('T7O) = (p07u07q)0)(x)' (1)
Assuming p is a soomth function of p and satisfies
p'(p) > 0,p"(p) > 0. 2)
Define function H(p) by
/ ’ pl(s) ~
H'(p) = h(p) = | = ds, H(po) =0. 3)
B
Then we have H'(0) =0, H”(p) > 0. Furthermore, we get
H(p) > v(p— po)?, (4)

where ~ is a positive constant.

Let w = (p — po,u, V®) and H* represents the usual Sobolev space while || - || the standrad kth order Sobolev
norm in RY. Denote

t
wll[3r = sup (Ilw(t)||3+HVp(t)II3)+/ [u(s) ]I + [lp(s) = poll2ds,
0<t<T 0

and

k
2 _ ) 2
Nwlllr = > [l10zw]llE -

[i]>0
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Denote by 8; f the spatial derivative of the i*" component for any function f.

Theorem 1.1. Assume that p(p) satisfies (2) and po > 0 is small enough. For the system (EPK2) with the
initial data wo = (po, uo, o) satisfies
lwoll3 < e, (5)

where 0 < € € 1 and pg > do > 0. Then there exists a unique classical solution (p,u, ®) in [0,00) and satisfies

llwlll3 e < Cliwoll3-

The proof of Theorem 1.1 is based on the existence of local solutions for the system (EPK2), which can be
derived by the similar method in [1]. We can prove Theorem 1.1 by the following theorem:

Theorem 1.2. Let w be a sufficiently smooth solution in the time interval [0,T] for the system (EPK2) with
the initial data wo = (po, uo, Po). Assume that p(p) satisfies (2). If there exists § < 1 such that w satisfies

sup ([[wlls + [|Vplls) <6 (6)
0<t<T
and 0 < po < &, then we have the estimate

lwlll3,r < Cs(llwollz + IV poll3)- (7)

Remark 1.1. Theorem 1.1 and Theorem 1.2 make sense for N = 2. For general N Sobolev space H> should
be replace by H*, where k > 2 + 5

Remark 1.2. Given assumptions in Theorem 1.2, we can choose ¢ in Theorem 1.1 so small that
Cse < 6.

Then for the initial data satisfies (5), the existence of the local existence solutions and the standard continuation
argument give the result of Theorem 1.1.

2 Proof of Theorem 1.2

We use induction on k to prove the Theorem 1.2, where 0 < k < 3.

2.1 Estimate for £k =0
Multiplying the second equation of (EPK2) by u and integrating over (0,T) x RY we have

t
/ /R2 [(Patuj + puidiu;)u; + Vip(p)u; + puju;
0
— pV;iApu; — pV;0u,; — Aujuj]dxds (8)

=L +Is+ I3+ 14+ Is+ Is = 0.
Using the first equation in system (EPK2) and integrating by parts, we have

1
L = §/p|u|2dx
According to (3) and (4), we can derive

b= [ [ s oo = [ [ opios = [ ()

t
>y / lp— pol*da
R2

t

0

’ (10)

0
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The third term I3 gives

t
13:// plu|®dzds.
0o Jr2

The fourth term I, integrating by parts and using the first equation of (EPK2) gives

t t
Iy = 7/ / pVAp - udxds = / ApV - (pu) = 1 / |Vp|2da
o Jr? o Jr2 2 Jr2

Integrating by parts and using the first and second equation of (EPK2), we obtain

t t t
Is = —/ Vo - (pu)dzds = / / OV - (pu)dzds = —/ / Ppidrds
o JR2 0o JR2 0o JR2

t t
— / / DO, Addads — / Vo |*dx
0 R2 2 R2

Integrating by parts, we have

t

0

0

t
16:// |Vu|*dzds.
0 JR2

Combining (9)-(14) and using (6), we have

2 2 ‘ 2 2 2

lw®)llo + 1Ve®)lo +/ [u(s)llids < Cs([[wollo + [Voollo)-
0

Next, mutiplying the second of system (EPK2) by Vp and integrating over (0,T) x RY, we have

t

/ / . [(Patw + puidiu;)9;p + Vip(p)dip + pu;0ip
0o JR
— pV;iApdip — pV,;P0p — Aujajp} dxds

=Ji+Jo+ I3+ Js+ Js+ Js = 0.

Using the first equation of (EPK2), we have
¢
J1 :/ / (pOruj + pu;Oiu;)d;pdads
0 JR?
t 1 )
:/ Oruj X iajp + pu;0;u ;05 pdads
o Jr?
t t
= / p0;puds
0 0
2 2yt ’ 2 ’ 2
<Cs (llp(s) = poll: + llu(s)lo)|, + Cs / [Vu(s)llods + 05/ IV(p(s) = po)llods
0 0
<Cs([w®)I5 + lwolls + IV 15 + 1 Vpoll3)

t t
+Cs / IVu(s)|2ds + C6 / IV (p(s) — po) 3ds.
0] 0

t
—// 0ju;0;(pui)p + pu;O;u;0; pdads
o JR?

Thanks to p'(p) > 0, we have
t
a2 o [ 1900(s) - m)l3ds,
0

where ¢g is a positive constant. Using the first equation of (EPK2), we have

t
1 _ t
Js:// pu-Vp =3 llp—pollo],
0 R?2

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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Integrating by parts, we have

t
f// pVAp-Vp
0 R2

s . (20)
>co / IV2(p(s) - po)3ds — C6 / IV (p(s) — o) 3ds.

Integrating by parts and using the third equation of system (EPK2), we get

t
—/ / pV® - V(p — po)dzds
R2

/ / p—po)V®-V(p— po)dzds — / / poV® - V(p — po)dxds
R2
=: Js51 + Js2.
Using the third equation of (EPK1) and integrating by parts, we obtain

t
T2 = o [ lofs) = ol

Jo1 > e / 1(p(s) — po)|[3ds.

Therefore, we have
Js > Cé/ (o po)lads. (21)
Integrating by parts, we obtain
t t
Jo <8 [ 1900~ p)lfds + Cs | [Vl (22)
0 0
Combining (17)-(23) and (15), we obtain
t
lw(®)[I5 + IV ((t) = po)lI5 + / [u(s)IIF + llo = poll3ds
0

<Cs(|lwollg + IV (po — p0)13)-

(23)

2.2 Estimate of £ > 1
Here we prove (7) by induction on k. Assume (7) makes sense for all k < k — 1, i.e.
2 2 ‘ 2 2
[w(®)lk-1 + IVoE) k-1 +/ lu(s)llk + llp = Pollk+1ds
0

<Cs(lwolli-1 + IV (po — po)l7-1)-

(24)

Denote by 8* the operator vector with components consisting of all the differential operators D* with multi-
index |a| = k. Denote [V*, flg = V*(fg) — gV*f for any function f,g. Multiplying the second equation of
(EPK2) by p~! and applying the operator pV*, then multiplying by V*u and integrating over (0,T) x RY, we
have .
/ / [ka(atuj + w0y ) Vs + pV*p  Vp(p) Vi + pV iUV,
0o JR2
— pVjApVFu; — pVFV,; 0V 0, — kap_lAuijuj}dxds (25)
=K+ Ko+ K3+ Ks+ Ks 4+ Kg =0.
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Using the first equation in (EPK2), we have

t t t
K, _1 / p|VFu(s)|?dz +/ / p[VF, wi)diu; VFiu deds
2 Jo o Jo Jm2 t (26)
>5(|[V u(®)[13) = IV wollf - Ca/ IVu(s)|;-1ds.
0
Thanks to (2),(3) and (4) and using the first equation of (EPK2), we have
t
Ko :/ V*Vh(p) - pV*udads
0 JR?
t t
:/ VFVh(p) - VF (pu)deds — / V Vh(p) - [V*, pludzds
0 R2 0 R2
¢ ¢
= —/ VEh(p)V*V - (pu)dzds —/ VEVh(p) - [V, pludzds
o Jr2 0o Jr2
t t
:/ V*h(p)0,V* pdzds — / VEVh(p) - [V, pludzds
0o Jr2 o JRr2
t t
= / B (p)V* pd, V* pdzds + / [VF=1 W (p)]V pd: VF pdxds (27)
0 JR? 0 JR?
t
— / VEVh(p) - [V, pludzds
0o Jr2
t t
:/ 8t(h'(p)Vkakp)dxds+/ / [VF™ B (p)]V pd: VF pdads
0o Jr2 0o Jr2
t
- / V*Vh(p) - [V, pludzds
o Jr2
] t t
>t [94(6() — o], — € [ 19 G6ts) = po)lE-ads =8 [ (17u(l)s.
0 0
The third term K3 gives
¢
K3 > 5/ 1V ul|3ds. (28)
0
Using the first equation of (EPK2) and integrating by parts, we have
¢
Ky = f/ / pVF*VAp - VFudzds
0 JR?
t t
=— / VAV Ap - V¥ (pu)dzds — / VEVAp - [VF, pludazds
0 R?2 o JR2
t t
:/ V*ApV - V¥ (pu)dads — / VFVAp - [VF, pludads (29)
o Jr2 0o Jr2

1 t t
=5 IV o) =l = [ [ 920 (9% pludads
0 0 R2

1 _ ¢ t _
25 IV (p(s) — po)llﬁ‘o - Ca/ IV (p(s) = po)lli + llu(s)[l7-1ds.
0
Using the first and the third equation of (EPK2), we have

t
Ks = / VFOVFY - (pu) — VROV - (V¥ plu)dads
0 R?2

=: K51 + Kso.
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We can deduce that .
K51 = |\V’““c1>\|§)0. (30)

Thanks to k > 1, using the second-order elliptic PDEs regularity theory and integrating by parts, we have

t t
Ksz = / VY (9, plu)dads < ~C; / lo(s) — AI2 + lu(s)|[2—1ds. (31)
0 R 0
Therefore we have
k+1 2 t £ —12 2
K > 9] - s / lo(s) — pIIZ + Ilus) |2 1ds. (32)
0

The sixth term gives
t
K¢ =— / / kap_lAu - VFudzds
0o Jr2
t t
:/ HV’““u(s)HSds—F/ / pIVF, p 1 Au - VFudads (33)
0 0o JR2
t t
> [V u)lids = Cs [ IVa@)E-s +19(0(6) - po)lE-rds.
0 0
Combining (26)-(33) and (24), we obtain

t
lw(®)llk + IVp(0) Ik +/ lu(s)llz+1ds < Cs(llwolli + 1V polli)- (34)
0

Next, multiplying the second equation of (EPK2) by p~! and applying the operator pV*. then multiplying by
V*Vp and integrating over (0,7T) x RY, we have

t
/ / ] [ka(atu]- +wdiuy)V; V5 + pV o~ Vp(p) ViV p + pVEu,; V5
0 R

— PVIAPY; Y p = pVIV, 0T,V — oV A, V9" ] dads (35)
=:L1+Las+ Ls+ La+ Ls + Ls = 0.
Using a similar method to (17) to estimate the first term L1, we obtain
|L1] <Cs([IV(p(s) = po) Ik + [IVuls)l[z -1 + llwollx + lpo — pollk+1)
t 5 o (36)
+Cs [ NIVuls)lli + [IV(p(s) — po)lids.
0
Integrating by parts and using (3) and (4), we obtain
t
Lo :/ VEVh(p) - pV*Vpdzds
0 JR?
R 2 ! 2 37
=05 [ 19" (6() = po)ds = Cs [ (6(s) = po)l 2.
0 0
Obviously we have
¢
La <C8 [ 9" u(o)]} + V" (o(s) - po) s (3)
0
Integrating by parts, the fourth term gives
t
Ly=— / / pVEV Ap - VPV pdads
0 JR?
t t
:/ / p(VFAp)ideds + / VEApVp - VFVpdads (39)
0 R2 0 R2

t t
205/ IIV'“”(/J(S)—ﬁo)IISdS—Ca/ IV  (p(s) — po)13ds
0 0
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The fifth term using similar method on (21) gives

t
Ls=— / / pVIVOVFV pdads
0o JR2

= [ [0 T )~ po T VT s (10)
=: Ls1 + Lso.
Obviously, we have )
Lz = o [ IV*(0(s) = o)l (41)
Thanks to k > 1, using the third equation of (EPK2), we obtain
t t
L > cs [ 19%(0() = m)lids = Cs [ lote) = ol -1 (42)
Therefore, we have ) \
L 25 [ I9¥(0(s) = po)lids = Cs | lo(s) = polli-sds. (43)
Obviously, we obtain . .
Lo< G [ IVuts)lids+ 8 [ 1V (o) = o) (44)

Combining (36)-(44), (24) and (34), we obtain our result. This finishes the proof of Theorem 1.2.

3 Conclutsions

The above proofs illustrate that the solution of the equation exists globally and the Sobolev norm of global
solutions is controlled by the Sobolev norm of the initial data in the case of small initial values. The study
in this article provides a reliable basis for the numerical solution of this equation and other properties of the
equation.
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