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©_® 1. Introduction

This article deals with the following semilinear Schrodinger equation with

constraint
—Au+V (x)u=Af(xu), xeR", ue Hl(RN )
fRN (|Vu|2 +V(x)u2)dx:r2, (L.1)
u(x)—>0, [X—>+o.
Given r>0, we try to find (u,4) to satisfy the Equation (1.1). We say
(u,2) a positive solution if u is positive, a negative solution if u is negative, and

a sign changing solution if uis sign changing.
Several authors have considered a Schrodinger equation of the form
—Au+V (x)u=f(xu), xeR", uaHl(RN), 12)
u(x)—>0, [x—> . '

In Bartsch and Wang [1], it is shown that the problem (1.2) possesses infi-
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nitely many solutions when f (x,u) is odd with respect to u. Liu [2] obtains a
positive solution and a negative solution of the problem (1.2) under the assump-
tion that V(x) and f(x,u) are periodic with respect to the x-variables.
Bartsch, Liu and Weth [3] prove the existence of sign changing solutions to the
problem (1.2) and estimate the number of nodal domain.

Some papers concern with the problem (1.1). Under some conditions, a posi-
tive and a negative solution can be found in [4] and [5]. [6] gives some results on
the existence of sign changing and multiple solutions of the problem (1.1) with
different conditions.

In order to state our results, we require the following assumptions:

(4) Vel (RY), inf V (x)>0.

(4;) f:R"YxR — R islocally Lipschitz continuous, and there are constants
C>0 and pe (2, 2*) such that

|f ()] <C(1+}"") forxe R, teR,

where 2° ::% for N>3 and 2°=w for N=12 . Moreover,

f(xt)=0o(|t]) as t—0 uniformlyin x.
(45) There is a constant 77> 2 such that
0<pF(xt)< f(xt)t forxeRY, teR,
where F(xt):=[ f(x,s)ds for xeR",teR.

(A4) There is an open subset Q c R" such that tf (x,t)>0 for xeQ and
|t| sufficiently large.

(As) ‘Iim sup|f (X’t)|

Ao e |t

=0 forevery r>0.

Our main result is the following theorem.

Theorem 1.1 Suppose (A:1)-(A4s) hold. Then problem (1.1) has at least three
nontrivial solutions U,,U_, and U, where u, is positive, and U_ is negative
and U changes sign.

The key point is to construct certain invariant sets of the gradient flow asso-
ciated with the energy functional of the elliptic problem. All positive and nega-
tive solutions are contained in these invariant sets. And minimax procedures can
be used to construct sign changing critical point of the energy functional outside

these invariant sets.

2. Preliminaries

We first fix some notations. Denote the usual Sobolev space by W mp (RN ) ,and
set H™ (RN ) =wm? (RN ) . Consider the Hilbert space

H = {u € Hl(RN ):jRNV (x)u?dx < +oo}.
We introduce the inner product in A by the formula

{uv)= IRN (Vu-wv+V (x)uv)dx foru,veH,
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and the corresponding norm

Jul|:= \{u,u) forueH.

According to (4,), there is a continuous embedding H & H* (RN ) , hence
H oL (RY) for2<s<2" (2.1)
Note that by (4;) for any & >0, there is a constant K, (¢)>0 such that

| (xt)| <elt|+ K, (e)t]"" for xeRY,teR. (2.2)

Assumption (A4;) implies that given o > 0, there exists a constant
K,(8)>0 such that

F(xt)2 K, (8|t -s]* for xeR",teR. (2.3)
Denote

S, ::{u eH: [, (|Vu|2 +V (x)uz)dx= rz},

F(x,u)::_[;f(x,t)dt forueR, (2.4)
J(u)=—[ (F(xu)dx forueH, (2.5)
| = J|sr' (2.6)

By Zeidler [7], we have

1 0) = 37 (u) L)

Julf

where <J’(u),v>:—fRN f (X,u)VdX for u,veH . It is easy to see from (2.7)
that the critical points of 7 correspond to the solutions of problem (1.1) with

u forues,, 2.7)

2
A= —ﬂ . And 7is bounded.
(3'(u),u)

Definition 2.1 Suppose £ is a real Banach space. For ® € C'(E,R), we say
@ satisfies the Palais-Smale condition (denoted by (PS)) if any sequence
{u,} < E for which {CD(un )} is bounded and ®'(u,)— 0 possesses a con-
vergent subsequence. We say @ satisfies (PS). for a fixed ceR if any se-
quence {u,}cE for which ®(u,)—>c and ®'(u,)—>0 possesses a con-
vergent subsequence. We say @ satisfies (PS)* if @ satisfies (PS). for all
c>0; @ satisfies (PS)™ if Isatisfies (PS).forall ¢<0.

Lemma 2.1 [8] [satisfies (PO)".

Let G be the Nemytskii operator induced by £ the mapping |’ may be writ-

ten as

I'(u)=-T(u)u-KG(u) forues, (2.8)
1 . -1
where T(u)::——ZIRN f(x,.u)udx and K:=(-A+V)".Note that
r

KG(u)=(-A+V)" f (~u()) forueH.
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In other words, KG is uniquely determined by the relation

(KG(u),v>:jRN f (x,u)vdx, foru,veH. (2.9)

I’(u) is globally Lipschitz continuous in H applying (4,) [6].

Let E be a real Banach space, ® ¢ Cl(E,R) and E:= {u cE:d'(u)= O}.
We will give some relevant definitions below.

Definition 2.2 A locally Lipschitz continuous mapping Q:E — E iscalled a
pseudo-gradient vector field (denoted by p.g.v.f) for ® on E if it satisfies the
following conditions

) (), <2l
2) <<D’(u),Q(u)>E 2||<I>’(u)
Suppose Qis ap.g.v.ffor @ on E,and consider the initial value problem in

E

2
g

Soltu)=—Q(o(ty), 120

o(0,u)=u.

(2.10)

According to the theory of ordinary differential equations in Banach space [9],
(2.10) has a unique solution in E, denoted by o (t,u), with right maximal in-
terval of existence [O,a)+ (u)) Note that w, (u) may be either a positive
number or +wo. Note also that ®(c(t,u)) is monotonically decreasing on
[0,0,(u)) and therefore o (t,u)(0<t<w,(u)) is called a descending flow
curve.

Definition 2.3 A nonempty subset M of E is called an invariant set of des-
cending flow for @ determined by Qif

{0(t,u)|0§t<a)+(u)}<: M
forall ue ENM .

Definition 2.4 Let M and D be invariant sets of descending flow for
®,D < M . Denote

Cy (D)={ulueD,orueM\Dand there is0 <t < @, (u)such that o (t,u) € D|

If D=C, (D), then Dis called a complete invariant set of descending flow
relative to M.

3. Invariant Subsets of the Descending Flow

In this section we shall recall some results about the flow generated by 1'. We
refer to Mawhin and Willem [10] for details.
It is clear that 1" is globally Lipschitz continuous, and 1" is a p.g.v.f of Z In

the following we consider the initial value problem

99 _ 1(6)=T(o)o +KG (o), t20,
dt (3.1)
o(0,u)=u, ues,.
Applying the theory of ordinary differential equations, we obtain:
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Lemma 3.1 [10] There exists a unique solution t+> o (t,u) of (3.1) defined
on a maximal interval [O,a)+ (u)) with 0<w, (u)<+o0. The flow o:D+ S,
is continuous, where D= {(t, u):O <t<ao, (u), ue Sr} . For 0<t<w, (u),

o has the expression

o(tu)= glT(o(sv)ds (u + I; e b TeE ) g (a(s, u))ds). (3.2)

Lemma 3.2 [10] If @, (u) is finite, then | (O'(t, u)) — -0 as t—> o, (U).

In our case, /is bounded and so it follows from Lemma 3.2 that @, (u) =+
for ues,.

Lemma 3.3 [10] Suppose C<b<O0, for any Ue |t ([C, b]) , either there ex-
ists a unique t(u) € [0, +00) such that | (O‘(t(U),U)) =C or there is a critical
point vof Zin 17! ([C, b]) ,such that o(t,u) >V as t— +oo.
d(Jo])

dt

It is easy to verify that =0, thatis

o(t,u)eS, forues,. (3.3)

In our further proof, we shall need the following Lemma which is derived by
Brézis and extended by Martin to infinite dimensional space (cf. Theorem 1.6.3
in [11]).

Lemma 3.4 [11] Suppose E is a real Banach space, D is a closed subset of E,
Q:E — E islocally Lipschitz continuous and

- dist; (u+hQ(u), D)
hio h

=0 for ueadD. (3.4)

where dist. (.,.) isthe distanceon E.If u; €D and o(t) with
0<t<am,(u,) isthe solution of the initial value problem

do
E_Q(G)'
o(0,uy ) =Uy,

then o(t)eD forall te [0, o, (Uo)) .

Next we will discuss the convex cones P* = {u eH:u> 0} , and
P~ :={ueH:u<0}. Moreover, for ueH we denote that u*:=max{u,0}
and U :=min {u,O} .Note that ue H implies u* € P*. Consider the sets

P :={u eH :dist(u,P+)<g}, P :={u eH :dist(u,P‘)<g},

as well as P, ::P_;UP_; for £>0. Note that P” and P, are open convex

subsets of H, whereas P, is a closed and symmetric subset of H. Moreover,
H\P, contains only sign changing functions.

Note that |I" is a p.g.v.f for [ we can obtain a flow o:. 2 — E satisfying
(3.1) for all (t, u) eEH = {(t,u) ‘ueH,0<t< o, (u)} , where o, (u)e(0, +oo]
is the maximal existence time for the trajectory o (t,u). We call o the des-

cending flow associated with |'. A subset M — H is invariant for the o if

o(t,u)eM, foreveryueM andevery te[ 0, o, (u)).
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If Mis an invariant subset of H, we also consider
.'/(M):={u eH:o(t,u)eM for some t e(O,@(U))},
and in addition we put
p={ueH:o(tu)>0ast>am, (u)}.

Note that .74 is open.

4. Three Solutions with One Changing Sign

In this section, we will give some proposition for finding three solutions with
one changing sign.

Proposition 4.1 Suppose Wis a finite dimensional subspace of H, there holds:

1) supJ(W)<+oo;

2) If supJ (C) < 400, where C = {tu t>0,ue S} and Sis a closed subset of
some finite dimensional subspace W of H, then there is a constant R >0 such
that

J(u)<—%||u||2 for ue C\ B, (0). (4.1)

Proof. 1) Obviously.
2) If we define

d)(u):=%||u||2 —IRNF(x,u(x))dx for xeR", ueH,
then
J(u)=<1>(u)—%||u||2 forueH.

Inequality (2.3) implies that for any ¢ >0 there exist constants a,a, >0,
such that
1 y
®(u) <l ~ K (8) [ lul” et Sf uf” ax < ay Juf —a, ul”

1
Hence for R=(aa, )72 we have

®(u)<0, forueC\Bg(0).

Thus (4.1) hold. O
Using (2.7), we can note that

I'(u)=u-

KG(u)

T(u)
Proposition 4.2 There exists &, >0 such that for 0<¢ < ¢, there holds
DIf ueP'NS, and te [O, o, (u)), then o(t,u)e int(P;)f-]Sr ;

2) Every nontrivial solution ue P, NS, of (1.1) is negative, and every non-

=u-A(u) forues,, (4.2)

where A(u) =
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trivial solution ue P (S, of (1.1) is positive.

Proof. 1) Let d —2|an( )>0, ueS, and v=KG(u),then

xeRN

+

u ! dist(u, P‘).

oS minfu-y] =

Similarly, using (2.1) we find for every Se [2, 2*] , there is a constant C, >0
with

- —m|n||u y

+

u|, sCSdist(u, Pi). (4.3)

Since v eP ,v—v =Vv" e P*, we have

dist(v, P’)£||v—v’| =|v*

It follows from (2.2), (2.9) and (4.3) that
= <v v+> :<KG(u),v+> :.[RN f (x,u)v*dx
f “vidx = I f(x,u*)v*dx

j ( +P l)v+dx

+K(d)]u*

( dlst u P +Kd|st(u P- ) j

dist(v, P‘) v <|lv* ’

U

p-1
LP

+

\

LP

+

Vo[,

with a constant K > 0. Hence
. 1. — . p-1
dist(v, P~ )< =dist(u, P~ )+ Kdist(u, P~
ist(v,P") ; ist(u, P )+ Kdist (u, P")
So there exists ¢, >0 such that
. 3.
dist(KG (u), P™) < =dist(u, P~
ist(KG(u),P) ; ist(u,P")
forevery ue P (1S, with 0<e&<g;. Thus
KG (u )elnt( ) forue P NS,. (4.4)
Forany ueP.,wecan choose ¢ >0 small enough such that
u+h(T (u)u+KG(u))=(1+hT (u))u+hKG(u)e P. for he(0,5)
Thus

dlst(u hl’(u), P,

lim ) =0 forueoP,. (4.5)
hio h

It follows from Lemma 3.4 that if a(t u) is the solution of (3.1), then it will
hold that O'(t u) eP forall te [0 , ) So we can obtain from (4.4) that

KG(o(t,u))eint(P ) forueP NS, t>0. (4.6)

Set of IT (s,u))ds, then &'(t)>0,c(t)>0,and a(t) is strictly
increasmg Applymg (4 6), we have
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KG(o(t,u))
a'(t)
KG(o(t,u))
a'(t)
compact set of H. According to (4.7), F, cint ( P;) and hence EFI c int(P‘;) ,

where coF, is the closed convex hull of F, in AH. Note that

eint(P) forueP NS,. (4.7)

If we define B(t):= ,and F:={B(s):0<s<t},then F, isa

%1'[; e“PKG (o (s,u))ds
e —

1 J_ea(t) KG (a(a‘l(ln s), u))
Sl g a'(a'l(ln 5))

_ mlmégA[a_l(m(“%(ea(t) _1)mec_oﬁ cint(P,).

From (3.2) we get

1- e_"(t) J-

o(tu)=e“Vu+ 07 ;e“(S)KG(a(s,u))ds. (4.8)

Denote F = {u, 'e“OKG (cr(s, u))ds} , then Fis also a compact set

1
eDt([) _1J‘0
of H. Using by (4.6) and (4.8), we obtain that
G(t, u) o o int(Pc’).
Hence o(tu)e int(Pg')ﬂSr for ueP NS, and te [0, o, (u)) . And
o(tu)e int(F’;)ﬂSr for ueP'NS, and te [0, o, (u)) can be proved

analogously.
KG(u) |
(2) Put w=- , it follows from (2.9) that
T(u)
dist(w, P’) w < flw? - <W, W*> :<— KG(U) , W*>
T(u)

-1

= rZ(IRN f(x,u)udx) .[RN f(x,u)wdx.
Any UEeS,, riszN f (x,u)udx > 0. By (2.2) and (4.3), for
0<é& <:|—2'[RN f (x,u)udx < K, witha constant K; >0, we get
.[RN f (x,u)w*dxﬁfRN f(xu)" W*dx:jRN f(x,u*)w*dx
szN (g u+K (&)
< L +K(£) .

< (%dist(u, P )+ K,dist(u, P‘)plj

+

u

p71)W*dx

p-1
LP

utl, [lw* u* w*

12

+

W 1

with a constant K, >0. So
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+

w* wh[,

dist (w, P")|

< (%dist(u, P~ )+ Kdist (u, P)p_1)|
with a constant K > 0. Thus
dist (w, P’)s%dist(u, P~ )+ Kdist(u, P’)H.
Hence, for &, >0 small enough

dis{— Ke(v) PJ s%dist(u, P)

T(u)

for every ue P, (1S, with 0<¢ <g,. In particular we have A(&Pg’) cP . If

moreover Ue P, satisfies A(u)=u, then ueP . If finally u=0, we con-
clude u(x)<0 for all xby the maximum principle [12]. Hence, every nontrivi-
al solution ueP (NS, of (1.1) is negative. Similarly, every nontrivial solution
ueP NS, of (1.1) is positive. O

In view of Proposition 4.2, the next proposition just follows from Liu and Sun
(9]

Lemma 4.1 [9] Let E be a Hilbert space. Assume that ® e Cl(E, R) s
®'(u)=u—A(u) for ueE, DND,#dJ, and A(dD,)= D, (i=12). Then
there is a p.g.v.f Q for ® which enables D, and D, to be invariant sets of
descending flow and oD, = C,, (D, )(i=1,2).

Lemma 4.2 [9] Let Ebe a Hilbert space. Suppose ® eC'(E,R) satisfies (P5)
and @'(u) has the expression ®'(u)=u—A(u) for ueE. Assume that D,
and D, are open convex subset of E with the properties that D,(1D, # <
and A(0D;)c< Dy (i =1,2). If there exists a path h:[0,1] > E such that

h(0)e D,\D,,h(1) e D,\D;,

and

inf_®(u)> inf ®(h(t)).

ueD;ND, te[0]

Then ® has at least four critical points, one in D,(1D,, one in D, \Hz,
onein D,\D,,and one in E\(D1U Dz) .
Note that |" isa p.g.v.f of /such that P and P, are invariant for the as-

sociated descending flow. Moreover

oPF c./(P) for0<e<q, (4.9)

holds following from Proposition 4.2 and Lemma 4.1.
Proposition 4.3 If 0<e<g,,then P’ (P .7/ .In particular there holds

3(u)> |’ foruep NP Vo) (4.10)
Proof. First, from (A,) and (A4;) we have
1 C
[ nF(xu)dxs ;IRN f (x,u)udx S;(Ilulliz +lly )

Since by (3.3) we infer that
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2

2
"U s

LS
< Cdist(u, P)" +C2dist(u, P* ) < 26°C2.
Hence, for ue Py NP

=—|IUI| v F(xu) dX--IIUII —IIUII

1
(TR Y|
L —;[28205 (el |- =2k

Next we recall that P (P contains no critical points of 7 by Proposition
4.2. Thus by (4.9), (4.10) and the invariance of PP, we find that

o(tu)>0ast—am,(u)
for every ueP (NP, as claimed. O
As a consequence of the preceding discussion, the existence of three solutions

with one changing sign follows from Lemma 4.2.
Proof of Theorem 1.1 Choose VeSS, ,and set

C:= {tv+ +sv :t>0,s 20}.
It follow from Proposition 1, there exists R >0 such that
J(u)< —%||u||2 for ue C\ B, (0).

By the choose of 1, we have r > R, now we define the path

t)%v’
||V [V

h:[0,1] > S,, h(t

then

"V "v cCNP NS, (1)="v—r+"v+ecmpmsr,
hence
2

sup I (h(t))=sup J(h(t)) <—%.

te[O,l] te[O,l]

Applying Proposition 4.3, we obtain
3(u)> | forue R NP o}

Thus

r2

Lnfil(u)>—?.

ueP NP,
So we have

inf__1 sup 1(h(t)).
I (“)i;é% (h(t))

Since 7 satisfies (PS)>, 1'(u)=u—A(u) for ueS,, P’ and P, are open

&
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convex subsets of H, PP NS, #<& . And by Proposition 4.2,
A P_jﬂ S, cP_:ﬂ S,. It follows from Lemma 4.2 that [ has a critical points
u, e(P;\Pg’)ﬁSr , U e(ng \ P;)ﬂSr , UeSs, \(P_:UP_;) , where u, is a
positive solution of (1.1), U_ is a negative solution of (1.1) and U is a sign

changing solution of (1.1). O

Funding

This article is supported by the Science and Technology Project of Fujian Pro-
vincial Department of Education (JAT191148).

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this

paper.

References

[1] Bartsch, T. and Wang, Z.Q. (1995) Existence and Multiplicity Results for Some Su-
perlinear Elliptic Problems on R"“. Communications in Partial Differential Equa-
tions, 20, 1725-1741. https://doi.org/10.1080/03605309508821149

[2] Liu, J.K. (2016) Positive Solution and Negative Solution for a Class of Semilinear El-
liptic Problem in H l(RN ) . Journal of Jimei University, 21, 228-233.

[3] Bartsch, T., Liu, Z.L. and Weth, T. (2004) Sign Changing Solutions of Superlinear
Schrodinger Equations. Communications in Partial Differential Equations, 29,
25-42. https://doi.org/10.1081/PDE-120028842

[4] Liu, J.K. (2013) Three Solutions of an Elliptic Eigenvalue Problem with Constraint
in H 1(RN) . Journal of Mathematical Study, 46, 160-166.

[5] Liu, J.K. and Fan, Q. (2017) Positive and Negative Solutions of a Schrédinger Equa-
tion with Constraintin H 1(R N ) . Journal of Jimei University, 22, 75-80.

[6] Liu, J.K. and Chen, J.Q. (2010) Sign Changing Solutions and Multiple Solutions of
an Elliptic Eigenvalue Problem with Constraint in H*(R"). Computers and Ma-

thematics with Applications, 59, 3005-3013.
https://doi.org/10.1016/j.camwa.2010.02.019

[7] Zeidler, E. (1985) Nonlinear Functional Analysis and Its Application (III). Sprin-
ger-Verlag, New York. https://doi.org/10.1007/978-1-4612-5020-3

[8] Liu, J.K. and Fan, Q. (2019) Three Solutions of a Schrédinger Equation with Con-
straint. Journal of Jimei University, 24, 382-386.

[9] Liu, Z.L. and Sun, J.X. (2001) Invariant Sets of Descending Flow in Critical Point
Theory with Applications to Nonlinear Differential Equations. Journal of Differen-
tial Equations, 172, 257-299. https://doi.org/10.1006/jdeq.2000.3867

[10] Mawhin, J. and Willem, M. (1989) Critical Point Theory and Hamiltonian Systems.
Springer-Verlag, New York. https://doi.org/10.1007/978-1-4757-2061-7

[11] Chang, K.C. (1993) Infinite Dimensional Morse Theory and Multiple Solution
Problem. Birkhduser, Boston. https://doi.org/10.1007/978-1-4612-0385-8

[12] Gilbarg, D. and Trudinger, N.S. (1977) Elliptic Partial Differential Equations of
Second Order. Springer-Verlag, New York.

DOI: 10.4236/am.2021.126034

499 Applied Mathematics


https://doi.org/10.4236/am.2021.126034
https://doi.org/10.1080/03605309508821149
https://doi.org/10.1081/PDE-120028842
https://doi.org/10.1016/j.camwa.2010.02.019
https://doi.org/10.1007/978-1-4612-5020-3
https://doi.org/10.1006/jdeq.2000.3867
https://doi.org/10.1007/978-1-4757-2061-7
https://doi.org/10.1007/978-1-4612-0385-8

	Sign Changing Solution of a Semilinear Schrödinger Equation with Constraint
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Invariant Subsets of the Descending Flow  
	4. Three Solutions with One Changing Sign
	Funding
	Conflicts of Interest
	References

