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Abstract

The Orlicz (£,, £1)-mixed inequality of integers and fractional dimensions who states that, with a bit of extend,
1

zn: i Z|AL(ejlrejz)| < \/EZ”AL”

j1=1 \Jjz=1 L
for all sequences of bilinear forms A4;: K" x K® — K and all positive integers n, where K™ denotes R™ or C"
endowed with the supremum norm. For that we follow D. Nufiez-Alarcén, D. Pellegrino, and D. Serrano-
Rodriguez [1] to extend this inequality to series of multilinear forms, with K™ endowed with ¢, ... norms for all
successive gradually of the general 0 < € < oo,
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1 Introduction
The origins of the theory of summability of multilinear forms and absolutely summing multilinear operators are

probably associated to Orlicz (¢,,¢,)-mixed inequality published in the 1930's ( see [2, page 24]). It states that,
with a little change

i iZIAL(eh,ejz)l <VZ) Il

j1=1 \J2=1 L

for all bilinear forms A,: K" x K" — K, and all positive integers n. Here IK = R or C and K" is endowed with the
supremum norm. We also represent by e, the canonical vectors in a sequence space and

lALIl = sup{|A, (x, y)|: llx]l < L and [Iy|l < 1}.

An equivalent formulation is the following:

1
Z Z Z'AL(ef1’ef2)| = \/EZHAL” (1)
Jj1=1 \J2=1 L L

for all continuous sequences of bilinear forms A;: ¢, X ¢, = K. The exponents in (1) are optimal in the sense that,
fixing the exponent 1, the exponent 2 cannot be replaced by smaller exponents (nor the exponent 1 can be
replaced by smaller exponents) keeping the constant independent of n. The Orlicz inequality is closely related to
Littlewood's (¢4, ¢,)-mixed inequality (see [2, page 23]), which asserts that

[oe] (o]

2\ 2 2l ee) ZsﬁZuALu

j1=1 \J2=1 L

for all continuous sequences of bilinear forms A;: c, X ¢, = K. Again, the exponents are optimal in the same
sense as described above. Combining these two inequalities, and using the Holder inequality for mixed sums we
recover Littlewood's 4/3 inequality:

3

00 3
4
Z Z'AL(eh’efz)P = \/EZHAL”
L

J1J2=1 L

for all continuous bilinear forms A;: ¢, X ¢, — K. For recent results on absolutely summing linear and multilinear
operators see [3,4,5].

The exponent 4/3 from the previous inequality cannot be replaced by smaller exponents keeping the constant

independent of n. The constant /2 is optimal (in all the three inequalities) when K = R, but the optimal constants
when K = C are unknown.

In 1934 Hardy and Littlewood [6] (see also [7]) pushed the subject further, extending the above results to bilinear
forms defined on ¢, . spaces (when e = oo we consider c, instead of £,,). The investigation of extensions of the
Hardy-Littlewood inequalities to multilinear forms were initiated by Praciano-Pereira [8] in 1981 and intensively
investigated since then (see, for instance, [9-13,7,14,15]), but there are still several open problems regarding the
optimal exponents and optimal constants involved.
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Daniel M. Pellegrino, Anselmo Raposo Jr., and Diana M. Serrano-Rodriguez [16] explore a regularity technique
to obtain optimal parameters for several results in this frame work extending generalizing theorem of Paulino [14]
and others.

We shall use the same notation from [9]:

L1ve if0 < €< oo

X :={ .
1+e Co, if€ = 0

1+€

€E/€ 1/ €
and, when e = oo, the sum (Zj A il ) shall represent the supremum of ||x;||. We also denote the
conjugate index of (1+¢€) by (1+¢€)*, ie,1/(1+€)+1/(1+¢€)* =1. We find the optimal values of the

exponents (1 + €),, ..., (1 + €),, and of the constants (1 + e)g‘i(:):e)l(“(:):)m satisfying

1
(A+68)m-2\ (A+e);
(14+6)m_1 (1+E)m—1\

© (1+6)m

(o).
Z |\ Z Z Z|AL(ej1,...ejm)|(1+E)m /|

(K)(1+€)1,...,(1+€)
<@+ ofS2mSom Yl
L

for all continuous m-linear forms A;: X(;4¢), X - X X(14¢),, = K. The answer is known in several cases (see
[9,11,17] and the references therein), but a complete solution is still unknown. By [1] we shall be interested in
investigating the optimal exponents (1 + €)4,..., (1 +€),,. It is simple to prove that the optimal exponent
(1 + €)y, associated to the sum ¥ _; is (1 +€)y,. The main result provides the optimal exponents (1 +
él,...,1+em—1 in the case that 7+emz=1+emx*.

by
1

max{l‘(ﬁ*"'*ﬁ)*"}’

5(1+5)k'---'(1+€)m =

and

/1(1+e)k,...,(1+e)m =

2+€ 1 1 1 0 4
ma"{2+e‘((1+e>k+”'+(1+_e)m)' }

for all positive integers m and k = 1, ..., m. Note that when 1/(1 + €); + -+ 1/(1 + €),,, = 1 we have

§1+Ok(1+m — oo

and, also,when 1/(1 +€) + -+ 1/(1 4+ €),, = iwe have

A(1+e)k,...,(1+e)m

2+€ = 0.

The main result is, a generalization of the the Orlicz inequality. We consider the very particular case (m, (1 +
€l,1+€2=(2,00,00) and o as the identity map in its statement, we recover the Orlicz inequality (see [1]):
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Theorem 1.1. Let € > 0 be an integer and o: {1, ..., m} — {1, ..., m} be a bijection. If

(59, (5),) eoer

(1+eq,..0+€)) €[1,00]™

the following assertions are equivalent: (1) There is a constant (1 + €)(1+¢),,..,(1+¢),, = 1 such that

1
(1+e/€)1\ (A+e/e),
(1+€/€)m—1 (1+e/€);

) (1+€)

Z Z Z ZZ|AL(ejau)’""efo(m))|(1+6);(m)

Jo)=1\ Jo2)=1 Jom)=1 L

:;'(m)

S A+ 6€)ate)y,.1+m Z”AL”
L

for all continuous m-linear forms A, : X(14¢), X =" X X(14¢),, = K.
(2) The exponents (1 + €/€)4, ..., (1 + €/€),,—1 Satisfy
1+e/e), = 5(1+e),,u),...,(1+e)g(m_1).u’ (1+€/e), = 6(1+€)a(2),...,(1+E)O-(m_1),ﬂ' e, (L + €/ ey = 5(1+5)a(m_1),u'

where ¢ = min{(1 + €) 5, 2}.

2 Preliminary Results

Let 0 < € < . Recall that a Banach space X has cotype (2 + €) if there is a constant € > 0 such that, we select
finitely many vectors x4, ..., x, € X,

1
(2+€)

n
Ysl®?)  <a+al]
= [o]

where (2 + €); denotes the j-th Rademacher function. The infimum of the cotypes of X is denoted by cot X.

1
2 2

dt )

n

> @+o,ox

j=

The following result was proved in [11] (see [1]):

Theorem 2.1. (see [11]) Let ((2 + €)4, ..., (2 + €),,) € (0,00)™, and Y be an infinite-dimensional Banach space
with cotype cot Y. If

1 1 1
JE— —_— < —, 3
(1+¢e), o 1+¢€),, cotY (3

then the following assertions are equivalent:

(@) There is a constant (1 + 6)(Y1+e)1,...,(1+e)m > 1 such that

1

(2+6€)1\ (2+e);
/ (2+)m-1 (2+€)z\
| [e9) [e] oo (2+€)m I
(2+€)
SUY Y a0
j1=1 \ j2=1 Jjm=1 L
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S (14 ){11e), (140 Z”AL”
l

for all continuous m-linear operators A;: X(14¢), X =" X X(14¢),, = Y.
(b) The exponents (2 + €)4, ..., (2 + €),, satisfy

@+ 3 AL (5 4 ) 5 Wm0y

> Agry "M (2 4+ € 2 ALy ™

We need the following extension of the previous theorem, relaxing the hypothesis (3). Besides, below we have
(24 €)1, ., (2 + €)y) € (0,00]™ while in Theorem 2.1 we have ((2 + €)1, ..., (2 + €),,) € (0,0)™ (see [1]).

Theorem 2.2. Let (2 +€)q,...,(2+ €)y) € (0,0]™, (1 + €)q, ..., (1 + €);,) €[1,0]™ and Y be an infinite-
dimensional Banach space with cotype cot Y. The following assertions are equivalent:

(@) There is a constant (1 + e)}’lﬁ)w(lﬁ)m > 1 such that

1
(2+€)1 (2+€)1

2+ m-1 (1+€/€)2
o o o “@+Om
(2+€)
Z Z z Z"AL(ejl,...,ejm)” "
Jj1=1 \ j2=1 jm=1 L
< (4 iroyarom Y Ml O
L

for all continuous m-linear operators A;: Xy 4y, X ** X X(14¢),, = Y-
(b) The exponents (2 + €)4, ..., (2 + €),,, satisfy

@+ 2 AL 4Im (5 4 ) 5 04 HOm (5 4y

> Ag':;)m—lr(l*'f)m’ Q+6)y, = Ag:';)m.

Proof. We begin by proving the direct implication. We just need to consider the case

1 1 1
> 5
(1+e), (1+e€), cotY (5)
since the other case is covered by Theorem 2.1. By the Maurey-Pisier factorization result (see [18, pages

286,287]), the Banach space Y finitely factors the formal inclusion €., y © ., i.e., there are universal constants
€ > 0 such that, for all n, there are vectors z%, ..., z5 € Y satisfying

n
L
j=1 L

for all sequences of scalars (aj);lzl. Consider the continuous m-linear operator (A, )n: X(14¢), X =" X X(146),, =
Y given by

_1_
coty

(1+e€) ||(aj);l=1||w < < (1+2¢) Z |aj|C0tY | o
=
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ADn(x®, ..., xM) = ZZ D@ .. ML, %

By (6) and the Holder inequality we have

n
1Al = sup DY O ) )
O i ST s
n 1/cot Y
cotY
< sup 1+ 2¢) Z|xj(1) xj(m)|
@y e, STk ™y s1 =
m n 1/(1+E)k
(14€)
< sup (1+2e) 1_[ Z |x].(k)| e
el 4e), SLolx ™14, ST k=1 \j=1
= (1+ 2e¢).
Note that, by (7), we have
1
(2+€)1\ (2+e)1
/ (2+€)m—1 (2+E)z\
| n n (24+6)m |
(2+€)
DADED P RO el I N
\1’1=1 \1’2=1 Jm=1 / /
1
n (2+€)1
_ (2+E)1
= 7
j=1 L
Thus, by (6) we conclude that
(2+€)1 (2+e)1
/ (2+€)m-1 (2+€)2\
| n (2+5)m I
(2+¢€)
) Z 3 2IC0n(es )1
J1= Jjm=1
_1_
> (14 e)nG+on
Combining the previous inequality with (4) and (8) we conclude that
(14 < 1+ )40, are),, (1 +26).
Thus, since n is arbitrary, we have
(2 +€); = o0 = AL (14m, 9
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1 o 1 - 1
(1+e); (1+¢€), cotY

for all i, the proof is immediate. Otherwise, let iy, € {2,3, ..., m} be the smallest index such that

|( ! + -+ ! < !
(1 +e), (1+¢€),, cotY’
1 1 1

-+ > :
k(l +€)ig-1 (1+¢€), cotY

If iy = 2, note that by (9) we have

(2+€)2\ (2+6),
/ / @+Omos (2+e)3\
(2+€)m |
(2+€)

sup| Y| - Z Z||AL(e,1..., &) 7T o

1 \12 ] \ fet} / /
< U+ iroyaron Y I (10)

L

for all continuous m-linear operators A;: X1 4¢), X *** X X(14¢),, = Y. From (10) it is simple to show that

1
(2+€)2\—(2+e)2

2+€)m-1 (2+€)3
2+€e)m

(o f
z Z Z”AL(E,Z,.. e]m)||(2+e)m

Jjm=1

< (1 + o, ) Ml
L

for all continuous (m — 1)-linear operators A, : X(14¢), X - X X(14¢),, = Y. Since

1 bt 1 < 1
(1+¢e), (1+¢€),, cotY

by Theorem 2.1 we conclude that

2 +€), 2 A0+ 04Im (5 4 ), > AL HIm (9 4 e), s

> A0 Om (2 4 €)= 208

If i, = 3, we consider

A,(xD, .., x™) _x(l)z Z @ . (m) .
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and we can imitate the previous arguments to conclude that

2+ €)= 00 = Aegry> T

and hence

(2+€)3\ (2+e)3
/ / (24+€)m-1 \(2+e)4\
0 2+e)m
(2+€)
AR PYLTCRERT i B
Jul2 Jj3=1 \ Jm=1 /

< (4 iyoy o Y M, an
L

for all continuous m-linear operators A;: X1 4¢), X ** X X(14¢),, = Y. Again, it is plain that

1
(2+6)i0+1 (2+E)i0
(2+6)i0

(2+€)m-1
2¥Om

Z / Z leAL(e]y_ y Jm)”(z+e)m \l
7L /

< U+ Doy, aram ) Ml
L

SN~—

for all continuous (m — 2)-linear operators A, : X(14¢), X - X X(14¢),, = Y. Since

1 A 1 < 1
(1+e€); (1+¢€),, cotY’

by Theorem 2.1 we have

2+ €)5 2 2570, 24+ €y 2 247 L (2 4 Oy

> A1 (5 1) > 4 04Om

We conclude the proof in a similar fashion for iy = 4, ..., m
Now we prove the reverse implication. The case

1 . 1 < 1
(1+¢e), (1+¢€),, cotY

is encompassed by Theorem 2.1. So, we shall consider

1 1 1
1+ 6)1 (1 + e)m cotY’
If
1 1 1

(1+¢€) 1+¢€), cotY
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for all i, the proof is immediate. Otherwise, let iy € {2, ..., m} be the smallest index such that

|( ! + -+ ! < !
(1 +e), (1+¢€),, cotY’
1 1 1

-+ > :
k(l +€)ig—1 (1+¢€), cotY

We need to prove that there is a constant (1 + €){; +€),..(1+6), = 1, such that

1
(2+€)y, 2+e);,

2+€)m-1 (2+6€)ig+1
3} (246)m

+e)m
s | Z ZMAL(e,l,.. )" - | |
o= \h =1 \ Jm=1 / /

S (14 ){11e), (140 Z”AL”
L

for

(1+e)i0,...,(1+e)m

(1+€)
cot v L2+e), =2 m

cotY

(2 +€)i0 > A

By Theorem 2.1, we know that for any fixed vectors e; , ..., e, _,, there is a constant (1 + 6)(Y1+e)i0,...,(1+e)m =1,
such that

1
/1(1:2“’ ..... A+m \ T+, -(1+Om
co
ALOm-1.04Om Q+Oigrom |
co
7(1*‘5)771 \ cotY
A( t?m cotY |
co
ZnAL(eh, )l
Jm=1
Y
< 1+ oy ram ) M
L
for all continuous m-linear operators A: X, X e X X — Y. Then,
(1+€)1 (1+6)m
(1+€),0 S(1+€)m (1+e)lo L(1+€)m
lg:t-e)m 1.+6m (1\31(-);)104r1 LA+om mty
P 7(1+5)m cotY
1+e‘2m A’cotY
t
T AAEN Y CICHSERT - | |
Joliomt | i \ nt / |

< 1+ Nrvoyva ) Ml
L

for all continuous m-linear operators A;: Xy 4¢), X ** X X(14¢),, 2 Y.
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To conclude the proof we just need to remark that

1
(2+6€)i, \ 2+e);

(24+6)m_1 (2+6)ig+1
. (2+€)m
2+6)m
Sup | Z Z Z”AL(eh’ b e]m)" | |
Jtdig—
Lrlig=1 \]10= \ Jjm=1 / /
Ag:;)io,...,(ue)m W
AUHOm-L@HIm e corr
I . . 1(1‘*75)7” cotY I
.. ) e
< sup Z Z 4L (ej,, e,
JreJig-1 Jig=1 \ jm=1 L /
provided
1+ (1+Em (1+e)m
(2 + e)io 2 ACOtY L) (2 + e)m 2 ACOtY :

3 Proof of Theorem 1.1 (See [1])
Let the adjoint of a Banach space X be denoted by X*. To simplify the notation we will consider ¢ (j) = j for all j;

the other cases are similar. Let Lm(X(1+e)1r v X(14€) ) Y) denote the space of all continuous m-linear operators
from X, X ---Xx X, toY. By the canonical isometric isomorphism

W L™ (Xve)y o Xarerm K) = L7 (Xares -0 Xaremes Xaren) )
and duality in X, 1), , note that, if R € L™(X(14¢),, --» X(146),,; K), We have
R(xl' o Xm—1, en) = lIJL(R) (xl' ) xm—l)(en) = (qJL(R) (xl; ) xm—l))n- (12)

We start off by proving (1)=(2). Let us suppose that there is a constant (1 + €)(14¢),,..,(1+e), = 1 SUCh that

( =9,

(;+e);n |
| SIS (Y IR ]
j1=1 | jz=1 Jm=1 )

€ /2

<1+ Oara).1+om Z”TL” (13)
L

for all continuous m-linear forms T,: X(14¢), X = X X(14¢),, = K

Consider a continuous (m — 1) -linear operator A;: X(;1¢), X ** X X(14€)pp_, — (X(Hs)m)*. Then, using our
hypothesis, we have
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cotype max{(1 + €)%,, 2}, by Theorem 2.2, the exponents (”E) . (%)
1 m—

Since

we have
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5[ (S gt
L )
L e,
s (53 e ]
1515 S (E D) ]
- )]

; |

J2=1

P

Jm-1

z)i

J1=1 1 \Jm=1

DY IORSERIR /|

—

) 29\ (2 |
|
J

< 1+ say,arom ) 1WA
L

< (1 + E)(1+e)1,,,,,(1+6)m Z”AL”
L

- (Xa+e,,) - Since (Xa4e),,) has
in (2.2) satisfy
1

X X+e)ms

/1(1+e)2,...,(1+6)m_1
max{(1+€)ym,2}

1+e>

1+E)
€ € /m-1

29> -

A(l"'f)m 1
max{(1+€)m,2}’

20491 (14 m (
max{(1+€)j.2} ’

(15)

1
B max{(1 + €);,, 2} -

1
U
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204 4y _ 1

max{(1+€);,,2} - 1 1 1 0
ma"{max{(l Yo ((1 o, tas e)m_l)' }

1

1 1 1
maxlt (ot aran ) )
— 6(1+e)i,...,(1+e)m_1.#

foralli € {1,...,m — 1}. Then, (15) can be re-stated as

1+e€
€

1+e€
€

(1+e

) > 6(1+6)1‘---‘(1+€)m—1'ﬂ’<
€ 1 -

) > 6(1+5)2‘---‘(1+5)m—1‘ﬂ’ ( ) > §A+)m-1.p
2 m—1

and the proof is done.

1+e

(2)=(1). If the exponents (1+€)1, (T)m—l satisfy

1+e€
€

1+e€
€

(1+e

) > 5(1+5)1~--'(1+€)m—1‘#,(
€ 1 -

) > 6(1+€)2:---:(1+6)m—1:#' ‘( ) > 6(1+5)m—1»#’
2 m-1

1+e

we have, again, that the exponents (%) ) e (T) satisfy
1 m-—1

1+e > 0FO1 W+ Omos 1+e > 04O (1t my 1te S 10+
€ 2+€ E 2+€ R € 2+€ ’
m—1

with (2 + €) = cot (X(14¢),,) - Thus, by Theorem 2.2, there is a constant

(1 + from) > 1

(1+€)1,...(1+€)m-1 =

such that

(£9,\ (59

(e \O5,
® ® (1+e (T)m_l
z Z Z Z"TL(e]l' " e]m 1)”()(
g i (1 +€)m
J1=1 \Jz—l Jm-1=1 /
( (1+e€)
<A+ 64, m(1+e)m 1Z”TL”

for all continuous m-linear operators Ty: X(14¢), X ** X X(146),,_, = (X(1+e)m)*-

We thus have

1te Tre
/ 1te (1i€)m—2 \( € )2
(f)m—l (T)m—l
) | ) o) o) (1+€);n |
(1+6€)y,
SIS S (3 St
J1=1 | j2=1 Jm-1=1 \Jm=1 )
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—~
[y
M+
m
~—
N

~
_
m(+
m
3
|
N
—
i
o|%
)
N~—
N

[ee) oo
L X(1+e)m)

D lIw.cn (e, - ejm)n
L

./ \.
z &9 N\
\ /

( (1+e)m
<A+ Zu%mau

=1+ 6)a+e)y,.a+Om-s Z”AL”
L

for all continuous m-linear forms A;: X(14.¢), X =+ X X(14¢),, = K.

Remark 3.1. [1] proved that the determination of the exact values of the constants involved in the main theorem
is probably a difficult task, as it happens with the Hardy-Littlewood inequalities ( see [19,20] and the references
therein). However when we are restricted to the bilinear case, with (1 + €); = (1 + €), = o and ¢ as the identity

map, it is not difficult to check that we recover the constant v2 from the Orlicz inequality.

4 Conclusion

We state theoretically the Pioneer Orlicz (£,,#;)-mixed inequality with £;,. norms for the systematically
improved in the higher inequalities of £#1*€ space: of the discrete cases for best bounds and estimate of the
exponents and optimality of less small domains.
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