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Abstract

Quasi-periodic oscillations inferred during rare magnetar giant flare tails were initially interpreted as torsional oscillations
of the neutron star (NS) crust, and have been more recently described as global core+crust perturbations. Similar
frequencies are also present in high-signal-to-noise magnetar short bursts. In magnetars, disturbances of the field are
strongly coupled to the NS crust regardless of the triggering mechanism of short bursts. For low-altitude magnetospheric
magnetar models of fast radio bursts (FRBs) associated with magnetar short bursts, such as the low-twist model, crustal
oscillations may be associated with additional radio bursts in the encompassing short burst event (as recently suggested for
SGR 1935+2154). Given the large extragalactic volume probed by wide-field radio transient facilities, this offers the
prospect of studying NS crusts leveraging samples far more numerous than galactic high-energy magnetar bursts by
studying statistics of subburst structure or clustered trains of FRBs. We explore the prospects for distinguishing NS
equation of state models with increasingly larger future sets of FRB observations. Lower l-number eigenmodes
(corresponding to FRB time intervals of ∼5–50ms) are likely less susceptible than high-l modes to confusion by
systematic effects associated with the NS crust physics, magnetic field, and damping. They may be more promising in
their utility, and also may corroborate models where FRBs arise from mature magnetars. Future observational
characterization of such signals can also determine whether they can be employed as cosmological “standard oscillators” to
constrain redshift, or can be used to constrain the mass of FRB-producing magnetars when reliable redshifts are available.

Unified Astronomy Thesaurus concepts: Magnetars (992); Soft gamma-ray repeaters (1471); Neutron stars (1108);
Nuclear astrophysics (1129); Radio transient sources (2008); Radio bursts (1339); Neutron star cores (1107); Non-
thermal radiation sources (1119); Cosmology (343); High energy astrophysics (739); Stellar oscillations (1617);
Asteroseismology (73)

1. Introduction

Fast radio bursts (FRBs) are radio transients characterized by
millisecond durations, brightness temperatures 1030 K, extra-
ordinary energetics, and high fractional linear polarization.
Extragalactic FRBs can be useful probes of the intergalactic
medium (Macquart et al. 2020) and other cosmological
parameters (e.g., Li et al. 2018).

In most astrophysical models, the plasma (and associated wave
modes) that are involved with the FRB production must be of
low entropy.8 The inner magnetospheres of neutron stars (NSs),
particularly magnetars, are a natural candidate (e.g., Kumar
et al. 2017; Lyutikov 2017; Wang et al. 2018; Wadiasingh &
Timokhin 2019; Lyutikov & Popov 2020). Indeed, FRB-like
events reported by the Canadian Hydrogen Intensity Mapping
Experiment (CHIME; CHIME/FRB Collaboration et al. 2020)
and the Survey for Transient Astronomical Radio Emission
2 (STARE2; Bochenek et al. 2020a, 2020b) associated
with a hard X-ray short burst9 from SGR1935+2154

(e.g., Li et al. 2020; Mereghetti et al. 2020, and references
therein) suggest that some fraction of extragalactic FRBs
originate from mature (age 1 kyr) magnetars (for a survey of
models, see Margalit et al. 2020).
The low-twist model is one such magnetospheric magnetar

model for FRBs with an explicit connection to hard X-ray short
bursts (Wadiasingh & Timokhin 2019; Wadiasingh et al.
2020). It also proposes that trains10 of radio bursts could be
associated with strong crustal oscillations. The trigger11 for
hard X-ray short bursts, and FRBs, may be internal (e.g., Perna
& Pons 2011; Thompson et al. 2017; Suvorov & Kokkotas
2019) or external (e.g., Levin & Lyutikov 2012; Lyutikov &
Popov 2020). In the low-twist model, all FRBs ought to be
associated with hard X-ray short bursts but not conversely
owing to low-charge-density conditions necessary for strongly
fluctuating e± pair cascades needed for the pulsar-like emission
(Philippov et al. 2020). In this framework, more prolific
repeaters (e.g., FRB 180916; Amiri et al. 2020) may be rare
mature magnetars with long spin periods (see Beniamini et al.
2020 for details) rather than very young hyperactive ones. The
charge-starvation condition for magnetic e± cascades sets a
minimum energy scale that distinguishes FRBs from radio
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8 The observed “coherent” radio emission is nonthermal and highly linearly
polarized, which demands involvement of nonthermal plasmas and ordered
plasma/fields.
9 Recurrent hard X-ray short bursts, of energy ∼1036–1042 erg and duration
T90∼5–500 ms, are the most numerous observed type of high-energy
magnetar burst. They are distinguished from giant flares by much lower
spectral peaks (typically below 100 keV) and total energetics, and a lack of
strong pulsating tails/afterglows. See Mereghetti (2008) and Turolla et al.
(2015) for reviews and Collazzi et al. (2015) for a recent catalog.

10 Or “subbursts,” hereafter adopted interchangeably. See Section 3, and
references therein, for examples.
11 That is, the fast instability mechanism that results in individual short bursts,
or temporally correlated clusters of spikes.
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emission from corotationally driven electric fields in canonical
pulsars. Indeed, the FRB-associated short burst in SGR1935
+2154 was spectrally distinct from other bursts in that
magnetar12 that did not produce FRBs, yet it was unremarkable
in light-curve structure, temporal evolution, or apparent
energetics (Younes et al. 2020). This suggests a similar
trigger/driver, but with distinct magnetospheric conditions.

Regardless of the trigger’s internal/external nature, the
magnetic field couples to mobile electrons and more fixed ions
in the crust. Disturbances can then excite short-lived char-
acteristic oscillation modes of the NS.

Such quasi-periodic oscillations (QPOs) have been reported
in galactic magnetars in both hard X-ray short bursts
(Huppenkothen et al. 2014a, 2014c; not unlike those in
SGR 1935+2154) and in giant flare tails (e.g., Israel et al.
2005; Strohmayer & Watts 2005; Watts & Strohmayer 2006;
Strohmayer & Watts 2006; Watts & Strohmayer 2007; Miller
et al. 2019a). Indeed, the two CHIME pulses associated with
SGR 1935+2154 are approximately aligned (within ∼6 ms),
systematically lagging with reported hard X-ray peaks
(Mereghetti et al. 2020), and a third X-ray peak apparently
exists at a similar temporal cadence. Besides alignment, the
peak separation of radio and X-rays is comparable at ∼30 ms,
much larger than component widths of ∼3 ms or uncertainties
associated with their position. QPO-like structure at ∼35 Hz is
also suggested in Hard X-ray Modulation Telescope (HXMT)
light curves (Li et al. 2020). Moreover, the radio pulses precede
the hard X-ray peaks by up to ∼6 ms as reported in Mereghetti
et al. (2020), disfavoring magnetar models that propose radio
emission originating outside the light cylinder or those that
trigger the radio after X-rays.

Subbursts have been observed in many FRBs. Formally,
these are temporal clusters of events, spikes, or multipeak
substructure within bursts with much shorter interarrival times
than between clusters. Such bimodality in distribution of
waiting times is an assumption that appears to be true in both
FRBs and hard X-ray short bursts. We adopt the conjecture of
Wadiasingh & Timokhin (2019) that these FRB trains are due
to magnetar oscillations. There exists a significant gap in the
waiting time distribution for FRB 121102 between the bulk of
recurrences (which exhibit similar lognormal population
properties to magnetar hard X-ray short bursts) and a minority
of short-waiting-time trains (see Figure 2 in Wadiasingh &
Timokhin 2019). The interarrival time of clusters (i.e., trains) of
radio spikes are 3σ away from the lognormal mean/peak.
The gap suggests trains (i.e., spikes within temporal clusters)
are temporally correlated and share a trigger. Likewise, Cruces
et al. (2020) report that a waiting time of ∼40 ms between
spikes in their Effelsberg data is only 3×10−5 probable with
Poissonian expectations. Indeed, Huppenkothen et al. (2015)
also found bimodality (i.e., a gap) in the waiting time
distribution of spikes in a hard X-ray short burst storm of
SGR 1550–5418.

Given the extensive extragalactic volume probed by radio
survey facilities, in contrast to the limited detection volume for
magnetar short bursts by current GRB instruments (e.g.,
Cunningham et al. 2019), our conjecture offers the prospect
of studying NS crusts from samples far larger than afforded by
galactic magnetars. Furthermore, the spacing and alignment
(with a shift of ∼6 ms) of X-ray/radio peaks in SGR 1935

+2154 suggests that FRBs might be a cleaner probe of the
oscillation period than X-rays, owing to their temporal
narrowness and high signal-to-noise ratio. The crucial point
is that the radio and X-rays have peak-to-peak timescales that
are indistinguishable from each other.
The current sample of reported FRBs appears insufficient to

strongly support or falsify our conjecture. Yet CHIME and
other wide-field transient facilities are expected to imminently
report 103 FRBs. In particular, if the magnetar progenitors are
similar in mass, more FRB trains might provide strong support
for this model. Moreover, if such additional data show that the
eigenmodes are standardizable,13 this establishes yet another
route to estimating redshift of FRBs independent of dispersion
measure.
In Section 2, we briefly review the relevant physics. In

Section 3 we present an illustrative case: supposing that burst
intervals in reported FRB trains are oscillations, we identify
them with specific eigenmodes, adopting two representative NS
equations of state (EOS). In Section 4 we consider how future
observations might be exploited.

2. Magnetar Oscillations—A Primer for Nonspecialists

Duncan (1998) originally suggested that soft gamma-ray
repeaters (SGRs) could frequently be subjected to starquakes,
which would likely excite oscillation modes. Therefore the QPOs
observed in the giant flares of SGR 1806–20 and SGR 1900+14
were initially interpreted as torsional crustal modes (e.g., Israel
et al. 2005; Strohmayer & Watts 2005; Watts & Strohmayer
2006; Strohmayer & Watts 2006; Watts & Strohmayer 2007;
Samuelsson & Andersson 2007; Timokhin et al. 2008). Similar
identifications of QPOs in SGR J1550–5418ʼs hard X-ray short
bursts were proposed by Sotani et al. (2016).
The inclusion of a strong magnetic field in the calculation of

the oscillations causes small changes in the frequencies of these
modes. It also introduces coupling with the continuum of MHD
modes in the core and faster damping (Levin 2006).
Longer lived global (core+crust) modes need eigenfrequen-

cies in gaps of the MHD continuum spectrum (Gabler et al.
2012), which can also be “broken” by the coupling between
axial and polar modes (Colaiuda & Kokkotas 2012), or by
tangled magnetic field configurations (Link & van Eysden
2016). More sophisticated models have included ingredients
such as superfluidity in the study of global oscillations, which
also depend in a major way on the details of the crust (see
Turolla et al. 2015).
We adopt the simplest model of torsional oscillations of the

nonmagnetized NS crust. A more detailed description of global
modes can also be straightforwardly applied if desired, but
would introduce more assumptions on the NS+field config-
uration. For fundamental (n= 0) torsional crustal modes with
multipole number l, the eigenfrequency is approximately
proportional to l (Samuelsson & Andersson 2007):

n
n

- += l l
2

1 2 . 1l n, 0
2,0 ( )( ) ( )

The influence of the crustal magnetic field B in the frequencies
can be described (Duncan 1998; Messios et al. 2001) by a

12 But more in line with some short bursts in other magnetars (e.g., Lin et al.
2012).

13 That is, if correlations exist between observables that collapse model
degeneracies in mode identification.
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multiplicative correction,
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where αl, n is a coefficient of order unity (Sotani et al. 2007)
and Bμ≈4×1015 G. Spatial inhomogeneity of B within the
crust, or time evolution or rearrangement of B between bursts,
may lead to systematic variations of eigenfrequencies over time
—see, for instance, observed variation of frequencies below
40 Hz in Miller et al. (2019a).

The eigenfrequencies depend more strongly on the mass and
EOS (especially the crust EOS; see also Deibel et al. 2014), and
more weakly on the B configuration and other details of the NS
model. The small number of detections so far and known
degeneracies in the modeling make it challenging to solve the
inverse problem. However, constraints obtained on the crust
EOS would be complementary to constraints on the (core) EOS
from observations of binary NS mergers with LIGO (Abbott
et al. 2018) and of PSR J0030+0451 with NICER (Miller et al.
2019b; Riley et al. 2019).

Investigations of the parameter space demonstrate that
torsional eigenfrequencies for each mode l decrease with
increasing total mass of the NS (with a relative variation of
∼30% from  M1 2 ). However, they increase for harder
crust EOSs (∼30% relative variation at 1.4Me across different
models). There is an additional (but weaker) effect of the core
EOS: the frequencies decrease for harder core EOSs, with ∼5%
relative variation at 1.4Me, for softer EOSs consistent with current
LIGO constraints. For a range of masses (1–2Me) and EOSs (both
crust and core) the eigenfrequencies at fixed l can vary ∼60%

(see Figure 1). For example, de Souza & Chirenti (2019) found
that ν2,0∼18–30Hz, with increasing values for harder crusts.
Note that model eigenfrequencies account for the NS’s

gravitational redshift, and the quoted values are for a distant
observer at rest. For the FRB context, a factor associated with
cosmological redshift is necessary (see Section 3).
The damping times are much more model dependent and vary

more strongly with the details of the crust B configuration.
Coupling with MHD modes in the core can shorten the damping
time, which is estimated to be roughly from - 1 ms( )

µ - B1 s 1 2( ) (e.g., Levin 2006; Gabler et al. 2012). This is
consistent with the reanalysis of SGR 1806–20 data reported by
Miller et al. (2019a) and with the analysis of its 625 Hz QPO
performed by Huppenkothen et al. (2014b). The duration of FRB
trains may constrain the B strength, although it is very
configuration dependent. For instance, Gabler et al. (2012) find
that for a dipole with Bfew×1014 G, the damping time
would be so short such multiple observed oscillation periods are
unlikely. Therefore, observation of trains of low l-number modes
may suggest a mature magnetar disfavoring models that invoke
extreme young magnetars (age=1 kyr and B∼1016 G) as
FRB progenitors. Fortuitously, B corrections to nonmagnetic
eigenfrequencies would also be much smaller in mature
magnetars.

3. Tentative Mode Identification in FRBs

As an illustrative first step, we consider time intervals14

between reported trains or subbursts. The distinction between

Figure 1. Mode identifications with EOS models I and II (Table 1). Low-mass (1.2 Me Sly+Sly) and high-mass (1.8 Me APR+Gs) cases bracket possible
systematic variation due to EOS and unknown mass.

14 This is quite different from what has been done in the QPO analysis of
X-ray light curves. Our conjecture that these time intervals are related to
oscillations is based on the temporal correlation between X-ray light-curve
features and radio bursts in SGR 1935+2154 described in Section 1.
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subbursts within longer FRBs and well-separated FRB trains is
considered physically not meaningful, since instrumental
threshold and scatter broadening of trains can influence such
categorization. For instance, two well-separated spikes within a
short time interval may be categorized as separate bursts (train)
or a single burst with two subbursts, and can be influenced by
how dispersion measure (DM) is optimized (Hessels et al.
2019), an instrumental threshold that sets the baseline for any
“jagged iceberg” signal, and software pipelines. Some fine
structure within bursts could also result from pair cascade
nonstationarity (Timokhin 2010; Timokhin & Arons 2013),
lensing by compact objects (e.g., Sammons et al. 2020;
Laha 2020), or high crustal n�1 modes. Alternatively, fine
subburst structure could also result from propagation effects by
strongly inhomogeneous scattering and scintillation (e.g.,
Cordes & Chatterjee 2019, and references therein).

To be clear, we adopt the time interval between FRB spikes
as a proxy for a putative magnetar oscillation period. This
provides an illustrative example, consistent with the correlation
between X-rays and radio spikes in SGR 1935+2154. A large
sample of FRB radio pulses (see Section 4) and/or more
detailed analysis of corresponding X-ray data (similar to those
that found QPOs in other magnetar short bursts) is necessary to
confirm our hypothesis but is beyond the scope of this Letter.

Longer timescale variability (?1 ms) that cannot easily be
ascribed to propagation effects (without invoking contrived
plasma screens or emission regions far away from the NS) is
likely more secure for potential identification with crustal
eigenmodes. Thus, we focus on these for tentative mode
identification. However, we emphasize frequencies obtained
from the intervals between bursts are a crude estimate that must
be confirmed with a more rigorous analysis similar to that of
Miller et al. (2019a).

Reporting of FRB trains is not uniform in the current
literature. In particular, CHIME/FRB Collaboration et al.
(2019b); Fonseca et al. (2020); Amiri et al. (2020) report
several subbursts in various FRBs mostly commensurate with
those that we consider in this preliminary work, but accurate
time intervals between those components are not detailed.

We adopt two NS models for candidate eigenmode
identification in FRB trains—see Table 1 and Appendix A.
Our choice is guided by current constraints on the radius R of
1.4Me NSs from GW170817 by Abbott et al. (2018; R
13.5 km) and by NICER inferences for PSR J0030+0451
(Miller et al. 2019b; Riley et al. 2019; R≈13±1 km).

Given the cosmological nature of FRBs, candidate frequen-
cies νobs must be transformed to the comoving inertial rest
frame of the host galaxy at redshift z by

n n= + z1 3rest obs( ) ( )

for comparison with model eigenfrequencies.

3.1. FRB 200428 and SGR 1935+2154

FRB-like bursts temporally coincident with hard X-rays
from SGR 1935+2154 support our conjecture that FRB trains
may carry an imprint of the progenitor crustal dynamics.
Mereghetti et al. (2020) in fact report that there are three X-ray
peaks roughly separated at ∼30 ms, leading to the intriguing
possibility that these peaks result from crustal oscillations.
Indeed, such correlation of radio bursts and features of the
X-ray light curve suggests these features do not arise from a red
noise process. Future radio/X-ray bursts may clarify this view.
This motivates comparison of time intervals with crustal
oscillation periods in other FRBs. The 28.9 ms time interval
(much larger than the reported scattering time ∼0.8 ms)
between the CHIME bursts (CHIME/FRB Collaboration
et al. 2020) corresponds to νobs≈34.6 Hz. The eigenmode
identification thus is n=0, l=3 or n=0, l=2 (see
Figure 1) at z;0. An alternative scintillation scenario has
been proposed for SGR 1935+2154 (Simard & Ravi 2020), but
this model is incompatible with a magnetospheric emission
scenario.

3.2. FRB 121102

FRB 121102 is one of the most well-studied recurrent FRBs,
and the first to be localized with a redshift. Hundreds of bursts
have been reported since its discovery, including a “storm” in
2017 that emitted 93 bursts (Zhang et al. 2018) over ∼5 hr. For
the vast majority of the bursts in that storm, the interarrival
times are lognormally distributed with a mean of ∼60 s and
width 0.7 dex. A separate, smaller, population of the 93 bursts
have short interarrival times, listed in Table 2.
FRB 121102 also exhibits complex time-frequency struc-

tures in time-resolved analysis (e.g., Hessels et al. 2019). These
structures correspond to variability at frequencies 600 Hz
(i.e., those associated with largest timescales in their Figure 3,
top left panel). Local galactic diffractive interstellar scintillation
can account for some fine structure, but not for longer
timescales considered in this work.
Zhang et al. (2018) searched for periodicities in the arrival

times of bursts in their ∼5 hr window and did not find any
compelling signals for long-lived periodicity. Yet candidate
periods quoted by Zhang et al. (2018) are compatible with
some of the candidate frequencies reported in Table 2. If the
oscillations are quickly damped in the signal (and possibly re-
excited) the search for QPOs must focus on shorter segments of
data (Miller et al. 2019a).
We also consider other burst intervals reported in the

literature in Table 2 for ?1 ms timescale trains. For some burst
intervals in Table 2, unseen intervening bursts could exist, e.g.,
if the magnetosphere is sufficiently polluted and strong
nonstationary e± cascades are quenched. Thus, the table
comprises minimum frequencies (with the real crustal eigen-
frequency an integer multiple i=1, 2, 3, K larger). This may
explain the largest time interval B5→B6 in Table 2, which
prevents mode identification.
We see that most of these candidate modes are compatible

with those inferred in galactic magnetars.15 The lower l modes
corresponding to νrest∼35–45 Hz suggests that damping times
are not short, i.e., FRB 121102 is compatible with a mature
magnetar with a relatively moderate 1013 GB=1016 G.

Table 1
Adopted EOS Models

Model Core EOS Crust EOS M (Me) R (km) ρc (g/cm
3)

I APR(1) Gs(3) 1.4 12.4 2.01×1014

II SLy(2) SLy(3) 1.4 11.7 1.34×1014

Note. ρc is the crust–core transition density.
References. (1) Akmal et al. (1998), (2) Douchin & Haensel (2001), (3)
Steiner (2012).

15 The details of the initial perturbation(s) likely select which modes are
excited with detectable amplitude (Bretz et al. 2017).
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The higher frequencies quoted in Table 2 can be tentatively
identified with larger l-numbers. The interpretation of these
modes is unclear, and might relate to oscillations that involve
only a small area of the crust. A larger sample is necessary to
establish discreteness in the spectrum of modes. Importantly, a
more rigorous analysis is necessary to identify possible high-
frequency QPOs in the data. Given our preliminary analysis, it
is therefore likely that not all frequencies quoted here will be
replicated.

3.3. FRB 180814.J0422+73

FRB 180814.J0422+73 is a prominent repeater (CHIME/
FRB Collaboration et al. 2019a). CHIME/FRB Collaboration
et al. (2019c) measure a characteristic scattering time <0.4 ms.
The “9/17” subburst in FRB 180814.J0422+73 (CHIME/FRB
Collaboration et al. 2019a) is so strikingly regular that it has
been proposed to be associated with a spin period (Muñoz et al.
2020). Yet it is also broadly consistent with crustal modes
observed in magnetars. Our mode identification in Table 3
adopts z=0.1, based on arguments in CHIME/FRB Colla-
boration et al. (2019a). Alternatively, adopting models I and II,
the redshift is estimated as z∼0.11–0.14.

The ∼50 ms duration of the “9/17” train also suggests the
oscillation damping time is not short and FRB 180814.J0422
+73 arises from a mature magnetar.

4. Outlook for Standardizing FRB Trains

Our conjecture is that temporally closely separated FRBs
(i.e., trains or subbursts) are associated with crustal oscillations.
A crucial point is that such crustal eigenmodes are discrete and
follow roughly integer ratios for any individual NS. Addition-
ally, they are dependent only on the characteristics of the NS
(such as the total mass and crust EOS and B), i.e., they are
independent of any initial perturbations or transients.

Based on the reported approximate alignment of radio bursts
and hard X-ray peaks in SGR 1935+2154, we propose that the
radio can be potentially more advantageous than the X-ray for
eigenfrequency identification. The radio can also probe a far
larger cosmological volume of bursts. Therefore, it is essential
that time intervals between subbursts be reported by the radio
community, barring a more rigorous QPO analysis.

For any individual magnetar, there is likely some additional
spread in the candidate eigenfrequencies owing to inhomo-
geneity and variation of B in the crust. Empirically, this is the
case in at least one galactic magnetar (SGR 1806–20; Miller
et al. 2019a). A population ensemble will also introduce
dispersion in candidate train eigenfrequencies due to a variety
of factors such as varying progenitor NS masses, crustal B
fields, redshifts, beats,16 and propagation effects. Yet concen-
trations, or bands, could be revealed after a redshift correction
(for instance, based on dispersion measure), since the influence
of NS mass is <30% if FRBs are produced by mature
magnetars with moderate crust B  Bμ.
Therefore, we can expect a fractional frequency spread for

each (n= 0) l-mode for the FRB population to be

n
n
D
á ñ

»
D
á ñ

+
D
á ñ

+c
M

M
c

B

B
..., 4l

l

rest,

rest,
0 1 ( )

where the coefficients ci are expected to be small (see Figure 1)
and will be determined by the EOS and field configuration.
Furthermore, such a spread could be asymmetric owing to
influences of the field (particularly at higher l-numbers).
The relative distribution width (and skewness) in candidate

frequencies of the FRB population then determines which l-
numbers can be differentiated, since eigenfrequencies scale
approximately linearly with l while systematics associated with
the NS mass, crust B, and redshift are multiplicative. Lower l-
numbers (with n= 0) are then less prone to such systematic
effects and could most easily exhibit integer scaling associated

Table 2
Reported Trains in FRB121102

Burst νobs (Hz) νrest (Hz) Mode Identification I Mode Identification II Ref.

8→9 0.0143−1 83.3 n=0, l=8 n=0, l=6 (1)
27→28 0.00522−1 228.3 n=0, l=22 n=0, l=16 (1)
28→29 0.00195−1 612.2 n=1 n=1 (1)
30→31 0.01925−1 62.0 n=0, l=6 n=0, l=4 (1)
68→69 0.00242−1 492.0 n=0, l=47 n=0, l=36 (1)
81→82 0.00267−1 446.4 n=0, l=43 n=0, l=32 (1)

B5→B6 0.108−1 11.0 L L (2)
B35→B36 0.026−1 45.9 n=0, l=4 n=0, l=3 (2)

“Figure 4” 0.034−1 35 n=0, l=3 n=0, l=2 (3)

03 0.028−1 43 n=0, l=4 n=0, l=3 (4)
05 0.034−1 35 n=0, l=3 n=0, l=2 (4)

Note. We adopt z=0.19273 (Tendulkar et al. 2017).
References. (1) Zhang et al. (2018), (2) Gourdji et al. (2019), (3) Hardy et al. (2017), (4) Caleb et al. (2020).

Table 3
Subbursts Reported in FRB180814.J0422+73

Burst νobs (Hz)
νrest
(Hz)

Mode Identifica-
tion I

Mode Identifica-
tion II

“09/17” 0.013−1 85 n=0, l=8 n=0, l=6
“10/28” 0.0081−1 136 n=0, l=13 n=0, l=10

Note. “09/17” and “10/28” refer to two bursts with multiple resolved
subbursts—see Extended Data Table 1 and Figure 1 in CHIME/FRB
Collaboration et al. (2019a).

16 In SGR 1806–20, however, multiple independent eigenmodes are
apparently not simultaneously excited in the analysis of Miller et al. (2019a).
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with discreteness. This is readily apparent in Figure 1. For a
fiducial systematic fractional spread of ∼20%–30%, l-numbers
up to l∼6–8 may be differentiated from neighboring modes if
all modes are equally likely in FRB production. However,
observations from SGRs indicate that some modes may be
skipped (or excited with very low amplitudes) in any given
event, depending on the details of their initial excitation.

To quantify the above statements, we construct a simplified
simulation of a population of candidate magnetar oscillation
frequencies (assumed corrected to the rest frame of the source).
This may be used to infer discreteness in the distribution and
distinguish between oscillation models (in the case highlighted,
explicitly EOS models for crustal oscillations). In Figure 2, we
display realizations of such a simulation where we sample l-
numbers from magnetars of different masses and magnetic
fields. The number of realizations, i.e., observed frequencies,
then determines the robustness of how well observations can
exhibit frequency clustering or distinguish between models.

The model probability density function (PDF) in Figure 2 is
shown in the solid red and blue curves for the SLy+SLy and
APR+Gs models, respectively. A realization of samples of this
PDF with 5 (“Few”) and 50 (“Many”) frequencies per l-number
(from the assumed magnetar population) are shown in the
upper and lower panels, respectively. See Appendix B for
details and caveats for the model.

In the construction of Figure 2, to highlight possible
confusion of identification, we conservatively assume a
uniform probability for the spectrum of l-modes observed (up
to an arbitrarily large l-number unimportant for our demonstra-
tion) rather than the more specific clustering exhibited in SGRs
(plotted markers in Figure 2). For instance, in SGR 1806–20
(e.g., Watts & Strohmayer 2007; Miller et al. 2019a) it appears

limited l-modes (most often near ∼20–40 Hz and ∼80–100 Hz)
are more often present over others, so differentiation in a
population may be also possible at higher l-modes provided
such gaps exist. Interestingly, the ∼80–85 Hz mode is
apparently present in both FRB 121102 and FRB 180814.
J0422+73, perhaps indicating they are similar in mass.
Curiously, there is also apparent concordance of ∼20–40 Hz
modes in FRB 121102, SGR 1935+2154, and SGR 1806–20.
As noted above, clustering is readily apparent at lower l-

numbers in the lower panels with a higher number of putative
observed frequencies. Frequency spacing in the APR+Gs
model is narrower than SLy+SLy, resulting in more confusion
at equal l-numbers but also a path for model/EOS discrimina-
tion at lower l-numbers via measurement of the spacing of
peaks in the histograms in Figure 2. Comparison of the
observed realizations against a uniform distribution with
Kolmogorov–Smirnov (KS) and Anderson–Darling (AD) tests
can quantify the statistical significance of clustering. Unsur-
prisingly, we find that the “Few” cases are statistically
indistinguishable from a uniform distribution. In contrast, the
“Many” cases for SLy+SLy and APR+Gs are 3σ (AD/KS
null hypothesis p∼10−3) and 2σ (AD/KS null hypothesis
p∼10−2) away from uniform below 100 Hz, respectively.
Significance rises (lowers) if the upper-limit frequency of
comparison against a uniform distribution (of the same range of
comparison) is lowered (raised) over the adopted 100 Hz.
Figure 2 is a pessimistic illustrative case where l-numbers are

equally likely without gaps, and there is significant dispersion
in the distribution of magnetar masses—this makes clustering
of modes more challenging to distinguish from noise. Observed
lower l-number bursts also must have longer damping times
(and therefore lower B), thus we likely overestimate

Figure 2. Realizations from the model PDF (red and blue curves) of putative crustal oscillation frequencies from an unbiased sample of magnetars of varying modeled
mass and magnetic field if, conservatively, all l-numbers were excited/observed with equal probability. Upper (“Few”) and lower (“Many”) panels depict N=5 and
N=50 samples per l-number in the model with the associated histogram (green and brown vertical lines depict individual members of histogram bins). Of order ∼50
frequency measurements per l-number are necessary to distinguish deviations from uniformity below 100 Hz at 2σ–3σ confidence. Extant reports of QPOs in SGRS
are also shown, which highlight not all l-numbers may be uniformly produced—SGR 1900+14 (Strohmayer & Watts 2005, orange circles), SGR 1806–20
(Strohmayer & Watts 2006, magenta squares; Huppenkothen et al. 2014a, gray triangle; Miller et al. 2019a, cyan fences), and SGR 1550–5418 (Huppenkothen
et al. 2014c, blue diamonds). See Appendix B for identification of dashed and dotted lines.
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eigenfrequency distribution skewness associated with BBμ.
The existence of eigenfrequency gaps can only be constrained
observationally, over an unbiased population of FRB trains.
From the conservative uniform-l simulation, we conclude that
 102( ) unbiased rest-frame corrected frequencies are sufficient
to corroborate magnetar oscillations are involved in FRB
production.

The standarizability of FRBs depends on the population
characteristics of FRBs (or repeater subpopulations) and how
well the EOS is known (plausibly, only one EOS describes all
NSs). If the observed dispersion across a population of FRBs is
small, then trains in FRBs from unknown redshift may be
assigned tentative probabilities for different l-numbers, result-
ing in a probable redshift. Machine learning techniques, over
full FRB time-frequency data, may be useful in this goal.

Alternatively, if redshifts are reasonably well constrained via
other methods, then population discrete eigenmode identifica-
tion can begin constraining the NS EOS. A framework for
pooling different astrophysical information for EOS constraints
is presented by Miller et al. (2020). If confirmed, the
eigenfrequencies from FRBs can augment a similar analysis.
They could provide valuable input on the crustal EOS and
usher in a new era for the study of cold dense matter.

We thank Paz Beniamini and George Younes for useful
discussions. We also thank Cole Miller, Kostas D. Kokkotas,
and Arthur Suvorov for valuable feedback on an earlier version
of this manuscript. Z.W. is supported by the NASA
Postdoctoral Program. C.C. acknowledges support by NASA
under award number 80GSFC17M0002 and by the Brazilian
National Council for Scientific and Technological Develop-
ment (CNPq grant 303750/2017-0). This work has made use of
the NASA Astrophysics Data System.

Appendix A
An Algorithm for Mode Identification and Parameter

Estimation in Individual Sources

Mode identification of observed candidate frequencies in
individual sources requires adopting a model (with associated
parameters) for eigenmodes at fixed cosmological redshift. In
general, for a chosen model and set of parameters, the
predicted model l-number, ℓmodel, for a candidate observed
frequency will not result in an integer value. Let us
denote the nearest integer to ℓ

model as lnearest. For instance,
inversion of Equation (1) at B=Bμ at given redshift z for an
observed frequency νobs yields candidate l-number =ℓmodel

n n n+ + -z3 4 1 1 22,0
2

obs
2

2,0( ( ) ( [ ]) ) . The identifica-
tions in Tables 2–3 are lnearest for the adopted models in
Table 1.

This rounding aspect can be used to constrain model
parameters or redshift in individual sources (but in practice
may not be too constraining owing to poor knowledge of
models and source parameters—a more productive path may be
unbiased populations of FRB trains—see Figure 2). For
example, for a collection of candidate frequencies i=1K N
with weights wi, the quantity W (adopting standard assump-
tions),

åº - =W w ℓ l l
ℓ

,
2

2
,

A1
i

i i i i
imodel nearest 2 nearest
model⎡

⎢⎢
⎤
⎥⎥( ) ⌊ ⌋

( )

may be minimized (or sampled) over some set of model
parameters to yield constraints (or posterior distributions) for
quantities such as mass and redshift. Here x⌊ ⌋ and x⌈ ⌉ are floor
and ceiling functions, respectively.

Appendix B
Details and Caveats on the Simulated Models

For construction of Figure 2, we assume the masses of
magnetars are roughly commensurate with the nonrecycled
neutron star population (Özel et al. 2012; Kiziltan et al. 2013),
and adopt a Gaussian distribution M=1.35±0.15Me. For
concreteness, we take crustal oscillations models in de Souza &
Chirenti (2019), interpolated on a grid of masses between
0.8–2.0Me for ν2,0 and calculate νl,0 via Equation (1). A higher
or lower dispersion in masses can strongly influence the width
of peaks in the PDF in Figure 2. For expediency, we assume
Equation (2) with αl,0 ≡ 1 and Bμ=4×1015 G. For the
magnetic field distribution in the population of magnetars, we
adopt the well-known phenomenological field decay paradigm
of Colpi et al. (2000) extended in Dall’Osso et al. (2012) and
Beniamini et al. (2019) with steady-state distribution

µ a- +dN dB B 1( ) for a constant birth rate, with field evolution
parameter α. For birth magnetic fields, we assume
3×1014–3×1015 G, a identical construction as the “II” case
in Wadiasingh et al. (2020). The value of α is generally
constrained −1<α<1 by Beniamini et al. (2019)—we
adopt α=−1 as the fiducial case (however, values of
α={0,1} are shown in Figure 2 in dash and dotted lines,
respectively). This choice also biases samples to magnetars
with higher B over other α values, which highlights possible
skewness of frequency clustering. For a physical model
associated with α∼−1, see Beloborodov & Li (2016).
There are many caveats associated with such a simple

exercise, particularly related to assumed parameters, the model
and systematics of sample biases. For instance, the dispersion of
masses in magnetars is totally unknown—no measurement of the
mass of a magnetar exists. Nevertheless, with the advent of
relatively unbiased scanning wide-field radio survey instruments
gathering thousands of FRBs, it is conceivable that various data
selection criteria (e.g., on FRB recurrence rates, or exposure
time) to minimize possible biases could be implementable. Rest-
frame correction over a large population of FRBs could also be
feasible with a redshift-DM relation (Macquart et al. 2020). This
is beyond the scope of this work. Model selection, constraints, or
falsification, are obviously also possible via standard techniques.
For instance, KS and AD tests rule out to >2σ confidence that
the “Many” realization of SLy+SLy is indistinguishable from
the APR+Gs realization below 100 Hz. Alternatively, histogram
peak-to-peak measurements could generically constrain the slope
a model/EOS must follow in Figure 1.
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