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Abstract

In this paper, we calculate the convolution sum formulae of

Z moe(m)os(n —4m)

m<y

for n(e N) and an odd positive integer e and f. Moreover we obtain some identities induced from
Z"K% mo.(m)os(n —4m) and deduce a coefficients relation.
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1 Introduction

Forn € N, s € NU {0}, g € C with |¢| < 1, we define the important divisor function and the infinite
product sums, which also appear in many areas of number theory:

o = o
Alq) = nfjlamq” = A(q")? = qﬁu -",
B(q) = nilb(n)q" — (A(QA@)° = qf[l(l —q")*(1—¢*")%,

() = icqu - (M)A = qﬁ<1 Sa— g ()
D(q) := nf:l dn)g" = (A@)*A@)AG)?)° = ¢ f[l(l —q") (1 =g (1 —¢")",
E(q) := il em)" = (A(*)AGH")® = ¢° f[l(l -t - ™),
Flg) = Y fm)a” = (AA%) = TT0=a0 ) 0+

Here we obtain the relation between ¢(n) and d(n) :

Theorem 1.1. Letn € N. Then we have

e(n) = —é ()~ 324(5) — (3}

Theorem 1.1 enables us to express e(n) with ¢(n) and d(n). Let ¢ € C be such that |¢| < 1. The
Eisenstein series L(q), M(q), and N(q) are

Lig=1—-24 i o1(n)q", (1.2)
n=1
M(q) =1+ 240 i o3(n)q", (1.3)
n=1
N(q) =1 — 504 i os(n)q" (1.4)
by ([1], p. 318). Lahiri ([2], p. 149) has derived th:;;llowing identities from the work of Ramanujan
[3]:
L?(q) =1 — 288 i noi(n)q”™ + 240 i o3(n)q”, (1.5)
n=1 n=1
M?(q) =1 —&-41£80§c307(n)q"7 (1.6)
n=1
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65520 n 432000 < n
M?(q) = +Wzan(n)q + > r(n)g",
n=1 n=1

L(g)M(q) =1+ 720 Z nos(n)q" — 504 Z os(n)q",

n=1

L*(@)M(q) = 141728 ) " n’o3(n) —201627105 n)q —|—4SOZJ7 )q",

n=1 n=1

L(q)M?*(q) = 14 720 Z nor(n)q" — 264 Z o9(n)q",
n=1

65520 762048 i n

T(n)q",

N(g) =1+ =2 -
(@ =1+ Tgo1 2, on(ma” = g5 2.

L(g)N(q) =1 — 10082n05 +480207

n=1

For e, f,m,n € N we define

n—1
Inse, £ (n Z moe(m)of(n—m) and I f(n Z oe(m)os(n —m).
m=1
Ramanujan [3] and Lahiri [2], [4] have shown that I. ; can be expressed as :

5 (1—6n)

Lia(n) = ﬁng(n) + 5 o1(n),

Lis(n) = %Us(n) + %Us(n) — ﬁol(n),

1) = agor(n) + S5 2 o) + o)

Ios(n) = ps07(n) = 509(n)

() = ooy + B3 g0y - Lou),

11 1

3.5(n) = 251500 = 5,595(n) + =1 03(n),
Bo() = i)+ O o0 4 hoin) — 20 rm)
Iaa(n) = 113;600“(”) - ﬁ‘”(”) - T;)US(") 2764 ")
Is5(n) = %011(71) + %%(TL) - @T(n)»
Liai(n) = %Gls(n) + (12_4n) o1 (n) — %T(n%
I39(n) = ﬁﬂm(n) - %00'9(71) + 26%Ug(n),

1 1
Is7(n) = mms(n) + ﬁm(n) - @05(71).
And we have already obtained :

(1.9)

(1.10)

(1.11)

(1.12)
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Proposition 1.1. Letn € N. Then we have

(a) (See ([5], p. 155))

Tt (n) = 21471{503( ) = (6n— 1) o1 (n)}
(b) (See ([5], p. 157))
I 2 1
m,1,3(n) = 240na5(n) 40n o3(n) mnal(nL
7 1 2
Imgs,i(n) = Eonog(n) + (ﬂn - En ) o3(n),

(c) (See ([6], Theorem 3.3, Theorem 3.1), ([5], p. 155))

Imas(n) = 50i4n{5a7( ) — 6nos(n) + o1 (n)}

Inga(n) = 5sn{or(n) — oa(n)}

s (n) = ﬁlgn{m( ) — (120 — ) os(n)}

(d) (See ([6], Theorem 3.8 (a), (b), Theorem 3.7, Theorem 3.5))

Ima7(n) = 7200 {33n09(n) — 50n’07(n) — 15n01(n) + 327(n)},
1
['m 11 2 - )
3,5(n) = 12600 {11noge(n) + 25n03(n) — 367(n)}
Lns 3(n) = m {11lnog(n) — 35nos5(n) + 247(n)},
Im71(n) = @ {33no9(n) — 25n (4n — 3) o7(n) — 87(n)}.
Similarly, for e, f,m,n € N we set
Tre,f(n Z:ma8 Yog(n —2m),
m< n
T.;(n) =Y oc(m)os(n—2m),
m<g
Un,e,f(n Z'mae Yog(n —4m),
m<z z
Ue,r(n) := Z oe(m)oys(n —4m).
m<%

For example, in ([7], p.- 45-54) we can see that
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Tii(n) = %Us(n) + g%(% + 71 o1(n) 51 01(5),
Tia(n) = 5o5(n) + 1z0s(0) + E 2oy m) — oo (D),
Tis(n) = 1501 0) + omzor(3) + U Do) + o (2) — Thobn),
Tos(n) = 5a7507(n) + 5 1(5) = 5508(n) — 510a(2) + 5sb(n)
Tsi(n) = 21—14207(70 + 5%07(%) + (1;742")05(3) + ﬁa (n) — ﬁb(n),
T17(n) = 2;;609(71) + 4%25(/'9(%) + %m(n) — ﬁal(g)
— aseln) = god(n),
T35(n) = %Ug(n) + 545309(%) — ioas(n) + 50%03(%)
+ 5gseln) + amd(n),
Ths(n) = szon(n) + ge=00(2) — 5i505(2) + z03(n)
~ fogen) — apd(n),
Tar(n) = g316g0701 (W) + &U“(g) B %0‘77(”) - ﬁ"s(%)
+ o) + 20 (3),
22112 691 2
T7,3(n) = mﬂn(n) + %Uu(%) - %U7(g) - @03(11)
+ B )+ (D).
11056 138272
Also we can find
Tm11(n) Z;nas(n) - %n%l(n) + %TMR(%) + (%n - %rﬁ) ol(g) (1.13)

in ([8], Theorem 4.1) and we can see that
Proposition 1.2. (See ([9], Theorem 1.1)) Letn € N. Then we have

(@)

Tpor.3(n) [n {505(71) +1605(5) — 9naa(n) - 301(3)} + 4b(n)} 7

= 1110
Tosa(n) = % [ {os(n) +2005(5) — 360 — 15) 0u(5) } — ()],

2439



British Journal of Mathematics and Computer Science 4(17), 2435-2470, 2014

_ 1 n 2
Tn5(n) = T3 {21na7(n) +64n07(5) — 51n’os(n) + 17n01(2) +1632d(n)
+51c(n) — 21nb(n)},
1
Trm33(n) = 16320 {27107(71) + 32na7(7;) — 34nos( 2) — 544d(n) — 17¢(n)
+15nb(n)},
Tons(n) = 5o {4na7( ) + 336na7(2) — 8160 U5(2) +476m75(2) + 544d(n)

+17¢(n) — 21nb(n)} .

Furthermore, in ([7], p. 45-54) we can observe that

1 1 n 1 n 2—3n 1—-6n n
Ulyl(n) = EO’?,(’H) + T603(§ + 30'3(1) + %Ul(n) + %UI(Z)»
1 1 n 1 n (4—3n) 1 n 1
Uia(n) = 1g9505(n) + g1o5(5) + 508() + g 03(n) = 5501(3) = graln),
1 1 n 1 n (1-3n) ,n 1
Usa(n) = 353595 (0) + 55605(3) + 1505 () + =5 03() = 55571 (")
1
+ﬁa( n),
_ n 32 n (2—mn) 1 n
Urs(n) = qago7(0) + 135071(5) + 1g7707(3) + g os(m) + 5301 ()
19 26, .n
29 () — (),
U (n>—#a<n> Lo (D) 4 2or(2) = o aa(n) — = os(2)
B3V 3964077 21767 '27 T 25577 4’ T 2407° 240 "4
9
+2176b( )+T%b(2)
_ 1 n 2 n (1-2n) ,n 1
Usa(n) = 13708807(n)+217607(2)+5107(4)+ 51 () T 5
13 19
B 6528b( n) - %b(z)
! 17 8 n. (8—3n) 1
Urr(n) = 1750770 + 3563 (2)+465 o9(3)+ gy 1M — g0 ()
109 625 1058
~ 30687 ~ 225%™ — 31 €M),
1 n 4 n 1 n
Uss(n) = 119040"9(”) 7936"9(5) 19537°02) ~ 22973 + 55173(3)

33 63
+ soar 7936 c(n) + r%d( n) + ﬁe(n),

1 n 1 n 1 n 1
Us3(n) = 1505727 + 31744 79(5) + 16570(3) ~ 22075(3) + 55173
63 99 3
= 317240 ~ 1oz — 15107
_ 1 17 17 n (2-3n) n
Ura(n) = 35502807 * 3530527 (3 o(5) + 1) T o)

529 62 5 109
- %0 g fdid
1807 M T 353052 T 1557247 + gga (M),
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Unon) = oo () + soacon(3) 4 g (2) 4 1 5y )
+21ﬁ01(g)_ 5155288907(”)_ 5679910 G+ 2523?047(%)+61440f ),
U3’7("):%‘“ (") + 76596 176896 (%) 10265 (%) 24110 ()
*%3003(%”177(5289967(””%7(”) 7é3£1967(%) 1920f(n),
U5’5(”):m01( )+ 176896 (n) 4315633 (%) 5027°(™)
taros(2) — () — e r(2) - 200 <9>
5047\ 1) T 176896 22112 27~ 691 ' '4
56171 ~ 176678196T(n) - 2225101527(g) - 132?;47(%) — 240f(n).

In this paper, we try to find some various convolution sum formulae of U, .,f(n) and so obtain
the following theorem :

Theorem 1.2. Letn € N. Then we have

(a)

Unn,s(n) = Z mo1(m)os(n — 4m)

n
m<z

— 1 n _ 9 3 E
= 11530 {57105( )+ 15n05( )+64n0'5(4) 18n~03(n) 12n01(4)

+28b(n) + 512b(%) — 15na(n)} ,

Un,3,1( me m)o1(n — 4m)
<”L
23040 {nos(n )+ 15n05 () + 320n05( %) — 48n (120 — 5) 05 () — 16b(n)

~224b(3) + 15na(n)} ,

Um,3,3( Zmag Yoz(n — 4m)
m<4
n
- — 272d
26112() {nortm) + 15n07(3) + 256n07 (%) — 272n05(%) — 272d(n)

—139264d(g) — 136¢(n) — 43520(%) +135nb(n) + 2160nb(g)} ,
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m51 E mcr5 0'1 n—4m)

m< g
1
T 731136

{na7( )+ 637w7( )+ 5376na7(

1+2992d(n) + 95744d(§) +272¢(n) + 29920(%) — 273nb(n) — 3192nb(g)} ,

Uni,7(n) = Z mao1(m)oz(n — 4m)

1 n

= 5167600000 2 — 892 1762 2861 n
2467699200 {89 80011(n) — 89 80‘711( ) + 176205009 (n) + 528615009 ()
+ 2122752n09(%) 10710500207 (n) — 1285260n01(

+ 8020915207(%) - 235846238208T(%) _

+215426160nd(n) — 16844037120nd(g) — 3389355nc(n) — 526376160nc(g)} ,

Un,71(n) = Z moz(m)oi(n — 4m)
m< n

_ 1

T 3948318720

+ 18043392004 ( 4) — 1370944000 (4n — 3) o7 ( 4) — 164736487 (n)

—1088n (12n — 7) o5 (2~

) + 41949207 (n)

4043078369280 f (n)

5 {22320011( ) — 22320011( ) + 2073n09(n) + 528615n09(g)

- 5397868807(%) - 1307332198407(%) — 1010769592320 f (n)

+202490640nd(n) + 3470699520nd(%) + 16449255nc(n) + 108459360nc(g)} .

In addition, using Theorem 1.2 we can easily obtain some identities induced from U, ¢ ¢(n),

which are introduced in the following theorem :
Theorem 1.3. Forq € C with|q| < 1, we have
(a)

510 n 1530 &
= *371209(”)(1 *371209(n)q

3816 or 4536 Z no

— 432 i n’os(n)q" 444960 Z

n=1 =

3672 — 7 95212 >
+T2c(n Z

n=1 n=1

2n

2n

6144
31

oo(n)g""

n=1

e 3686 i

& 304680 >
S 2

7182

17

n=1

nb(n)fJ"
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2, 4 63 — n 945 & o T680 = in
L(q )N(Q):l—gzﬁg(”)q —7209(”)q —7209(”)(1

n=1 n=1 n=1
+ % nio:l noz(n)q" + % nio:l n07(n)q2" + %4732 :01 n0'7(n)q4"
— 108 nzo: n’os(n)q" — % nzo: d(n)q" — 3053% nﬁ; d(n)q®
S

L@IAa) =1 2 S os(m)a” — 2 os(m)a™ — 4803 os(m)a™

2
n=1 n=1
+182n03( )q" +1082n03 q2"+403 Z ag(n)q4"
n=1 n=1 n=1
> n > n 9 > n
— 36;n o1(n)q" — 4608;71201 (n)g"" — 5 ;a(n)q ,
(d)
504 n 1512 w6144 & .
L(q)L(¢" )M (q) =1+ — (n)g" + == or(n)g™ + =~ (n)q"
17 n=1 1 n=1 17 n=1
— 312 Z nos — 360 Z nos(n)g>" — 3072 Z nos(n)g™"
n=1 n=1 n=1
= n 1932 & n 52608 on
+432) nos(n)q" - . > b(n) - = >_b(n)

n=1 n=1 n=1

+ 180 Z na(n)q"”,
n=1

L*(q")M(q) = 372 + 37 > 1™ + I Y il

n=1 n=1

- 30§:na5 - 18021105 - 1536§:na5
n=1
N 108in203 1194 Z b(n)g" 12576 Z”

n=1

+90 Z na(n)q",
n=1
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L(q)L(q*)M(q")
=14+ iim(n) "4 13%49:0107( o
_ 42521 —4992ina5
B 43141 ib(n)qn B % nf:lb 2n
()
L(¢*)M(q)M(q")
. f oo — 22 3 o)’
?:w<%ﬁm2w
- 1012820 i z

6075 Z nb(n

%\w

8064 Z o1(n Z

+6912Zn o3(n)g™"

n=1
4 oo
— 2 aln

TS nb(n)®

L(q)L(¢")N(¢")
—1- 2 gjlag(n)q” i 3 oa(m)e™ - @ gjlag(n)q‘*”
oty oo+ 5 S s+ S
_ 6912211205( N %277 2 (n)q"™ — 5837152 i (n)g*"
- w ()" — 15 O_O e - 22 ijj nb(n)q"
3‘;’21 b(n)q*",
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L((Z)L(q4)M2(Q)

120 L 16488 & o 49152 .
691 _1‘7 Hma” + gy ;U”() 691 £ >~ o (e
15336 3672 on 147456 in

~ 155 > oo Y] > _nos(na 155 Z" 7o

oo

>, L 223284 & . 2116108
—|—24()Zn o7(n)q" — Ve ZT(n)q Z

n=1 n=1 n=1

mﬁ% nil 7(n)qg™" + 276037632 nzl f(n)g" — 742?4 T; nd(n)q"
N 11703016336 i" d(n)g + 1177 i o , 3656448 inc(n)lf”,
0)
L(Q)L(q4)M2(q4)
= 1382 Z"“ n)q" + @ Z"“ ¢ 62312 Z”“
9920 Z nos(n)g” — % "‘79(”)(12" - 241553576 “ 1no'9(n)q4"
03 - 1;3333 St B2 S
B 4693548585224 = i 1078272§: Fn)g" — ul)gig Z nd(n

oo

94176 o 14283 & 2943 on
31 nznd(n)q 1984 nZInC(n)q 31 ZnC(n)q )

=1

')

L(g)A(g) = 5 D b(m)a" + 43 bm)g™" + 2 > na(n)q"

=1 n=1

2 Proof of Theorem 1.1

We introduce Proposition 2.1 and Proposition 2.2 to obtain some convolution sum formulae.
Proposition 2.1. (See [7] For g € C with |q| < 1, we have
(a)

L@M(6) = 4LM(") + N + 15N = gV = FAG)
(&
N@L) = sHaN@ - f?SOMQ( )+ S;LMQ( ) - gB( ),
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HON (') = 2L )N g )+85M (@)= i? “(g )—%B( ),
(@
L(q")N(q) = 7L(q)N(q) — SgW( )+ %M (4*) + Z;LM (a") — ?B(q)
- 1O?§323(q2),
e
M(q) 2(‘14)*%M (q )+ﬁM3( )Jr%M (qﬁlF% “
_ 450 292300

2
- N? 13824000 F(q).
o1 () 573 (¢*) + 13824000F (q)

Proposition 2.2. (See ([8], Theorem 1.1)) For q € C with |q| < 1, we have
(a)

L(q)L(q® 71—7227101 n)q +4szag q" — 288> noi(n)g™"
n=1

+192 Z o3(n)g”",
n=1

L(q)L(q" —1—3621101 q"—|—12203 q+36203

757627101 n)q* +192203 ,

L()M(q*) =1-24> o5(n)q" + 1440 > nos(n)g™" — 480 > o5(n)g™",
n=1 n=1

n=1

L(g*)M(q) = 14360 Y nos(n)g" —120 Y os5(n)q" — 384> _ o5(n)g™",
n=1 n=1

n=1

L(q)L(g*)L( 1—72211 o1(n)q +54Zn03 —Giag)n

n=1 n=1

—57627101 n)q> —|—684Zn03 n—114i05(n)q2
n=1

n=1

— 4608 Z n*o1(n)q*" + 3456 Z nos(n)g"" — 384> o5(n)q’

n=1
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Lemma 2.1. Forq € C with |q| < 1, we obtain

L(q)L(q4)N(q2)
B - 2034 on 6144 in
=1 Zgg 31 2 () 31 & 172""7
12096 36864 in o on
BT nc77( )¢+ T noz(n)q~" — 1728 Z n“os(n)q

oo

14688 n AT0016 on 459

- T;d(n)q + 31 ;d(n)q 31 2 c(n)q
14688 ~~— 2 189 o 6048

B R SLUIEEE D UGIES = S

n=1

Proof. From (1.4) and Proposition 2.2 (b), we observe that

L(g)L(¢")N(¢*) = L(q)L(q") - N(q°)

—(1362nal n)q +12Za5 n)q" +3ﬁza3 ”7576in01(n)q4n
n=1
+192 Z ag(n)q4n> (1 — 504 Z 05(m)q2m)
m=1

N N N
=1+ Z { 86No1(N) +1203(N) + 3603() — 144N () + 19203(7)
N
~ 50405 (~) + 36 - 504 > (N =2m)o1(N — 2m)os(m)
m<%
—12-504 > o3(N —2m)os(m) — 36504 » ag(ﬁ —m)os(m)
2
m<i m< ¥
2 2
+576-504 Y~ noi(n)os (ﬁ —2n) —192-504 Y o3(n)os(- — 2n) }
2
n<ﬂ ’IL<N
1+ Z —36No1(N) + 1203(N) +3603(N ) — 144N01( ) + 19203( ﬁ
2 4 )

N

~ 50405(7) +36 - 504N - T5 1 (N) =36 - 504 - 2 Ty 5,1 (N) — 12 504 - T 5(N)
N N N

=36 504 - I 5(5) + 576 - 504 - Tm15(2)—192.504~T3,5(5)}qN.

So we refer to Proposition 1.2 (b).

n ([9], Lemma 3.1 (b)) we can find

Z o1(m)b(n — 2m) = —% {32d(n) + c¢(n) + (3n — 4) b(n)} . (2.1)

m<%
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Lemma 2.2. Letn € N. Then we have

> au(mb(n— 4m) = — = 6 — {270848e( ) + 47744d(n) — 1083392d( )

m<%
+1085¢(n) — 33856¢(5) + 217 (3n — 8) b(n)} :
(b)
Unm,1,5(n Z maoi(m)os(n — 4m)
m<"
{42 n) + 126n0 ( ) + 512n07(2) — 204n%05(n) + 136n01 (%)
274176 nor(n g "4 5 "

+417792e(n) + 35904d(n) + 561c(n) — 399nb(n) — 8736nb(%)} .

Proof. (a) From Proposition 2.1 (c) we obtain

L(q)L(¢")N(¢*) = L(q)N(¢®) - L(q")

= (2L + M@ - b)) - 2 B@) L)

{2 (1 - 10082n05 " +480207 ) 815 (1 +480207 )

n=1 n=1 n=1

86 on) 504 & n = am
~% (1+480207 )Nn_lb(n)q }(1247;:101(171)(1 )

n=1

where we use (1.2) and (1.6). This shows that
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L(g)L(¢")N(¢*)

. 8064 n o 96 n
= (1 — 2016 Z nos(n)g”" + 7 Z or(n)g®™ + 17 Z o7(n)q

n=1 n=1 n=1

_504 Z b(n)q") (1 —24 Z Jl(m)q4m>

17
G N, 8064 ,N. 96 504 N
=1 1008Nos -or(N) = T — 240 (=
#3- { H1008os () + Stor(G) + e () — N — 240 ()
+2016-24 > (—f2m) os(= — 2m)o1(m)
<N
4
8064 N 96
T ZNU7(572m)01(m)71—7-24 ZNJ7(Nf4m)01(m) (2.2)
m< 5 m<-g

17
7rL<%

> N. 8064 ,N. 96 504 N
=1 —1008Nos5(— -or(N) = T — 2401 (—
+N§_1{ 008 05(2)+ 1 or(— )+1707( ) b(N) 01(4)
N N N. 8064 N
2016-24- — Ty 5(=)—2016-24-2 - Trm1s5(=~) — ——" - 24 - Ty 7(—
+ 2016 5 1,5(2) 016 ,1,5(2) 7 L7(35)

96 504
— 324U (¥ 24 > g1(m)b(N —4m) 5 ¢~

m<4

Thus we equate (2.2) with Lemma 2.1 and we refer to Proposition 1.2 (b).

(b) By (1.2) and (1.12) we have
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L(q)L( L(g)N(q) - L(¢")

( — 1008 Z nos(n)q"™ + 480 Z or(n > (1 —24 i o1 (m)q4m>

n=1

Z { 1008 Nos(N) + 48007 (N) — 2401(%)

+1008-24 > (N —4m) o5(N — 4m)o1(m)

m<%
(2.3)
—480-24 Y o7(N —4m)o1(m) p ¢
m<ﬁ
N
1+ Z { 1008N a5 (N) + 48007 (N) — 2401(~) + 1008 - 24N - Us,5(N)
—1008-24-4 > moi(m)os(N — 4m) — 480 - 24 - U1 7(N) 3 ¢~
m<%
On the other hand, by (1.4) and Proposition 2.2 (b), we obtain
L(q)L(¢")N(q) = N(q) - L(g)L(q")
_<1—504Za5( ><1—S6Zm01 +12203
n=1
+36 Z os(m — 576 Z moy(m)g*™ + 192 Z os(m 4’")
m=1
N N N
1+ Z { ~36No1(N) + 1205(N) + 3603(7 ) — 144N o () + 19205( )
N-1
— 50405(N) + 504 - 36 o5(N —m) - moi(m)
m=1
N-1

~504-12 > 05(N —m)os(m) —504-36 Y o5(N — 2m)os(m) (2.4)

m=1 m< N N

+504-576 > o5(N —4m) - mo1(m) — 504-192 Y o5(N — 4m)os(m) 5 ¢"

m<ﬁ 7n<%
N N N
1+ Z { —36N01(N) +1203(N) + 3605() — 144N () +19205()

- 50405(N) 450436 In1,5(N) — 50412 I5 5(N) — 504 - 36 - Ts 5(N)

+504-576 > mo1(m)os(N —4m) — 504192 Us5(N) ¢ ¢~

m<%
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So we equate (2.3) with (2.4) and refer to Proposition 1.1 (c).

Proof of Theorem 1.1. By (1.4) and (1.5) we note that

L*(q")N(q) = N(q) - L*(¢")

= 1—504§:05( Yq" (1—2882m01 4’"+2402a3 4’")
n=1

m=1
Nt N N
=1 E —T72No1(— 24 —) — 50405 (N
+N_1{ 7 01(4)+ 00'3(4) 50 0'5( )
+ 504 - 288 E o5(N —4m) - mo1(m)

m<%

—504-240 > o5(N —4m)os(m) 5 ¢~

’m<ﬂ

N N
=1+ Z { T2Noy ( HMO"S(Z) — 50405(N)

+504 288 > moi(m)os(N — 4m) — 504240 - Us 5(N) o ™.

N
m<

And by Proposition 2.1 (d) we have

L*(¢")N(q) = L(¢")N(q) - L(¢")
63 64

= (iL(q)N(q) — M (@) + g M (&) + M (d) -

4788

T B(q)

104832 2 4
SO0 )

1 16 "
—{4(1—100827105 +4soza7 ) 5 (1—1—480207 )

n=1 n=1

63 > an) |, 64 - in
+ 340 <1—|—480207(n)q > + 3t <1 —|—48OZU7(n)q >

n=1 n=1

4788 n 104832 & n > m
BT b(n)q" — 7 Z b(n)q® } (1 —24 Z o1(m)q* > ,
m=1

n=1 n=1

where we use (1.6) and (1.12). This concludes that
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m=1
504 1512 N 6144 N 4788
— +Z{ 252N o5 )+? or(N) + —=—07(5) + ——o7() = ——b(V)
104832 N N
— b)) — 240n () 252 24 > (N —4m)os5(N — 4m)o1(m)
m<%
504 1512 N
T2 Z o7(N = dm)o(m) — === - 24 > o7 (% = 2m)or(m)
m< T m<%
6144 4788
<24 Z o7( —fm Yoi(m) + —— 7 .24 Z (N —4m)o1(m) (2.6)
m<N m<N
104832 N N
2 > b( —2m)or(m) ¢ q
m<ﬂ
= 504 1512 N 6144 N 4788
2;{ —262N05(N) + 07 (N) + ——=o7(5) + ——o7() =~ b(V)
104832, N N
-1 b(?)—2401(Z)+252~24N-U15(N)
—252-24-4 > moi(m)os(N — 4m) — % 24 - Uy 7(N)
m<%
1512 N 6144 N 4788
-2 Ta(G) - o 24 () + 24 > o1 (m)b(N — 4m)

m<N

104832 N N
+ T 24 Z al(m)b(i—Qm) q .

m<%

So we equate (2.6) with (2.5) and use (2.1) and Lemma 2.2 (a), then we again obtain

Um,i,5(n) = Z mo1(m)os(n — 4m)

——— <9114 27342 111104 442
59496192 {9 noz(n) + 27342no7 (= )+ 0 na7(4) 68n°05(n) 2.7)
+ 20512n0 ( 4) + 79458816e(n) + 6390912d(n) + 44808192d(g)

+121737¢c(n) + 14002560(%) — 86583nb(n) — 1895712nb(g)} ,
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which is the same result of Lemma 2.2 (b). Therefore we equate (2.7) with Lemma 2.2 (b) and
we have

143 n n
s {ge(n) +d(n) - 32d(%) - c(§)} -0,
so the proof is complete.
O
Remark 2.1. By Theorem 1.1, we can rewrite Ui 7(n), Us,5(n), ..., etc. as
1 17 8 .n. (8—3n) 1
Ur7(n) = 179517 (") + 39657 ( )+ 1657+ e 77 (7
433 4232 n 109 529 n
+ @d( n) — ( ) — 3968° c(n) — ﬁdg%
1 1 n 4 n 1 1 n
Us,s(n) = 11904009(") 79367°(2) T 15370(3) ~ 32075 (M) + 50772(7)
27 252 33 63 n
~56Y) 5T 4Y) * 7936+ 91 28
Us(n) = tooizoo(n) + siroo(2) + =00(3) — si05(3) + gos(n) |
53 = 199987277 31744 4657° 240°°Y 47 " 50477
33 33 n 63 33 n
~ 70829 ~ 3745 ~ 3741600 ~ 99595
_ 1 n 17 n (2—3n) ,n
Ur.a(n) = 380928009(n) * 3395270 rp (P Ty
109 529 109 n
~ g+ 15872d( n) + 248d( )+ 5530525 T 79363 )
also by the help of Theorem 1.1, the convolution sums in Lemma 2.2 can be rewritten as
> oi(m)b(n — 4m) = ~193 92 {64d(n) + 5¢(n) + (3n — 8) b(n)} (2.9)
m<%
and
Um,i5(n) = m {427107 n) + 126no7 (= ) + 512n07( 4) — 204n°05(n)
+ 136n01(%) —16320d(n) + 1671168d(§) +561c(n) + 52224c(g) (2.10)

—399nb(n) — 8736nb(g)} .

Finally, by (2.9), we have

= <i b(n > <1 —24 i o1 (m)q4m>

i N) =24 > b(N — 4m)o1(m)

N=1 m<N
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and so we conclude that

L )B() =8> dn)a" + 2 3 cln)a” + 3 > mb(n)a" (2.11)

3 The convolution sums Zm<% mo.(m)o;(n—4m) and their
induced identities

Remark 3.1. Uz 3(n) has a typo in [3] so we calculate it again. Since

240 - 480 - Ur,3(N) = 240 - 480 > or(m)os(N — 4m)

m<%

=240 - 480 <Z 03(n)q"> (Z 07(m)q4m>
= (M(q) - 1) (M*(¢") — 1)
= M(q)M*(q") — M(q) — M*(q") + 1,

thus we refer to (1.3), (1.6) and Proposition 2.1 (e). Therefore, we obtain

__T (n) + _1 . (2 + 17T (2 - 1. (2
2653440 ! 176896 "' 27 T 207307 4’ T 2407 4 (3.1)
_ b o3(n) + 369 7(n) + 1641 T(ﬁ)-f— 7222037(2)—1— 120f(n) -

4807° 176896 22112 '27 " 1382 ‘4 '

U7,3(n) =

Proof of Theorem 1.2. (a) From (1.2) and Proposition 2.2 (a), we obtain
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L(q)L(¢*)L(q") = L(q)L(¢*) - L(q")

(1—7227101 q—|—48205 —28827101 2"+192§:a3 )

x <1 —24 Z o1 (m)q4m>

N N N
1+ Z { 72N01(N) +4805(N) — 144No1 () +19205() — 2401()

+72:24 > (N —4m)o1(N —4m)or(m) — 4824 > 03(N — 4m)o1(m)

N N
m< m<

+288-24 > (572 > (gf2m)01(m)

'm<N

—192-24 ) 0'3(% —2m)a1(m) p ¢~

m<ﬂ
N N
+Z{ 72No1(N) + 4803(N )—144N01(N)+19203(2)—2401(1)

+72-24N - Uri(N) = 72-24-4 Y mo1(N — 4m)o1(m)

m<%

N N N
—48-24- Urs(N) +288 24 - T11 () — 288242 T ()

7192-24~T1,3(%)}q1\7.

Therefore, equating (3.2) with Proposition 2.2 (e) and also using (1.13), we obtain the proof.

(b) First by (1.2) and (1.8) we have
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L(q)L( L(g)M(q) - L(q")
( 7202n03 q7504205 )

=14+ Z {720N03(N) — 50405(N) — 2404 (

N=1

17242(;1 )

)

Sz —

—720-24 Y (N —4m) o3(N — 4m)o1(m)

m<%

+504-24 Y o5(N — 4m)or(m) p g~

m<%

=1+ {720N03(N) — 50405(N) — 2401(%) —720-24N - Uy 3(N)

N=1

+720-24-4 > moi(m)os(N — 4m) + 50424 - Ur5(N) ¢ ¢~

m<Z

Second by (1.3) and Proposition 2.2 (b), we obtain
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L(q)L(¢")M(q) = M(q) - L(q)L(q")

:<1+24Oi03( )<1—362m01 +12203

n=1

+36 i o3(m — 576 Z mo1(m)g*™ + 192 Z o3(m q‘“")

m=1

N N
1+ Z { 36N o1 (N) + 1205(N) + 3605(% ) — 144N o1 ()

) 4+ 24003(N) — 240 - 36 i: 03(N —m) - moi(m)

m=1

N
+19205(

N—-1
+240-12 ) " o3(N —m)os(m) +240-36 Y o3(N — 2m)os(m)
m=1 m< iy (3.4)

+240-192 > o3(N — 4m)os(m) ¢ ¢~

'm<%

=1+ Z —36Noy1(N) + 25203(N) + 3603(ﬁ) - 144N01(E) + 19203(5)
2 4 4
— 240 - 36 - Im,1,3(N) +240-12- 13,3(N) + 240 - 36 - T373(N)
) N

—240-576 »_ mo1(m)os(N — 4m) + 240192 Us 3(N) ¢ ¢~

m<%

Thus we equate (3.3) with (3.4) and use Proposition 1.1 (b).

(c) By (1.2) and (1.8), we have
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L(q)L(¢")M(q"

L(q)
= (1 - 242 o1(n ) <1 + 720 Z mos(m)g*™ — 504 Z 05(m)q4m)
n=1
N
4

-L(q

oo

=1+ Nzl {180N05( ) — 50405(11) — 2401 (N)

—24:720 Y o1(N —4m) - mos(m) +24-504 > o1(N —4m)os(m) p ¢~ (3-5)

N N
m<g m<

14 i {180]\703(%) - 50405(%) — 240y (N)

N=1

—24-720 Y mog(m)or(N —4m) + 24504 - Us 1 (N) p g~

m<%

Also by (1.3) and Proposition 2.2 (b), we obtain
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L(q)L(¢")M(q") = L(q)L(q") - M(q")

= (1—3627101 +12203 n)q +36Z(73 n —576in01(n)q4"
n=1
+192 Z Ug(n)q4"> (1 + 240 Z Ug(m)q4m>

m=1

= +Z{ —36Noy (N )+1203(N)+3603(E

N N
5) — 144No () + 19205(7)

—‘,—2400'3(%)—36-240 > (N —4m)oi(N — 4m)os(m)

m<%

+12-240 Z o3(N — 4m)os(m) + 36 - 240 Z Jg(g —2m)os(m)

2
m<% m<%
3.6
— 576 - 240 ZN (% - m) al(% —m)as(m) (3.6)
m,<7

N
+192 - 240 Z U3(Z—m)03(m) qN

m<%

N N N
- +Z{ —36No1(N) + 1203(N) + 3603(=; ) — 144No1 () + 43203()
— 36+ 240N - U1 (N) +36-240-4 > mos(m)or(N — 4m)

N
m<-g

N N N
+12240 - Us 5(N) +36 - 240 - Ty () — 576 - 240 - - Iis( )

N N
+576 - 240 + I 31 (7)) +192 - 240 133(4)}qN.

So we equate (3.5) with (3.6) and refer to Proposition 1.1 (b).

(d) By (1.3) and Proposition 2.2 (d), we obtain
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L(¢*)M(q)M(q") = L(¢*)M(q) - M(q")

= (1 + 360 Z nos(n)q™ — 120 Z os(n)g" — 384 Z 05(n)q2">
n=1 n=1

n=1
X (1 +240 ) ag(m)q4m>
m=1

=1+ i {360N03(N) —12005(N) — 38405(N) + 24003(]1)

N=1

+360-240 Y (N —4m)os(N — 4m)os(m)

m<%

—120 - 240 Z o5(N — 4m)os(m) — 384 - 240 Z 05(% —2m)os(m) p ¢

N N
m< m< g

N=1

+ 360 - 240N - Us 3(N) — 360 - 240 - 4 Z mos(m)os(N — 4m)

m<%

N
—120-240 - Uz 5(N) — 384 - 240 - T3,5(§)} q~.

And by (1.3) and Proposition 2.2 (c), we have

= (1 + 240 i Ug(n)q">

n=1

X <1 —24 Z o5(m)g®™ + 1440 Z mos(m)g*™ — 480 Z 05(m)q4m>
m=1

m=1

N N
1+ Z { 2405 ) + 360N o3 ( 4) 48005(Z) + 24003 (N)

— 240 - 24 Z o3(N — 2m)os(m) + 240 - 1440 > o3(N — 4m) - mos(m)

—240-480 > o3(N —4m)os(m) ¢ ¢

'm<ﬂ
N N
1+ Z { 2405 ) + 360N o3 ( 4) 48005(Z) + 24003 (N)
— 24024 - T5 5(N) + 240 - 1440 > mos(m)os(N — 4m)

m<%

—240 - 480 - Us 3(N)} ¢
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Thus we equate (3.8) with (3.7) and refer to (2.8).

(e) By (1.2) and (1.12) we observe that

= <1 —24 i Ul(n)q"> (1 — 1008 i mos(m)g*™ + 480 i 07(m)q4m>

n=1 m=1 m=1
= N N
=1+ {—252N05(Z) +48007() — 2401 (N)
N=1

+24-1008 Y o1 (N —4m) - mos(m) — 24480 > o1(N —dm)o+(m) p ¢~ (3-9)
m<% m<%

= N N
=1+ {72521\[05(2) +48007(—) — 2401 (N)
N=1

+24-1008 > mos(m)or(N —4m) — 24480 - Uz (N) p ¢".

m<%

Similarly, by (1.4) and Proposition 2.2 (b), we obtain
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L(¢9)L(¢")N(¢") = L(q)L(q") - N(q")

:<1—362n01 n)q —|—12203 n)q +36203 "—576§:n01(n)q4n
n=1
+192 Z ag(n)q4"> <1 — 504 Z 05(m)q4m>
m=1

1+ Z { —36No1(N) + 1203(N) + 3603(ﬁ

N N
> ) — 144NU1(Z) + 1920’3(1)

- 50405(%) +36-504 Y (N —4m) o1 (N — 4m)os(m)

m<%

—12-504 Z o3(N — 4m)os(m) — 36 - 504 Z O'3(ﬁ —2m)os(m)
2 3.10)
m<% m<% ( .

N

N N
+576-504 > now (n)os(< —n) — 192504 > a3(-; —m)as(m) o g

n<ﬂ m<%

———

N
1+ Z { —36No1(N) +1203(N) + 3603(+) — 144N01( 1) T 19205

==

)

- 50405(% +36-504N - Us 1(N) = 36-504-4 Y mos(m)or (N — 4m)

m<%

N N
—12~504-U5,3(N)—36 504 - T53( )+576 504 - Im15(4)

—192-504~13,5(%)}q1v.

Thus we equate (3.9) with (3.10) and use Proposition 1.1 (c) and (2.8).

(f) By (1.2) and (1.10) we have
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L(q)L(¢")M*(q) = L(¢)M*(q) - L(q")

= (1 + 720 i noz(n)q" — 264 i Ug(n)q”>

n=1

1-24%" 01(m)q4m>
m=1

)

NE

=1+ i {720NJ7(N) — 26409(N) — 240+ (

—720-24 Y (N —4m)o7(N — 4m)o1(m)

m<%

3.11)
4964 - 24 Z oo(N — 4m)o1(m) p ¢~

m<%

=1+ ) {720Na7(N) — 26409(N) — 24al(g) — 720 - 24N - U1 ,7(N)

N=1

+720-24-4 > mor(m)or(N — 4m) + 26424 - Uro(N) ¢ ¢~

m<%

Also by (1.6) and Proposition 2.2 (b) we obtain
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L(q)L(¢")M*(q) = M*(q) - L(q)L(¢")

= <1 + 480 i 07(n)q"> (1 — 36 Z mo1(m)g™ + 12 Z o3(m

n=1

+36 Z o3(m)g*™ — 576 Z moy(m)g*™ + 192 Z Ug(m)q4m>
m=1

1+ Z { —36No1(N) + 1205(N) + 3603(%) - 144N01(g) + 19203(%)

N—-1
+ 48007 (N) — 480 - 36 Z o7(N —m) - moi(m)
m=1
N—-1
+480-12 > " o7(N —m)os(m) + 48036 > o7(N — 2m)os(m)

m=1 N
m< 5

—480 - 576 Z o7(N —4m) - moi(m) + 480 - 192 Z o7(N — 4m)os(m) » ¢~

N N
m<g m<-4

1+ Z { 36No1(N) + 1203(N) +3603(ﬁ

)~ 144N01(g)+19203(g

.
+ 48007( ) — 480 36 - In.1.7(N) + 480 - 12 - Is 7(N) + 480 - 36 - T5.7(N)

—480-576 Y mo1(m)or(N — 4m) +480-192- Us 7(N) ¢ q".

m<%

(3.12)

So we equate (3.11) with (3.12) and refer to Proposition 1.1 (d) and (2.8).
(g) By (1.2) and (1.10) we note

L(q)L( q") = L(q) - L(g")M*(¢")
( - 24201 n)q" <1 + 720 Z moz(m)g*™ — 264 i Ug(m)q4m>

m=1 m=1
=1+ Z {180Na7(

N=1

MZ\ _

) — 26400 (Y

) — 2401(N)

—24:720 > o1(N —4m) - mor(m) +24-264 > o1(N —dm)og(m) p ¢ (3-13)

N N
m< m< g

=1+ i {180]\70'7(%) — 2640’9(%) — 240’1(N)

N=1

—24-720 Y mor(m)or(N —4m) +24-264 - Uo1(N) o ™.

m<%
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Also by (1.6) and Proposition 2.2 (b) we obtain

L(q)L(¢")M*(¢*) = L(q)L(¢") - M*(q")

(13627101 n)q" +12205 n)q +36205
576 Z no1(n)g*™ + 192 Z o3(n > (1 + 480 Z 07(m)q4m>

n=1 m=1

N N N
1+ Z { 36N01(N) +1205(N) + 3603( <) — 144N o1 () +19205( )

+ 48007(%) —36-480 > (N —4m) o1 (N — 4m)o7(m)

m<%

+12-480 ZN o3(N — 4m)o7(m) + 36 - 480 ZN 03(g — 2m)a7(m)
m<-g m<-g

(3.14)

N

576480 3 nol(n)a7(g —n) 4192480 30 03(% —m)or(m) b q

n<ﬂ 7n<%

———

)

==

1+ Z { —36No1(N) + 1203(N) + 3603(];) - 144N01(N) + 19203 (

+ 4800’7(g

) — 36 480N - Ur1(N) +36 - 480 - 4 > mor(m)or(N — 4m)

m<%

N

412480 - Ur,3(N) + 36 - 480 - T7,3(%) 576480 - In 1,7(

+192-480-13,7(%)}q1v.

So we equate (3.13) with (3.14) and refer to Proposition 1.1 (d) and (3.1).

Now Theorem 1.2 is the based results to induce Theorem 1.3 :

Proof of Theorem 1.3. (@) Insert (2.10) into (2.3).

(b) Insert (2.10) into (2.5).

(c) By (1.2) and (1.5), we note that
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(1 — 288 Z mo1(m)g*™ + 240 Z o3(m 4’")

m=1
oo

=1+ {—72N01(

N=1

)+ 2400

) — 2401(N)

Il
P
=
|
[\~}
=~
1)
S
~| = \_/

+24 - 288 Z o1(N —4m) - mo1(m) — 24 - 240 Z o1(N —4m)os(m) » ¢~

m<Z m<if
N N
= +Z —T2No1 () + 24003( ) — 2401(N) + 24288 - Up,1.1(N)
—24-240-Us 1 (N)} ¢~

Finally, we refer to Theorem 1.2 (a) so we complete L(q)L?(q*).
(d) Insert Theorem 1.2 (b) into (3.3).
(e) By (1.3) and (1.5), we obtain

*(¢") (q) - L*(q")

(1+240203 n)q ) (12882m01 4m+240203 4’”)

m=1

Z { 72No; N) + 24003(%) + 24003(N)

—240-288 ) o3(N — 4m) - mo1(m)
m<%

(3.15)
+240-240 Y o3(N — 4m)as(m) ¢ ¢

’m<ﬂ

+Z{ T2No1 () + 24003( ) + 24005(N)

—240-288 > mo1(m)os(N — 4m) + 240 - 240 - Us 3(N) ¢ g™

m<%

So we insert Theorem 1.2 (b) into (3.15).
) Insert Theorem 1.2 (c) into (3.5).
) (d) into (3.7).
(h) Insert Theorem 1.2 (e) into (3.9).
) (f) into (3.11).
) Insert Theorem 1.2 (g) into (3.13).

Insert Theorem 1.2

Insert Theorem 1.2
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(k) By Proposition 2.1 (a), we can expand Theorem 1.3 (f) as

L(q)L(¢")M(q*) = L(¢") - L(@)M (¢")

= 1(a") (4L + 355N + N - 51N - F 40
= AL (g )M (q") + 53 La )N (@) + 15 LaIN(@®) - 51 LGN (")
- L))

So we use (1.9), (1.12), Proposition 2.1 (b) and (d).

Corollary 3.1. Letn € N. Then we have
(a)
S ou(m)an — 4m) = —4i8 [b(n) + 80(3) + (n—2) a(m) },

m<%
(b)
k—1
Y i@ b)e(e) = o1 (n — k)1 (k — m)or (m)
(a,b,c)eN? k<2 m=1
at+4bt+dc=n
9216{ n) + 1505(5) + 32005(7) — 4(3n — 4) 3(n)

—12(3n —4) 03 (5)732(21n713)05(4)+8(3n —6n+2)o1(n)
+16 (12n° 715n+2)01(4)+3a( )}

Proof. (a) By (1.1) and (1.2), we have

m<N

242 (Z JallV - 4m>) Y= (iamw) (fj al<m>q4m>

So we use Theorem 1.3 (k).
(b) By (1.2), we observe that

138243 [ Y ai@oi)n(e) | " =241 Y ou(@or(b)or(c)g T

n=1 (a,b,c)eN3 (a,b,c)eN3
a+4b+4c=n

= (24i01( )(24201 )a ) = (1-L(g) (1 - L(¢")”

=1-2L(¢") + L*(¢") — L(q) + 2L(q)L(¢") — L(g)L*(¢").
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So appealing to (1.2), (1.5), Theorem 1.3 (c), and Proposition 2.2 (b) we can obtain the proof.
O

4 Conclusions
In this paper, we study some various convolution sum formulae mainly as the form
Unm.e.f(n) = Z moe(m)os(n —4m)
m<%

for n(e N) and an odd positive integer e and f. In addition we can deduce some identities from these
convolution sum formulae Uy, ., (n). Especially, we obtain the coefficient relation as

e(n) = — {d(m) — 32a(5) — (3)}
in Theorem 1.1.
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Appendix
The first twenty values of 7(n) are given in the Table 1,

n | 7(n) n 7(n) n 7(n) n 7(n)

1 1 6 —6048 11 534612 16 987136
2 —24 7 —16744 12 | —370944 17 | —6905934
3 252 8 84480 13 | —577738 18 2727432
4 | —1472 9 —113643 14 401856 19 10661420
5 4830 10 | —115920 15 | 1217160 20 | =7109760

TABLE 1. 7(n) for n (1 < n < 20)

similarly the first twenty values of a(n), b(n), ¢(n), d(n), e(n), and f(n) are listed in the following
tables.

n|an) || n|an) || n | aln) n | a(n)

1 1 6 0 11 540 16 0

2 0 7 | =88 || 12 0 17 | 594

3| —12 8 0 13 | —418 || 18 0

4 0 9 —99 || 14 0 19 | 836

5 54 10 0 15 | —648 || 20 0

TABLE 2. a(n) for n (1 < n < 20)

n | b(n) n b(n) n b(n) n b(n)
1 1 6 —96 11 1092 16 4096
2 -8 7 1016 12 768 17 14706
3 12 8 —512 13 1382 18 16344
4 64 9 | —2043 || 14 | —8128 || 19 | —39940
5 | —210 || 10 1680 15 | —2520 || 20 | —13440

TABLE 3. b(n) for n (1 < n < 20)

n | c(n) n c(n) n c(n) n c(n)

1 1 6 2496 11 | —38996 16 | —65536
2| —16 7 —4536 12 39936 17 | 311442

3 100 8 —4096 13 37806 18 | —74448
4 | —256 9 23085 14 15232 19 128244

5 | —154 || 10 | —13920 || 15 | —146472 || 20 | —222720

TABLE 4. ¢(n) forn (1 < n < 20)
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n|dn) | n | dn) n d(n) n d(n)
1 0 6 | —156 || 11 | —536 16 4096
2 1 7 112 12 | —2496 || 17 | —17472
3 -8 8 256 13 | 4384 18 4653
4 16 9 | =576 || 14 | —952 19 5848
5 32 10 | 870 15 336 20 13920
TABLE 5. d(n) for n (1 < n < 20)

nilen)|| n|en)| n| en) n | e(n)

1 0 6 0 11 67 16 0

2 0 7T —14 || 12 0 17 | 2184

3 1 8 0 13 | —548 || 18 0

4 0 9 72 14 0 19 | =731

5 —4 10 0 15 | —42 20 0

TABLE 6. e(n) forn (1 < n < 20)

W [0 [ [Jo) [ ]| 70 [ n ] I
1 0 6 8 11 6296 16 | 388608
2 0 7 44 12 | 16384 17 | 756822
3 0 8 192 13 | 39569 18 | 1419200
4 0 9 694 14 | 89424 19 | 2572328
5 1 10 | 2208 || 15 | 191028 || 20 | 4521984

TABLE 7. f(n) forn (1 < n < 20)
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