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Abstract 

We consider, for a bounded open domain Ω  in nIR  and a function 
: mu IRΩ→ , the quasilinear elliptic system: 

( )( )
( ) ( )( ) ( ) ( )

,

, , ( ) , , , in

0 on ,f g

div x u x Du x v x f x u Du divg x u
QES

u

σ− = + + Ω


= ∂Ω
 

(1). We generalize the system ( )( ),f gQES  in considering a right hand side 

depending on the jacobian matrix Du . Here, the star in ( )( ),f gQES  indicates 

that f may depend on Du . In the right hand side, v belongs to the dual space 

( )1, , ,p mW Rω′− ∗Ω , 1 1 1, 1p
p p

 
+ = > ′ 

, f and g satisfy some standard con-

tinuity and growth conditions. We prove existence of a regularity, growth and 
coercivity conditions for σ , but with only very mild monotonicity assump-
tions. 
 

Keywords 
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1. Introduction 

In this paper, the main point is that we do not require monotonicity in the strict 
monotonicity of a typical Leray-Lions operator as it is usually assumed in pre-
vious papers. The aims of this text are to prove analogous existence results under 
relaxed monotonicity, in particular under strict quasi-monotonicity. The main 
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technical tool we advocate and use throughout the proof is Young measures. By 
applying a Galerkin schema, we obtain easily an approximating sequence ku . 
The Ball theorem [1] and especially the resulting tool mode available by Hun-
gerbühler to partial differential equation theory give them a sufficient control on 
the gradient approximating sequence kDu  to pass to the limit. This method is 
used by Dolzmann [2], G. J. Minty [3], H. Brezis [4], H. E. Stromberg [5], Muller 
[6], J. L. Lions [7], Kristznsen, J. Lower [8], M. I. Visik [9] and mainly by Hun-
gurbühler to get the existence of a weak solution for the quasi-linear elliptic sys-
tem [10]. This paper can be seen as generalization of Hungurbühler and as a 
continuation of Y-Akdim [11]. 

This kind of problems finds its applications in the model of Thomas-Fermis in 
atomic physics [12], and also porous flow modeling in reservoir [13].  

2. Priliminaries 

Let { };0 ;1ij i n j mω ω= ≤ ≤ ≤ ≤  the weight function systems defined in Ω  
and satisfying the following integrability conditions:  

( ) ( ) ] [
( )

1
1 11

1

, , for some 1,

and 0 such that .

p
ij loc ij loc

s
ij

L L p

s L

ω ω

ω

−
−

−

∈ Ω ∈ Ω ∈ ∞

∃ > ∈ Ω
          (2.1) 

with { }* * 1 ,0 ,1p
ij ij i n j mω ω ω ′−= = ≤ ≤ ≤ ≤ , ( )rsσ σ=  with  

1 , 1s n r m≤ ≤ ≤ ≤  and which satisfies some hypotheses (see below).  
We denote by m nIM ×  the real vector space of m n×  matrices equipped with  

the inner product : ij ij
ij

M N M N= ∑ . 

The Jacobian matrix of a function : mu IRΩ→  is denoted by  
( ) ( ) ( ) ( )( )1 2, , , nDu x D u x D u x D u x=   with ( )i iD x= ∂ ∂ . 

The space ( )1, , ,p mW IRωΩ  is the set of functions  

( ) ( ){ } ( )0/ , , , , , ,

1 , 1 .

i
p m p m

ij ij
j

uu u x u L IR D u L IR
x

i n j m

ω ω∂
= ∈ Ω = ∈ Ω

∂

≤ ≤ ≤ ≤

 

with  

( ) ( ) ( )
1

, , / ,p m p mp
ij ijL IR u u x u L IRω ω

  Ω = = ∈ Ω 
  

 

The weighted space ( )1, , ,p mW IRωΩ  can be equipped by the norm:  
1

01, ,
1 1 ,1

d d
m pp p

j j ij ijp
j i n j m

u u x D u x
ω

ω ω
Ω Ω

= ≤ ≤ ≤ ≤

 
= + 
 
∑ ∑∫ ∫  

where ( )0 0 jω ω=  and 1 j m≤ ≤ . the norm 1, ,. pω  is equivalent to the norm  

||| |||⋅ , on ( )1,
0 , ,p mW IRωΩ , such that, ( )

1

1 ,1 d||| ||| p p
ij iji n j mu D u xω

≤ ≤ ≤ ≤ Ω
= ∑ ∫ .  

Proposition 2.1 The weighted Sobolev space ( )1, , ,p mW IRωΩ  is a Banach 
space, separable and reflexive. The weighted Sobolev space ( )1,

0 , ,p mW IRωΩ  is the 
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closure of ( )0 , , mC IRω∞ Ω  in ( )1, , ,p mW IRωΩ  equipped by the norm 1, ,. p ω .  
Proof: The prove of proposition is a slight modification of the analogous one 

in [14] [Kufner-Drabek].  
Definition 2.1 A Young measure ( )x x

ϑ
∈Ω  is called 1, pW -gradient young 

measures (1 p≤ < ∞ ) if it is associated to a sequence of gradients kDu  such that 

ku  is bounded in ( )1, pW Ω . The 1, pW -gradient young measures ( )x x
ϑ

∈Ω  is 
called homogeneous, if it doesn’t depend on x, i-e, if xϑ ϑ=  for a.e. x∈Ω .  

Theorem 2.1 (Kinder Lehirer-Pedregal) let ( )x x
υ

∈Ω , be a family of probability 
measures in ( )( )m nC M × ′

. Then, ( )x x
υ

∈Ω  is 1, pW  Young measures if and only if: 
1) There is a ( )1, ,p mu W IR∈ Ω  such that ( ) ( )dm n xM

Du x A Aϑ×= ∫ , a.e in 
Ω . 

2) Jensen’s inequality: ( )( ) ( ) ( )dm n xM
Du x A Aφ φ ϑ×≤ ∫  hold for all pXφ ∈  

quasi-convex, and. 
3) The function: ( ) ( ) ( )1dm n

p
xM

x A A Lψ ϑ×= ∈ Ω∫ . Here, pX  denotes the 
(not separable) space:  

( ) ( ) ( ){ }: 1 , for allpp m n m nX C M A c A A Mψ ψ× ×= ∈ ≤ × + ∈ .  
proof: see [15]. 
Theorem 2.2 (Ball) Let nIRΩ∈  be Lebesgue measurable, let mK IR∈  be 

closed, and let : ,m
ju IR j INΩ→ ∈ , be a sequence of Lebesgue measurable 

functions satisfying ju K→ , as j →∞ , i.e. given any open neighborhood U of 
mK IR∈ , ( )lim : 0j jx u x U→∞ ∈Ω ∈ = . Then there exists a subsequence ku  

of ju  and a family ,x xϑ ∈Ω , of positive measures on mIR , depending mea-
surably on x, such that  

1) d 1mx xM IR
ϑ ϑ= ≤∫ , for a.e x∈Ω . 

2) xsupp Kϑ ⊂  for a.e x∈Ω . 
3) ( ) ( ) ( ), dmk x xIR

f u f fϑ λ ϑ λ∗ = ∫  in ( )L∞ Ω . for each continuous 
functions : mf IR IR→  satisfying  

( )lim 0,f λ λ= →∞  [1]. 
Theorem 2.3 (vitali) Let nIRΩ∈  be an open bounded domain and let nu  

be a sequence in ( ),p mL IRΩ  with 1 p≤ < ∞ . 
Then nu  is a cauchy sequence in the pL -norm if and only if the two fol-

lowing conditions hold: 
1) nu  is cauchy in measure (i.e.: 0ε∀ > , ( ) ( ){ }, 0n mx u x u x ε∈Ω − ≥ =  

as ,m n →∞ . 
2) 

p
nu  is equiintegrable i.e.: 

( dp
n nsup u x

Ω
< ∞∫  and 0, 0ε δ∀ > ∃ >  such that dp

nE
u x ε<∫  for all n 

whenever E ⊂ Ω  and E δ< ). Note that if nu  converges pointiest, then nu  
is cauchy in measure.  

Hypotheses (H0) (Hardy-Type inequalities): There exist some constant 0c > , 
some weighted function γ  and some real q (1 q< < ∞ ) such that,  

( ) ( )
1 1

1 1 ,1
d ,

m q pq p
j j ij ij

j i n j m
u x x x c D uγ ω

Ω Ω
= ≤ ≤ ≤ ≤

   
≤   

   
∑ ∑∫ ∫  
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for all ( )1,
0 , ,p mu W IRω∈ Ω , with { }/1j j mγ γ= ≤ ≤ . 

The injection ( )1,
0 , ,p mW IRωΩ ↪↪ ( ), ,q mL IRγΩ  is compact, and  

( )1,
0 , ,p mW IRωΩ ↪↪ ( ),r mL IRΩ  is compact, (by [14]) with  

( ) ( )

( )

1 if 1
1

1 if 1

npsr ps n s
n s ps

r n s ps

 ≤ + + −
 ≥ +

 



 

(H1) Continuity: : m m n m nIR IM IMσ × ×Ω× × →  is a Carathéodory function 
(i-e ( ), ,x x u Fσ

 is measurable for every ( ), m m nu F IR IM ×∈ ×  and  

( ) ( ), , ,u F x u Fσ

 is continuous for almost every x∈Ω ). (H2) Growths and 
coercivity conditions: There exist 1 0c ≥ , 2 0c > , ( )1

pLλ ′∈ Ω , ( )1
2 Lλ ∈ Ω , 

( )( / )
3

pL αλ ′∈ Ω , 0 pα< < , 1 q< < ∞  and 0β >  such that for all  
1 r n≤ ≤ , 1 s m≤ ≤ , we have:  

( ) ( ) 1/ / 11/ 1/
1 1 1

1 1 ,1
, ,

m p q p pp p
rs rs j j ij ij

j i N j m
x u F w x c u c Fσ β λ γ ω

′ ′ −′

= ≤ ≤ ≤ ≤

 
≤ + ⋅ + 

 
∑ ∑  (2.2) 

and  

( ) ( ) ( ) ( ) ( )/
2 0 3 2

1 1 ,1
, , :

m pp
j j ij ij

j i n j m
x u F F x x x u c x F

αασ λ ω λ ω
= ≤ ≤ ≤ ≤

≥ − − + ⋅∑ ∑  (2.3) 

(H3) Monotonicity conditions: σ  satisfies one of the following conditions:  
1) For all x∈Ω , and all mu IR∈ , the map ( ), ,F x u Fσ

 is a 1C -function 
and is monotone (i-e, ( ) ( )( ) ( ), , , , : 0x u F x u G F Gσ σ− − ≥ , for all x∈Ω , all 

mu IR∈  and all , m nF G IM ×∈ ).  
2) There exists a function : m m n m nW IR IM IM× ×Ω× × →  such that  

( ) ( ), , , ,Wx u F x u F
F

σ ∂
=
∂

 and ( ), ,F W x u F

 is convex and 1C  function.  

3) For all x∈Ω , and for all mu IR∈  the map ( ), ,F x u Fσ

 is strictly 
monotone (i.e., ( ), ,.x uσ  is monotone and:  

( ) ( )( ) ( ), , , , : 0x u F x u G F G F Gσ σ − − = ⇒ =  ).  
4) ( ), ,x u Fσ  is strictly p-quasi-monotone in F, i.e.,  

( ) ( )( ) ( ) ( ), , , , : d 0,m nIM
x u x uσ λ σ λ λ λ ϑ λ× − − >∫  

for all homogeneous 1, ,p wW -gradient young measures ϑ  with center of mass 
, idλ ϑ=  which are not a single Dirac mass. 

The main point is that we do not require strict monotonicity or monotonicity 
in the variables ( ),u F  in (H3) as it is usually assumed in previous work (see 
[15] or [16]). 

( )0F ∗
: (continuity) : m m n mf IR IM IR×Ω× × →  is a Carathéodory function 

i-e: ( ), ,x f x u F

 is measurable for every mu IR∈ , and m nF IM ×∈ ,  

( ) ( ), , ,u F f x u F

 is continuous for almost every x∈Ω . 
( )1F ∗

: (growth condition): The exist: ( )1
pb L ′∈ Ω , 1 0c′ > , 2 0c′ >  such that:  

( ) ( )
1 1 1

1
1 1 2 0

,
, ;

q
pp P Pp

j j j rs rs j
r s

f x u b x c u c Fγ ω ω−′ ′′
 

′ ′≤ + + 
  

∑  
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1 j m∀ ≤ ≤  ( )0G ∗
: (continuity) the map : m m ng IR IM ×Ω× →  is a Ca-

rathéodory function. ( )1G ∗
: (growth condition) There exist: ( )2

pb L ′∈ Ω   
1 1

2

q
p p p

rs rs j j
j

g b uω γ ′ ′
 

≤ + 
  

∑  

For all 1 r n≤ ≤  and 1 s m≤ ≤ . 
Our aim of this paper is to prove the existence of the problem ( ) ,f gQES  in 

the space ( )1,
0 , ,P mW IRωΩ .  

Remark 2.1 -The condition ( )0F ∗
 and ( )0G  ensure the measurability of f 

and g for all measurable function u. 
- ( )1F  and ( )1G ∗

 ensure that growths conditions, in particularly: if  
( )1,

0 , ,P mu W IRω∈ Ω  then ( ) ( )( ) ( )., . , . .f u D u⋅  and ( )., :g u Du  is in  
( )1 ,L ωΩ . 

- Exploiting the convergence in measure of the gradients of the approximating 
solutions, we will prove the following theorem. 

Theorem 2.4 If ( )1,p∈ ∞  and σ  satisfies the conditions (H0)-(H3), then 
the Dirichlet problem ( ) ,f gQES ∗  has a weak solution ( )1,

0 , ,p mu W IRω∈ Ω , for 
every ( )1, , ,p mv W IRω′− ∗∈ Ω , f satisfies ( )0F ∗

 and ( )1F ∗
 and g satisfies ( )0G  

and ( )1G .  
In order to prove theorems, we will apply a Galerkin scheme, with this aim in 

view, we establish in the following subsections, the key ingredient to pass to the 
limit for this, we assume that the conditions: (H0)-(H3), ( )0F ∗

, ( )1F ∗
, ( )0G  and 

( )1G . 
Lemma 2.1 For arbitrary ( )1,

0 , ,p mu W IRω∈ Ω  and ( )1, , ,p mv W IRω′− ∗∈ Ω , 
the functional  

( ) ( )
( ) ( )( ) ( )

( ) ( )

1,
0: , ,

, , : d ,

, , : d , : d .

p mF u W IR IR

x u x Du x D x x v

f x u Du x g x u D x

ω

ϕ σ ϕ ϕ

ϕ ϕ
Ω

Ω Ω

Ω →

−

− +

∫
∫ ∫


 

is well defined, linear and bounded.  
Proof For all ( )1,

0 , ,p mW IRϕ ω∈ Ω , we denote  

( )( ) 1 2 3 4F u I I I Iϕ = + + +  

with  

( ) ( )( ) ( )1 , , : d ,I x u x Du x D x xσ ϕ
Ω

= ∫  

and  

2 , .I v ϕ= −  

( )3 , , : dI f x u Du xϕ
Ω

= −∫  

( )4 , : dI g x u D xϕ
Ω

= ∫  

We define  

( ) ( )( ) ( ), , : drs rs rsI x u x Du x D x xσ ϕ
Ω

= ∫  
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Firstly, by virtue of the growth conditions (H2) and the Hölder inequality, one 
has  

( ) ( )( ) ( )

( ) ( ) ( ) ( )

( )( ) ( )( )
( )( )

1/ /1/
1 1

1

11/
1

1 ,1

1/ 1/

1

1/
1/

1

1 ,1

, , : d

d

d d

d

d

rs rs rs

m p q pp
rs j j

j

pp
ij ij rs

i n j m

p pp p
rs rs

p
mp qp

rs rs j j
j

p
ij ij

i n j m

I x u x Du x D x x

x x c x u x

c D u D x

x x D x x

D x u x

D u x

σ ϕ

βω λ γ

ω ϕ

β λ ϕ ω

ϕ ω γ

ω

Ω

′ ′

Ω
=

−′

≤ ≤ ≤ ≤

′′

Ω Ω

′

Ω Ω
=

Ω
≤ ≤ ≤ ≤

≤


≤ +




+ 


≤ 

 
+  

 

+

∫

∑∫

∑

∫ ∫

∑∫ ∫

∑ ∫ ( )
1/

1/
d

p
pp

rs rsD xϕ ω
′

Ω

 
 
  

∫

 

with ( )( )1p p p′= − , and thanks to Hardy inequality we have:  

( )1/

1 1 11, , , , ,

1 1, , 1, , , 1, , 1, ,

d
rs rs ij rs

rs rs rs

pq
rs p p p p p

ij

p p p q p p

I c c D u x c D Du

c u u

ω ω ω ω

ω ω γ ω ω

β λ ϕ ϕ γ ϕ

β λ ϕ ϕ ϕ

′

′ Ω

′

 
≤ + + 

 
 ′≤ + + 

∑∫
 

with ( )max ,1c c′ = . Which gives  
/

1 1 1, , 1, , 1, , .q p
p p p pI c u u

ω ω ω
β λ ϕ′

′
 ′≤ + + < ∞   

and  

*2 1, , 1, ,d .p pI v x v
ω ω

ϕ ϕ′−Ω
≤ ≤ < ∞∫  

( ) ( )3 , , dj j
j

I f x u Du x xϕ
Ω

= ∑∫  

We denote ( ) ( )3, , , dj j jI f x u Du x xϕ
Ω

= ∫ . 

( ) ( )

( ) ( ) ( )

( )

( )( ) ( )( )
( )( ) ( )( )

( ) ( )

( )

3,

11 1

1 0 1 0

1
1

2 0

11

1 0

1 1

0

1 1
( 1)

0

1 11, ,

, , d

d

d

d

d d

d

j j j

q
pP Pp

j j j j j j

p P
j rs j

rs

pp pp
j j

q pp p
j j j j

p p pp p
j j rs rs

rs

q
j jp p

j

I f x u Du x x

b x x x c u x

c x D u x

b x x x

x u x x x

D u

b c x u x
ω

ϕ

ϕ ω γ ϕ ω

ϕ ω

ϕ ω

γ ϕ ω

ϕ ω ω

ϕ γ

Ω

′ ′
Ω Ω

−

Ω

′ ′

Ω Ω

′

Ω Ω

′ − ′

Ω Ω

′ Ω

≤

′≤ +

′+

≤

+

+ ⋅


′≤ +


∫

∫ ∫

∑∫

∫ ∫

∫ ∫

∑ ∫ ∫

∑∫
1

21, , 1, , 1, ,

pp
p

p p pc Du
ω ω ω

ϕ ϕ
′

′
′⋅ + ⋅ 


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1 1 21, , 1, , 1, , 1, , 1, ,

1 1 21, , 1, , 1, , .

p
p

p p p p p p

p
p

p p p

b c Du c Du

b c Du c Du

ω ω ω ω ω

ω ω ω

ϕ ϕ ϕ

ϕ

′
′

′

′ ′≤ + ⋅ ⋅ + ⋅

 
′ ′≤  + ⋅ + ⋅  ⋅

 
 

 

( )4 , drs rs
rs

I g x u D xϕ
Ω

= ∑ ∫  

( )

( ) ( )

( )( ) ( )( )

( )

1 1 1

2

11

2

1 1

1

2 ,1, ,

: d

d d

d d

d d

d
rs

rs rs

q
p p pp

rs rs j j rs rs
j

pp pp
rs rs

q pp p
j j rs rs

j

q
pp p

rs rs rsp qp

g D x

b D x x u D x

b x D x

u x x D x x

b D u D x
γω

ϕ

ω ϕ γ ω ϕ

ϕ ω

γ ϕ ω

ϕ ϕ ω

Ω

′ ′
Ω Ω

′ ′

Ω Ω

′

Ω Ω

′
′ Ω

≤ ⋅ +

≤ ⋅

+

≤ +

∫

∑∫ ∫

∫ ∫

∑ ∫ ∫

∫

 

( )
1

4 2 ,1, ,

2 1, , , 1, ,

1, ,

d
rs

q
pp p

rs rs rsp qp

q
p

p p q p

p

I b D u D x

b D u D

c

γω

ω γ ω

ω

ϕ ϕ ω

ϕ ϕ

ϕ

′
′ Ω

′
′

≤ +

≤ ⋅ + ⋅

′′≤

∫

 

Hence 4 1, ,pI c
ω

ϕ≤ . With 4c < ∞ . 
Finally the functional ( ).F  is bounded.  
Lemma 2.2 The restriction of F to a finite dimensional linear subspace V of 
( )1,

0 , ,p mW IRωΩ  is continuous.  
Proof Let d be the dimension of V and ( )1 2, , , de e e

 a basis of V. Let 

1

i
j j i

i d
u a e

≤ ≤

= ⋅∑  be a sequence in V which converges to 
1

i
i

i d
u a e

≤ ≤

= ∑  in V. The 
sequence ( )ja  converge to da IR∈ , so ju u→  and jDu Du→  a.e., on 
the other hand j p

u  and j p
Du  are bounded by a constant c. Thus, it follows 

by the continuity conditions (H1), that  

( ) ( ), , : , , :j jx u Du D x u Du Dσ ϕ σ ϕ→  

for all ( )1,
0 , ,p mW IRϕ ω∈ Ω  and a.e. in Ω . Let ′Ω  be a measurable subset of 

Ω  and let ( )1,
0 , ,p mW IRϕ ω∈ Ω . 

Thanks to the condition (H2), we get  

( ), , : d ,j jx u Du D xσ ϕ
′Ω

< ∞∫  

By the continuity conditions ( )0F ∗
 and ( )0G  we have: 

( ) ( ), , , ,j jf x u Du f x u Duϕ ϕ⋅ → ⋅  

And  

( ) ( ), ,jg x u D g x u Dϕ ϕ⋅ → ⋅  
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almost everywhere. Moreover we infer from the growth conditions ( )1F ∗
 and 

( )1G  that the sequences: 
( )( ), , :j jx u Du Dσ ϕ , ( )( ), ,j jf x u Du ϕ⋅  and ( )( ), jg x u Dϕ⋅   

Are equi-integrable. Indeed, if ′Ω ⊂ Ω  is a measurable subset and  
( )1,

0 , ,p mW IRϕ ω∈ Ω  then:  
( ), , dj jf x u Du xϕ

′Ω
⋅ < ∞∫  (by ( )1F ∗

 and Hölder inequality). 

( ), djg x u D xϕ
′Ω

⋅ < ∞∫  (by ( )1G  and Hölder inequality). 

( ), , : dj jx u Du D xσ ϕ
′Ω

< ∞∫  (by Hölder inequality). 
which implies that ( ), , :j jx u Du Dσ ϕ  is equi-integrable. And by applying the 
Vitali’s theorem, it follows that  

( ) ( ), , : d , , : d ,j jx u Du D x x u Du D xσ ϕ σ ϕ
Ω Ω

→∫ ∫  

for all ( )1,
0 , ,p mW IRϕ ω∈ Ω . 

Finally  

( ) ( )lim , , ,jj
F u F uϕ ϕ

→∞
=  

which means that  

( ) ( ) ( )1,in , , .p m
jF u F u W IRω′− ∗→ Ω  

Remark 2.2 Now, the problem ( ) ,f gQES ∗  is equivalent to find a solution 
( )1,

0 , ,p mu W IRω∈ Ω  such that ( ) , 0F u ϕ = , for all ( )1,
0 , ,p mW IRϕ ω∈ Ω . 

In order to find such a solution we apply a Galerkin scheme.  

3. Galerkin Approximation 

Remark 3.1 (Galerkin Schema)  
Let ( )1,

1 2 0 , ,p mV V W IRω⊂ ⊂ ⊂ Ω  be a sequence of finite dimensional sub-
spaces with kk IN

V
∈  dense in ( )1,

0 , ,p mW IRωΩ . The sequence kV  exists since 
( )1,

0 , ,p mW IRωΩ  is separable.  
Let us fix some k, we assume that kV  has a dimension d and that  

( )1 2, , , de e e

 is a basis of kV . Then, we define the map,  

( ) ( ) ( )( )1 1
1

:

, , , , , , ; .

k k

d

k k i i
i

G IR IR

a a F u e F u e u a e
=

→

= ∑  

 

Proposition 3.1 The map G is continuous and ( )G a a⋅  tends to infinity 
when kIRa  tends to infinity.  

Proof. Since F restricted to kV  is continuous by Lemma 2.2, so G is conti-
nuous. 

Let da IR∈  and 
1

i
i

i d
u a e

≤ ≤

= ⋅∑  in kV , then ( ) ( ) ,G a a F u u⋅ =  and 
which implies that dIRa  tends to infinity if 1, ,pu

ω  tends to infinity.  

( ) ( ) ( )
1

, ,i
i

i d
G a a F u a e F u u

≤ ≤

⋅ = ⋅ =∑  

and  
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( )

1, , 1, ,
1 11, ,

1, ,1 1
max

,p

p p
p i i

i ip p
i d i dp

p
p i

i pi d i d

IR

u a e a e

e a

c a

ω ω
ω

ω

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤

 = ⋅ ≤ ⋅ 
 

 ≤ ⋅ 
 

≤ ⋅

∑ ∑

∑  

which implies that pIRa  tends to infinity if 1, ,pu
ω  tends to infinity. 

Now, it suffices to prove that  

( ) 1, ,, when .pF u u u
ω

→ ∞ →∞  

Indeed, thanks to the first coercivity condition and the Hölder inequality, we 
obtain  

( )
/

2 3 0 21
1 , ,

, , : d

d d
pp

j j ij ij
i j n m

I x u Du Du x

u x c D u x
αα

σ

λ λ ω ω

Ω

Ω Ω
≤ ≤

=

≥ − − +

∫
∑∫ ∫

 

By the Hölder inequality, we have  

( )
0

/( / )/
3 0 3 0( / )

3 ( / ) 1, ,

d

.
j

ppp
j j j jp

jp p

u x u

c u

αα α αα
α

α ω

λ ω λ ω

λ

⋅

′Ω Ω

′

≤

′≤

∫ ∫
 

where c′  is a constant positive. For 1, ,pu
ω  large enough, we can write  

0
2 3 2 1 , ,1 ( / ) 1, , 1, ,

2 3 21 1, , 1, ,( / )
.

j ij

p
j ji j n mp p p

p
p pp

I c u c Du

c u c c u

α

α ω ω

α

ω ωα

λ λ

λ λ

′ ≤ ≤

′

′≥ − − ⋅ + ⋅

′ ′≥ − − ⋅ + ⋅

∑
 

And since  

1, , 1, ,, p pI v u v u
ω ω∗′−

′ = ≤ ⋅  

Finally, it follows from the growth condition ( )1F ∗
 and 1G  that: 

( )

( )1 1 21, , 1, , 1, ,

3 1, ,

, , d

p p p p

p

I f x u Du u x

b c Du c Du u

c u
ω ω ω

ω

Ω

′

′′ = ⋅

′ ′≤ + ⋅ + ⋅

≤ ⋅

∫
 

( ) 2 4, 1, , 1, ,, d ;
q
p

p q p pI g x u Du x b u Du c u
γ ω ω
′

′Ω

 
′′′ = ⋅ ≤  +  ⋅ ≤ ⋅

 
 

∫  

with 4c  is a constant. With; 0 pα< <  and 1p > , we get: 

2 31, , 1, , 1, , 1, ,( / )

2 31 1, ,.

p
p p p pp

p

I I I c c u v u c u

c u

α

ω ω ω ωα

ω

λ

λ

∗′ ′−
′ ′′ ′ ′− − ≥ ⋅ ⋅ − ⋅ − ⋅

− −
   (3.1) 

Consequently, by using (3.1), we deduce  

1, ,as .pI I I u
ω

′ ′′− − → ∞ →∞  

and  
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1, ,as .pI u
ω

′′′ → ∞ →∞  

( ) 1, ,, as .pF u u u
ω

→ ∞ →∞  

Remark 3.2 The properties of G allow us to construct our Galerkin approxi-
mations.  

Corollary 3.1 For all k IN∈ , there exists ( )k ku V⊂  such that 
( ) , 0kF u ϕ = , for all kVϕ ∈ .  

Proof By the proposition 3.1, there exists 0R > , such that for all 
( )0 d

Ra B IR∈∂ ⊂ , we have ( ) 0G a a⋅ > . And the usual topological argument 
see [Zei 86 proposition 2.8] [17] implies that ( ) 0G x =  has a solution 

( )0Rx B∈ . So, for all k In∈ , there exists ( )k ku V⊂ , such that  

( ) , 0 for all 1 , with dimj
j j kF x e e j d d V= ≤ ≤ =  

Taking ( ) ,i
k k i i ku x e e V= ∈ , so we obtain:  

( ) , 0, for all .k kF u Vϕ ϕ= ∈  

Proposition 3.2 The Galerkin approximations sequence constructed in corol-
lary (3.1) is uniformly bounded in ( )1,

0 , ,p mW IRωΩ ; i.e.,  
There exists a constant 0R > , such that 1, ,k pu R

ω
≤ , for all k IN∈ . 

Proof Like in the proof of proposition (3.1), we can see that  

( ) 1, ,, as .pF u u u
ω

→ ∞ →∞  

Then, there exists R satisfying ( ) , 1F u u >  when 1, ,pu R
ω
> . Now, for 

the sequence of Galerkin approximations ( )k ku V⊂  of corollary (3.1), which 
satisfying ( ) , 0k kF u u = , we have the uniform bound 1, ,k pu R

ω
≤ , for all 

k IN∈ .  
Remark 3.3 There exists a subsequence ( )ku  of the sequence ( )k ku V⊂ , 

such that:  

ku u
 in ( )1,

0 , ,p mW IRωΩ  

and  

ku u→  in measure in ( ),r mL IRΩ ; 

with  

( ) ( )

( )

1 if 1
1

1 if 1

npsr ps n s
n s ps

r n s ps

 ≤ + + −
 ≥ +

 



 

The gradient sequence ( )kDu  generates the young measure xϑ . Since  

ku u→  in measure, then ( ),k ku Du  generates the Young measure  
( )( )u x xδ ϑ⊗ , see [2]. Moreover, for almost x in Ω , we have,   

1) xϑ  is the probability measure, i.e., 1x mesϑ = .  
2) xϑ  is the 1, ,pW ω  gradient homogeneous young measure.  
3) ( ),x id Du xϑ = , see [18].  
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Proof. See [2]. (Dolzmann, N. Humgerbuhler S. Muller, Non linear elliptic 
system …)  

4. Passage to the Limit  

Now, we are in a position to prove our main result under convenient hypotheses. 
Let  

( ) ( )( ) ( ), , , , : .k k k kI x u Du x u Du Du Duσ σ= − −            (4.1) 

Lemma 4.1 (Fatou lemma type) (See [2]) Let: : m m nF IR IM IR×Ω× × →  be a 
Carathéodory function, and : m

ku IRΩ→  a measurable sequence, such that  
( )kDu  generates the Young measure xϑ , with 1x mesϑ = , for a.e. x∈Ω . Then:  

( ) ( ) ( )liminf , , d , , d d ,m nk k xIMk
F x u Du x F x u xζ ϑ ζ×Ω Ω→∞

≥∫ ∫ ∫       (4.2) 

which provided that the negative part of ( ), ,k kF x u Du  is equi-integrable.  
Proof.  
Lemma 4.2 Let 1p >  and ku  be a sequence which is uniformly bounded in 
( )1,

0 , ,p mW IRωΩ . There exists a subsequence of ku  (for convenience not rela-
beled) and a function ( )1,

0 , ,p mu W IRω∈ Ω  such that ku u
 in  

( )1,
0 , ,p mW IRωΩ  
And such that ku u→  in measure on Ω  and in ( ),r mL IRΩ , with:  

( ) ( )

( )

1 if 1
1

1 if 1

npsr ps n s
n s ps

r n s ps

 ≤ + + −
 ≥ +

 



 

Proof. see [10].  
Lemma 4.3 The sequence ( )kI  is equi-integrable.  
Proof 
We have  

( ) ( )( ) ( )
( ) ( )
( ) ( )

1 2 3 4

, , , , :
, , : , , :

, , : , , :

k k k k

k k k k k

k

k k k k

I x u Du x u Du Du Du
x u Du Du x u Du Du

x u Du Du x u Du Du
I I I I

σ σ
σ σ
σ σ

= − −

   = −   
− +      

= + + +

         (4.3) 

We denote ( ) ( )1 , , :k k k kI x u Du Duσ
− −

 = −   . Thanks to the coercivity condi-
tion (H2), we have  

( )1
2 2 0 3

1 1 , ,
/

/
2 0 3 21 ( / ) 1, ,

1

d d
pp

k j kj ij ij k
j m i j n m

p
pp

j kj kp p
j m

I x c u c D u x

u c u

α
α

α
αα

α ω

λ ω λ ω

λ ω λ

−

′Ω Ω
≤ ≤ ≤ ≤

′′Ω
≤ ≤

≤ + ⋅ +

 
≤ + + 

 

∑ ∑∫ ∫

∑∫
   (4.4) 

with 1p α ≥ . Therefore,  

( )

00

/
1

2 0 3 21 ( / ) 1, ,
1

2 3 21 , ( / ) 1, ,

d

,

p
p p

k j kj kp p
j m

p
k kp p p

I x u c u

u c u

α

α ω

α

ω α ω

λ ω λ

λ λ

−

′′Ω
≤ ≤

′

 
≤ + + 

 
≤ + +

< ∞

∑∫
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for all ′Ω ⊂ Ω . 
Similarly for ( )4

kI
−

. 
Now, by using the growth condition (H2) and the Hardy inequality (H0), we 

have  

( ) ( )2

/ 11/ 1/ 1/
1 1 2

1 1 , ,

d , , : d

d .

k k k k

q p pp p p
rs j kj ij ij k rs k

j m i j n m

I x x u Du Du x

c u c D u D u x

σ

β ω λ γ ω

−

′ ′Ω Ω

′ −′ ′

′Ω
≤ ≤ ≤ ≤

=

 
≤ + ⋅ + 

 

∫ ∫

∑ ∑∫
  (4.5) 

Thus, by the Hölder inequality, we obtain 

( ) ( )

( ) ( )
( )( ) ( )

1/
2

1

1/1/ /1/
1 1

1/ 1/( 1)
1

1

d d

d

d d .

pp
k rs k rsp

ppp q pp p
rs k rs j kjj m

p pp p p
ij k ij rs k rs

j m

I x D u x

c D u x u dx

c D u x x D u x

β λ ω

ω γ

ω ω

−

′′ ′Ω Ω

′′′′
≤ ≤′ ′Ω Ω

′′ −

′ ′Ω Ω
≤ ≤

≤ 

 +  
 

 
+  

  

∫ ∫

∑∫ ∫

∑ ∫ ∫

 (4.6) 

So, by combining (4.5) and (4.6), we deduce that  

( ) ( )1 1, , 1, ,
, , : d .k k k k kp p px u Du Du x c u u

ω ω
σ β λ ′′Ω

′≤ + < ∞∫      (4.7) 

Similarly to ( )2
kI

−
, we obtain ( )3

kI
−

. Finally: kI  is equi-integrable. 
We choose a sequence kϕ  such that kϕ  belongs to the same space kV  

and kϕ ϕ→  in ( )1,
0 , ,p mW IRωΩ , this allows us in particular, to use k ku ϕ−  as 

a test function in (3.1). We have: 

( ) ( )
( ) ( )

( ) ( )

, , : d

, , , d

, : d .

k k k k

k k k k k k

k k k

x u Du Du D x

v u f x u Du u x

g x u Du D x

σ ϕ

ϕ ϕ

ϕ

Ω

Ω

Ω

−

= − + ⋅ −

− −

∫
∫

∫

            (4.8) 

The first term on the right in 4.8 converge to zero since ( ) 0k ku ϕ− 

 in 
( )1,

0 , ,p mW IRωΩ . By the choice of kϕ , the sequence kϕ  uniformly bounded 
in ( )1,

0 , ,p mW IRωΩ , and lemma (4.2). Next, for the second term:  
( ) ( ), , dk k k k kII f x u Du u xϕ

Ω
= ⋅ −∫  in 4.8 it follows from the growth condition 

1F ∗  and the Hölder inequality that: 

( ) ( )

( )( )
1 1 2 1, ,1, ,

1 1, ,1, ,

p
p

k k k k k k kp pp

k k k kp pp

II b c D u c D u u

b c D u u

ωω

ωω

ϕ ϕ ϕ

ϕ ϕ

′
′

′

 
′ ′≤ + ⋅ − + ⋅ − ⋅ − 

 

≤ + ⋅ − ⋅ −
 

By the equivalence of the norm in ( )1,
0 , ,p mW IRωΩ  and the sequence ku  is 

uniformly bounded in ( )1,
0 , ,p mW IRωΩ , 1, ,k pu

ω  is bounded. 
Moreover, by the construction of kϕ , and lemma (4.2) we have: 

1, , 1, , 1, ,k k k kp p pu u u u
ω ω ω

ϕ ϕ− ≤ − + −  

( )1, , 1, ,
0k kp pu u u

ω ω
ϕ− + − →  
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We infer that the second term in 4.8 vanishes as k →∞ . Finally, for the last 
term  

( ) ( ), : dk k k kIII g x u D u xϕ
Ω

= −∫  

in 4.8, we note that  

( ) ( ), ,kg x u g x u→  

Strongly in ( ),p m nL M′ ×Ω  by ( )0G , ( )1G  and lemma (4.2). 
Indeed we may assure that ku u→  almost everywhere. 

( )

( )

( )

2 , 1, ,

2 , 1, ,

2 , 1, , 1, ,

q
pk k k k kp q p

q
pk k k kp q p

q
pk k k kp q p p

III b u D u

c b u u

c b u u u u

γ ω

γ ω

γ ω ω

ϕ ϕ

ϕ ϕ

ϕ ϕ

′
′

′
′

′
′

 ≤ + − ⋅ − 
 

 ′≤ ⋅ + − ⋅ − 
 
 ′≤ ⋅ + − ⋅ − + − 
 

 

1, ,
0k pu

ω
ϕ − → , 1, ,

0k pu u
ω

− →  and ,
0

q
pk k qu
γ

ϕ ′− →  
Now, we consider ( ) ( ) ( ), , :k k k kI x u Du Du Duσ′ = − . We have, kI ′  is 

equi-integrable because kI  it is. So, we define  

( )
( ) ( )( ) ( )

liminf d liminf d

, , : dm n

k k

xIM

X I x I x

x u Duσ λ λ ϑ λ×

′
Ω Ω

Ω

= =

≥ −

∫ ∫
∫ ∫

 

So to prove (??), it suffices to prove that:  

0.X ≤                            (4.9) 

Let 0ε > , so there exists 0k IN∈  such that, for all 0k k> , we have 

( ), kdist u V ε<  since: 1, ,
liminf

k kV k puϕ ω
ϕ ε∈ − < , ( )ku u

  
Or in an equivalent manner ( ),k kdist u u V ε− < , 0k k∀ >  then for all 

k kv V∈ , we have  

( ) ( )( )
( ) ( )( ) ( ) ( )( )

liminf , , : d

liminf , , : d , , :

k k kk

k k k k k k kk

X x u Du Du Du x

x u Du D u u x x u Du D

σ

σ ϕ σ ϕ

Ω→∞

Ω Ω→∞

= −

 = − − + 

∫

∫ ∫
 

Combining (H2) and (0.1), we get  

( )

/ 11/ 1/ 1/
1 1 1

1 1 , ,
lim inf

d , .

j

q p pp p p
rs j k ij ij kk j m i j n m

rs k k k

X c u c D u

D u u x v

βω λ γ ω

ϕ ϕ

′ −′ ′

Ω→∞ ≤ ≤ ≤ ≤

 
≤ + + 

 
× − − +

∑ ∑∫  

For all 0ε > , we choose k kVϕ ∈  such that  

1, ,
2 ,k k pu u

ω
ϕ ε− − ≤                     (4.10) 

For all 0k k≥ , which implies that  

( ) ( )1, ,, , , 2k k k k pv v u u v u u v o k
ω

ϕ ϕ ε ∗′−
≤ + − + − ≤ +  

Hence lim , 0k kv u u→∞ − = . According to Hölder and Hardy inequalities, 

https://doi.org/10.4236/am.2021.126035


A. Barbara et al. 
 

 

DOI: 10.4236/am.2021.126035 513 Applied Mathematics 
 

and by (4.1) we deduce that  

( )( )
( ) ( )( )
( ) ( )( )

( )
( )

1/

1

1/1/

1

1/ 1/( 1)
1

1 1, , 1, , 1, ,

1, ,

liminf d

d

,

liminf

2

pp
rs k k rspk

pp pq
k rs k k rs

p pp p p
ij ij rs rs k k k

q
k k k k kp p p pk

p

X c D u u x

c u D u u x

c D u D u u v

c u u u u u

v o k
ω ω ω

ω

β λ ϕ ω

γ ϕ ω

ω ω ϕ ϕ

λ ϕ ϕ

ε ∗

′ Ω→∞

′

Ω Ω

′′ −

Ω Ω

′→∞

′−

≤ − − ⋅


+ ⋅ ⋅ − −

+ ⋅ − − +


≤ ⋅ − − + − −

+ +

∫

∫ ∫

∑∫ ∫  

Therefore,  

( )1 1, , 1, , *2 .q
p p pX c u v

ω ω
ε β λ ′ ′−

≤ + +  

which proves that 0X ≤ , and finally  

( ) ( ) ( ), , : d d , , : d d .m n m nx xIM IM
x u x x u Du xσ λ λ ϑ σ λ ϑ λ× ×Ω Ω

≤∫ ∫ ∫ ∫  

Proof of theorem: 
For arbitrary ϕ  in ( )1,

0 , ,p mW IRωΩ . It follows from the continuity condition 
( )0F ∗  and ( )0G  that  

( ) ( ) ( ) ( ), , , ,k kf x u Du x f x u Du xϕ ϕ⋅ → ⋅  

and  
( ) ( ) ( ) ( ), : , :kg x u D x g x u D xϕ ϕ→  

almost everywhere. Since, by the growth conditions ( )1F ∗ , ( )1G  and the uniform 
bound of ku , ( ) ( ), ,k kf x u Du xϕ⋅  and ( ) ( ), :kg x u D xϕ  are equi-integrable, 
it follows that the Vitali’s theorem. This implies that:  

( ) ( ) ( ) ( )lim , , d , , dk kk
f x u Du x x f x u Du x xϕ ϕ

Ω Ω→∞
⋅ = ⋅∫ ∫  

for all 1 kk
Vϕ ∞

=
∈


 and 

( ) ( ) ( ) ( )lim , : d , : dkk
g x u D x x g x u D x xϕ ϕ

Ω Ω→∞
=∫ ∫  

for all 1 kk
Vϕ ∞

=
∈


 We will start with the easiest case  

(d): ( ), ,F x u Fσ

 is strict p-quasi-monotone.                    (4.11) 

Indeed, we assume that xϑ  is not a Dirac mass on the set M with x M∈  of 
positive Lebesgue measure 0M > . Moreover, by the strict p-quasi-monotonicity 
of ( ), ,x uσ ⋅  and xϑ  is an homogeneous 1, pW  gradient young measure for a.e. 
x M∈ . So, for a.e. x M∈ , with ( ),x Id apDu xλ ϑ= = , with ( )apDu x  is the 
differentiable approximation in x. We get  

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )( )

, , : d

, , : d

, , : d , , : d

, , : , , : 0

0

m n

m n

m n m n

xIM

xIM

x xIM IM

x u Du

x u Du Du

x u Du x u Du Du

x u Du Du x u Du Du

σ λ λ ϑ λ

σ λ ϑ λ

σ λ ϑ λ σ ϑ λ

σ σ

×

×

× ×

−

> −

> −

> − =

>

∫
∫

∫ ∫  
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On the other hand (4.9), integrating over Ω , and using the div-cul inequali-
ty we have:  

( ) ( )
( ) ( )
( ) ( )

, , : d d

, , : d d

, , : d d .

m n

m n

m n

xIM

xIM

xIM

x u x

x u Du x

x u x

σ λ λ ϑ λ

σ λ ϑ λ

σ λ λ ϑ λ

×

×

×

Ω

Ω

Ω

>

≥

∫ ∫
∫ ∫
∫ ∫

 

Which is a contradiction with (3.8). Thus ( )x Du xλϑ δ δ= =  for a.e. x∈Ω . 
Therefore, kDu Du→  in measure when k tends to infinity. Then, we get  

( ) ( ), , , ,k kx u Du x u Duσ σ→  for all x∈Ω . In the other hand, for all  

k
k IN

ϕ ϑ
∈

∈


; ( ) ( ), , : , , :k kx u Du D x u Du Dσ ϕ σ ϕ→  a.e. x∈Ω . Moveover, for 
all ′Ω ⊂ Ω  measurable, it is easy to see that: 

( ) ( )/ /
1 1, ,1, , 1, ,

, , : d ,q p p p
k k k kp pp px u Du D x c u u u

ωω ω
σ ϕ β λ ′ ′

′′Ω
≤ + + < ∞∫  

because 1, ,k pu R
ω
≤ . And thanks to Vitali’s theorem, we obtain:  

( ) , 0F u ϕ = , for all k
k IN

ϕ ϑ
∈

∈


. 

which proves the theorem in this case.  
Remark 4.1 Before treating the cases (a), (b) and (c) of (H3), we note that  

( ) ( )( ) ( ) ( ), , , , : d d 0m n xIM
x u x u Du Du xσ λ σ λ ϑ λ×Ω

− − ≤∫ ∫      (4.12) 

Since  

( ) ( ) ( ), , : d d 0,m n xIM
x u Du xσ λ λ ϑ λ×Ω

− =∫ ∫  

thanks to the div-Curl inequality in (4.9). On the other hand, the integrand in 
(4.12) is non negative, by the monotonicity of σ . Consequently, the integrat-
ing should be null, a.e., with respect to the product measure d dx xϑ ⊗ , which 
mean  

( ) ( )( ) ( ), , , , : 0 in .xx u x u Du Du sptσ λ σ λ ϑ− − =          (4.13) 

Thus,  

( ) ( )( ) ( ){ }/ , , , , : 0 .m n
xspt IM x u x u Du Duϑ λ σ λ σ λ×⊂ ∈ − − =     (4.14) 

Case c: We prove that, the map ( ), ,F x u Fσ

 is strictly monotone, for all 
x∈Ω  and for all mu IR∈ . 

Sine σ  is strict monotone, and according to (4.14),  
{ } , i.e, , a.e. in ,x x Duspt Duϑ ϑ δ= = Ω  

which implies that, kDu Du→  in measure. For the rest of our prove is similarly 
to case d. 

Case b: We start by showing that for almost all x∈Ω , the support of xϑ  is 
contained in the set where W agrees with the supporting hyper-plane.  

( ) ( ) ( )( ){ } ( ), , , , , : with .L W x u x u Du xλ λ σ λ λ λ λ= + − =  

So, it suffices to prove that  
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( ) ( ) ( ) ( ){ }/ , , , , , , :m n
x xspt K IM W x u W x u x uϑ λ λ λ σ λ λ λ×⊂ = ∈ = + −  (4.15) 

If xsptλ ϑ∈ , thanks to (4.14), we have  

( ) ( ) ( )( ) ( ) [ ]1 , , , , : 0, for all 0,1 .t x u Du x u Du tσ σ λ λ− ⋅ − − = ∈    (4.16) 

On the other hand, since σ  is monotone, for all [ ]0,1t∈  we have:  

( ) ( )( ) ( )( ) ( )1 , , , , : 0.t x u Du t Du x u Duσ λ σ λ λ− ⋅ + ⋅ − − − ≥      (4.17) 

By subtracting (4.16) from (4.17), we get  

( ) ( )( ) ( ) ( )1 , , , , : 0,t x u t x uσ λ λ λ σ λ λ λ − + − − − ≥         (4.18) 

for all [ ]0,1t∈ . Doing the same by the monotonicity in (4.18), we obtain  

( ) ( )( ) ( ) ( )1 , , , , : 0.t x u t x uσ λ λ λ σ λ λ λ − + − − − ≤         (4.19) 

Combining (4.18) and (4.19), we conclude that  

( ) ( )( ) ( ) ( )1 , , , , : 0,t x u t x uσ λ λ λ σ λ λ λ − + − − − =         (4.20) 

for all [ ]0,1t∈ , and for all xsptλ ϑ∈ . 
Now, it follows from (4.19) that  

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )
( ) ( ) ( )

1

0

, , , , , , , ,

, , , , : d

, , , , :

W x u W x u W x u W x u

W x u x u t t

W x u x u

λ λ λ λ

λ σ λ λ λ λ λ

λ σ λ λ λ

= + −

 = + + − − 

= + −

∫  

Witch prove (4.15). 
Now, by the coercivity of W, we get  

( ) ( ) ( ) ( ), , , , , , : ,W x u W x u x uλ λ σ λ λ λ≥ + −  

for all m nIMλ ×∈ . Therefore,  
L is a supporting hyper-plane, for all  

xKλ ∈ .                          (4.21) 

Moveover, the mapping ( ), ,W x uλ λ

 is continuously differentiable, so we 
obtain  

( ) ( ), , , , , for all .xx u x u Kσ λ σ λ λ= ∈               (4.22) 

Thus,  

( ) ( ) ( ) ( ), , d , , .m n xIM
x x u x uσ σ λ ϑ λ σ λ×= =∫            (4.23) 

Now, we consider the Carathéodory function  

( ) ( ) ( )( ), , , , : ,vg x u x u x Dρ σ ρ σ ϕ= −  

and lets ( ) ( ), ,k k kg x g x u Duϕ=  is equi-integrable. Thus, thanks to BALL’s 
theorem, see [6] kg g

 weakly in ( )1L Ω , and the weakly limit of g is given by  

( ) ( ) ( ) ( ) ( ) ( )
( )( ) ( ) ( )

, , d d

, , d

0.

m m n

x

xu xIR IM

xspt

g x x x

x u x x

ϕ

ϑ

σ η λ σ δ η ϑ λ

σ λ σ ϑ λ

××
= − ⊗

= −

=

∫∫
∫  
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According to (4.22) and (4.23), and since 0kg ≥ , it follow that 0kg →  
strongly in ( )1L Ω  by Fatou lemma, which gives  

( ) ( )lim , , : d , , : d .k kk
x u Du D x x u Du D xσ ϕ σ ϕ

Ω Ω→∞
=∫ ∫  

Thus  
( ) , 0, .k

k IN
F u Vϕ ϕ

∈

= ∀ ∈


 

This completes the proof of the case (b). 
Case (a): In this case, on xsptϑ , we affirm that,  

( ) ( ) ( )( ) ( ), , : , , : , , : : ,Fx u M x u Du M x u Du M Duσ λ σ σ λ= + ∇ −  (4.24) 

for all m nM IM ×∈ , where F∇  is the derivative with respect to the third varia-
ble of σ  and ( )Du xλ = .  

Thanks to the monotonicity of σ , we have  

( ) ( )( ) ( ), , , , : 0, for all .x u x u Du tM Du tM t IRσ λ σ λ− + − − ≥ ∈  

By invoking (4.19), we obtain  

( ) ( )
( ) ( ) ( ) ( )
, , :

, , : , , : .

x u tM

x u Du Du x u Du tM Du t M

σ λ

σ λ σ λ

−

≥ − − + + − − ⋅
 

On the other hand, ( ), ,F x u Fσ

 is a 1C  function, so  
( ) ( ) ( ) ( ) ( ), , , , , , .Fx u Du tM x u Du x u Du tM o tσ σ+ = +∇ ⋅ +  

Thus  

( ) ( )
( ) ( ) ( )( ) ( ) ( )
, , :

, , : , , : ,F

x u t M

x u Du tM x u Du t M Du o t

σ λ

σ σ λ

− ⋅

≥ − +∇ ⋅ − +
 

which gives  

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

, , :

, , : : , , : ,F

x u t M

t x u Du M Du x u Du M o t

σ λ

σ λ σ

− ⋅

≥ ∇ − − +  
 

t is arbitrary in (4.24). 
Finally for all kk IN

Vϕ
∈

∈


 the sequence ( ), , :k kx u Du Dσ ϕ  is  
equi-integrable. Then, by the BALL’s theorem, see [1] the weak limit is  

( ) ( ), , : d
x

xspt
x u D

ϑ
σ λ ϕ ϑ λ∫  

By choosing M Du=  in (4.24), we obtain 

( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( )

, , : : d

, , : d , , : d

, , : d , , : .

x

x x

x

xspt

t
x F xspt spt

xspt

Du x u D D

x u Du D x u Du D Du

x u Du D x u Du D

ϑ

ϑ ϑ

ϑ

λ σ λ ϕ ϕ ϑ λ

σ ϕ ϑ λ σ ϕ λ ϑ λ

σ ϕ ϑ λ σ ϕ

−

= + ∇ −

= =

∫

∫ ∫
∫

 

Hence:  
( ) ( ), , : , , : stronglyk kx u Du D x u Du Dσ ϕ σ ϕ→  

This proves that  

( ) , 0 for all .kF u Vϕ ϕ= ∈

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And since kV


 is dense in ( )1,
0 , ,P mW IRωΩ , so u is a weak solution of 

( ) ,f gQES ∗ , as desired. 
Remark 4.2 In case (b) ( ) ( ), , : , , :k kx u Du D x u Du Dσ ϕ σ ϕ→  strongly, but 

in the case (c) and (d) kDu Du→  in measure.  
Exemple 4.1 We shall suppose that the weight functions satisfy:  

0
0, 1, 2, ,i jw j m= = 

 for some 0
ci I∈ ; and ( ) ( );ij x w x xω = ∈Ω , with  

{ }0;1;2; ;cI I n=  , for all ci I I∈  , 1,2, ,j m=  , and 0i i≠  with  
( ) 0w x >  a.e in Ω  then, we can consider the Hardy inequality in the form:  

( ) ( )
1 1

1 1 ,1
d ,

m q pq p
j j ij ij

j i N j m
u x x x c D uγ ω

Ω Ω
= ≤ ≤ ≤ ≤

   
≤   

   
∑ ∑∫ ∫  

for every ( )1,
0 , ,p mu W IRω∈ Ω  with a constant 0c >  independent of u and for 

some q p′> . Let us consider the Carathéodory functions: ( )  

( ) ( ) ( )1
, , , 1, 2, , ,

p
ij I ij ijx x sng j m i Iσ η ξ ω ξ ξ

−
= = ∈  

( ) ( ) ( )1
0, , , 1, 2, , , ,c

p c
ij ij ijI

x x sng j m i I i iσ η ξ ω ξ ξ
−

= = ∈ ≠  

( )0
, , 0, 1, 2, ,ci j I

x j mσ η ξ = =   

( ) ( )
1 1

1
0, , pp p

j rs j
rs

f x signη ξ ξ ω ξ ω−′= − ∑  

The above functions defined by ( )  satisfies the growth conditions (H2). 
In particular, let use the special weight function ,ω γ  expressed in term of 

the distance to the boundary ∂Ω  denote ( ) ( );d x dist x= ∂Ω  and  
( ) ( )x d xλω = , ( ) ( )j x d xµγ =  the hardy inequality reads:  

( ) ( ) ( )
1 1

1 1 ,1
d d d ,

m q pq p
j ij

j i N j m
u x x x c D u xµ λ

Ω Ω
= ≤ ≤ ≤ ≤

   
≤   

   
∑ ∑∫ ∫  

and the corresponding ( )1,
0 ; ;p mW RωΩ ↪ ( ); ;q mL RγΩ  is compact if: 

1) For, 1 p q< ≤ < ∞  

1; 1 0; 1 0n n n np
q p q p q p

µ λλ < − − + ≥ − + − + >  

2) For, 1 q p≤ < < ∞  

1 11; 1 0; 1 0n np
q p q p q p

µ λλ < − − + ≥ − + − + >  

3) For, 1q >  

( )1 1qµ ′ − < , by the simple modifications of the example in [11]. Moreover, 
the monotonicity condition are satisfied:  

( ) ( )( )( )

( ) ( ) ( )( )( )1 1

, , , ,

0

ij I ij I ij ij
ij

p p
ij ij ij ij ij ij

ij

x x

x sng sng

σ η ξ σ η ξ ξ ξ

ω ξ ξ ξ ξ ξ ξ
− −

′ ′− −

′ ′ ′= − − ≥

∑

∑
 

for almost all x∈Ω  and for all, , nMξ ξ ′∈ . This last inequality cannot be 
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strict, since for c cI I
ξ ξ ′≠  with 

0 0i j i jξ ξ ′≠  for all 1,2, ,j m=  . But ij ijξ ξ ′=  
for ci I∈ , 0i i≠ , 1,2, ,j m=   the corresponding expression is Zero. 
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